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1. Introduction. Let a,d and k be positive integers with d > 1, k > 2,
ged(a,d) = 1. Put A =a(a+d)...(a+ (k—1)d). Denote by P(z) and w(x)
the greatest prime factor and the number of distinct prime divisors of z,
respectively. Put w = w(a,d, k) = w(A) and x = a+ (k — 1)d. In this paper
we derive lower bounds for w as a function of x and k. In [8] we proved
that w > 7(k) where 7(x) denotes the number of prime numbers < z. This
bound is not bad for small @ and d as we obviously have w < 7(x). For
a further study of cases with w near to 7(k), see Moree [5]. Since it has
not yet been disproved (and it is even conjectured to be true!) that there
are arbitrarily long arithmetical progressions d + 1,2d + 1,...,(k—1)d+ 1
consisting of primes, we cannot expect to be able to prove anything better
than w > k — 1 for x large.

In Section 2 we consider values of y up to e*. By using combinatorial
methods we prove in Theorem 1 that w > |klog(x/k)/log x| where | |
denotes the integer part function. In Theorem 2 we show that the bound is
not far from the best possible in certain ranges. In Theorem 3 we obtain a
sharpening of Theorem 1 for values of x larger than a constant power of k.

In Section 3 we apply estimates for linear forms in (p-adic) logarithms
of algebraic numbers. Corollary 4.2 states that w > k — 1 if log x >. k*/3t¢
and provides a characterization of the cases with w = k — 1. This is derived
from Corollary 4.1. In Corollary 4.1 and Theorem 5 we obtain bounds of
the form w > k + (1 — e)mg(k) and w > k + 74(k) — 2 where 74(k) denotes
the number of primes < k coprime to d. In Theorem 5 the condition even
becomes loglog x > k.

Finally, in Section 4, we assume that P(d) or P(a) is bounded from
above by a suitable power of log x. In Theorem 6 we derive the inequality
w >k + (1 —e)mg(k) under the rather weak assumption that log x exceeds
a constant power of log k (in place of k). The used method is similar to the
one applied in Section 3. For the place of the obtained results with respect
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to the existing literature we refer to the survey papers [9] or [10].

2. Bounds for w if y is small. We use the notation of the first
paragraph of the Introduction. Let G be the set of primes p with p < k and
ged(p,d) = 1. Then 74(k) = |G| where |A| denotes the cardinality of a set
A. For every p € G we choose an f(p) € {0,1,...,k — 1} such that

ordy(a+ f(p)d) = [nax ord,(a + jd).
We write H for the set of all ¢ with 0 < ¢ < k such that P(a +id) < k. We

denote by Hj the set of all elements of H which do not appear in the range
of f. Note that

(21) ka‘—i-ﬂ'd(k‘)—‘H‘ Zk—‘H0|

It will turn out that the following simple and known estimations are very
useful.

LEMMA 1. (a) [[;cp,(a+jd) < (k= 1),
(b) lemjep, (a + jd) < k™),

Proof. (a) By counting the multiplicities of primes on both sides we

have
k—1 k—1
[T @+id <[ 7 7 =k -1
JjE€Ho p<k

(b) For every p € G and j € Hy we have ged(a + jd,a+ f(p)d) < k. m

o> {klog(X/’f)J .
log x
Proof. Putt = |klog(x/k)/logx|. We assume that ¢ > 0. Suppose
w<t—1. Then |Hy| > k —t+ 1 in view of (2.1). Hence, by Lemma 1(a),
k—t

[[(a+id) < (k—1),

=0
from which it follows that

<k’_‘1>kt(k;—t)! gj:]:[jj<kil +d> < (k-1

We infer from the above inequality that (x/k)*~* < k'~!, whence ¥t <

EF—1 and
1 1
> k- (h—1)08F o (- loek))
log x log x

THEOREM 1.

This contradicts the definition of ¢. =
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The following result shows that Theorem 1 is not far from best possible
if x < k¢ for some constant c.

THEOREM 2. For every prime number d and every positive integer k > 2
there exists a positive integer a < d such that

log x k
< klog —= —
Y= Oglogk+cllogk

where ¢1 s some absolute constant.

Proof. We shall use

1 1
Zzloglogm+0+0( ), T — 00,
P log x

p<z
where C' is some absolute constant (see [4], pp. 350-351). Hence

kd 1 log(kd) kd
}: Y < kd §j = = kdl .
L?J - o8 log k +O(10gk>

k<p<kd kep<id P

The left side equals the number of positive integers < kd which are divisible
by a prime number > k counted according to their multiplicities. We split
the integers from 1 to kd coprime to d into d — 1 arithmetical progressions
of length k with difference d. Hence there exists an integer a with 0 < a < d
such that w = w(a, d, k) satisfies

o< (k) 1+ loglog(k:d)+0< k )

d—1 log k log k
where the first term on the right side counts the prime factors < k and the
others majorize the remaining prime factors. Note that (k — 1)d < x < kd.
Hence
kd log(kd
log og(kd)
d—1 log k

log x k. log(kd) log(kd)
=kl of =1 O klog — "%
%8 Togk (d %% gk ) T 8 log((k — 1)d)

log x klogd 1
=kl O Ol ——= ).
% Togk <dlogk> * <log(kd)> -
Remark. If logx = (1 +0(1))logk and x/k — oo, then according to
Theorem 1

(2.2) w> (14 0(1))

plosx/k)
log k

and by Theorem 2 there are instances with

(2.3) w< (1+ 0(1))k10i§g1/€k).
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This implies that Theorem 1 cannot be improved on by any constant factor
> 1. The situation occurs when x = (1 + o(1))k(log k)¢ (¢ > 1) whence
log log k
> (1 1))ck————
o> (14 of1)eh T2
and if x = (1 + 0(1))]{36(10gk)§ (0 < < 1), whence
w > (1+0(1))k(log k)°~L.
If x = (14 o(1))k® for some ¢ > 1, then Theorem 1 implies w >, k and
Theorem 2 the existence of cases with w <. k, so that the ratio of upper
and lower bound is bounded.

If x > exp(k?) for some § > 0, then the next theorem provides a better
lower bound than Theorem 1 does.

THEOREM 3. Let t be any positive integer. If

I k t+1
0gx>7rd()_|_ +

2.4
(24) log k t 2 7

then w > k —t.
In the proof we use the following version of Lemma 4 of [7].

LEMMA 2. If a1,as,...,a, are any positive integers, then

n

Haj Slcm(al,ag,...,an) H ng(CLZ‘,CLj).

=1 1<i<j<n

Proof. For any prime p choose a;, such that p does not appear to a
higher power in the factorisation of any other number a1, as,...,a,. Then
the number of factors p dividing the left side is equal to the number of
factors p dividing

a;, H ged(ai, a;,). m
iy
Proof of Theorem 3. Suppose that t < k and w < k—t. Hence, by

(2.1), t < |Hp|. Choose a subset J of positive elements of Hy with |J| = t.
By Lemma 2 we have

H(a +jd) <lemjecs(a+ jd) H ged(a +id, a + jd).
jeJ ijeJ
1<J

Observe that a + jd > x/k for j € J and that ged(a + id,a + jd) < k for
0 <i < j < k. Hence, by Lemma 1(b),

(x/k)" < kgL,
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This implies

logx _ ma(k) N t+ 1,
logk = t 2
contradicting (2.4). m
Since mq(k) < 7(k) < (1+¢)k/logk for k > ko(e) according to the prime
number theorem, we have the following consequences:
If x > exp(k°) (5 <0 <1) thenw >k — (1+¢e)k' = for k > ko(d,¢).
If x > exp(dk) (§ > 0) then w >k — [671| — 1 for k > kq(6).
In particular, if x > exp((1+¢)k) (¢ > 0), then w > k — 1 for k > ko(e).
(If 1 and the primes py,pa, ..., pr—1 are in arithmetical progression, we take
a=1and d=p; — 1 to observe that w = k — 1.)

3. Bounds for w if x is large. The proofs in Sections 3 and 4 depend
on the theory of linear forms in logarithms. Let ag,...,qa, be non-zero
algebraic numbers of heights not exceeding A1, ..., A,, respectively, where
A; >3 for 1 <j<n. Weput

2 =]Jlog4;, 2 =0/logA,
j=1
and
K =Q(ay,...,an), [K:Q]=D.
We start with the following estimate of Baker [1] on linear forms in
logarithms.

LEMMA 3. There exist effectively computable absolute constants co and
c3 such that the inequalities

0<labr... ab — 1| < exp(—(conD)*" 2 log ' log B)

have no solution in rational integers by, ..., b, of absolute values not exceed-
ing B with B > 2.

Next, we state an estimate of Yu [11, Corollary of Theorem 2] on p-adic
linear forms in logarithms.

LEMMA 4. Let p and q be positive prime numbers. Let p be a prime ideal
of K satisfying p |p and

(3.1) ordy(a;) =0 for1<j<n
and

p(p’? —1) #0 (mod q)
where f, is given by

N gp = p'v.
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Assume that
3.2 K 1/q 1/q\ . Kl =g"
(3.2) [K(ay?, .. 007 K] = q".
There exists an effectively computable absolute constant c4 such that
ordy(at ... al» — 1) < (gnD)“"p” Q(log B)?
for all rational integers by, . .., b, with absolute values at most B (> 2) such

that o8* ... abr #1.

Finally, we state an application of the theory of linear forms in logarithms
for the proofs of Theorems 5, 7 and 7'. Let F(X,Y) € Z[X,Y] be a binary
form with at least three distinct linear factors in its factorisation over C. We
denote by L the splitting field of F' and we write [, R, and hr, respectively,
for the degree, regulator and class number of L. Let H(F') be the maximum
of the absolute values of the coefficients of F'. Let pq, ..., ps be distinct prime
numbers and A some non-zero rational integer. Then Gy6ry [3] proved

LEMMA 5. All solutions of the Thue—Mahler equation
F(z,y) = Ap1* ...p¢
in integers T,y,z1,...,2s with ged(z,y) = 1,21 > 0,..., 25 > 0 satisfy
log(max(|z],y])) < ¢5(s + 1)°°CT P2(1 + log(|A|H (F)))

where c5 and cg are effectively computable numbers such that cs depends
only on l, Ry, hy, and cg only on .

We recall that H is the set of all ¢ with 0 <4 < k such that P(a+id) < k.
We write H’ for the set of all a + id with i € H. Let

(3.3) K = min(k(mq(k)) ™Y, (ma(k))?).
We observe that I = 0 whenever 74(k) = 0 and

(3.4) K< k3.

We prove

LEMMA 6. Let € > 0. There exist effectively computable numbers Cy,Cy
and C3 depending only on € such that for

k>Cy, mwa(k)>Cy and logy > Kk(logk)?,
we have
|H'| < emy(k).
Proof. We assume that 0 < ¢ < 1. We write Cy, Cs, ..., Cq3 for effec-
tively computable positive numbers depending only on €. We may assume
that k > C4 and m4(k) > C4 with Cy sufficiently large. For every p € G,

we choose an F'(p) € H' such that p does not appear to a higher power in
the factorisation of any other element of H’. Let H; be the set of all the
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elements of H’ which do not appear in the image of F' more than [e~!| =: 7
times. We write Hs for the complement of H; in H'. We suppose that

(3.5) |H'| > 2emq(k).

We observe that

(3.6) | = |Ha| + |Hs)

and

(3.7) e YHy| < (1 + 1)|Ho| < ma(k).
By (3.6), (3.5) and (3.7), we derive that

(3.8) |Hq| > emq(k).

For a + jd € Hy, we write

(3.9) a+jd=mp;;" .. ijT]TJ =:m;s;

where 7; < 7, p;; € G, F(p;i) = a+ jd, a;; and m; are positive integers
such that the primes pj1,...,p;, do not appear in the factorisation of m;.
The factorisation in (3.9) is such that, if p® | m; for some prime p and some
positive integer b, then p®|a + id for some i # j, whence p® < k. We put
|vi| = |H1| and v = [v1/2]. We order m; with a+jd € H; in the decreasing
order

(3.10) My > Mjy 2> .o > My, > > my,
We write

(3.11) M,=m;,, S,=s; forl<v<o.
We observe from the definition of H; that

(3.12) lem(My, ..., M,,) < k™),

Further, we see from the proof of Lemma 1(a) that
U1

(3.13) [ <&~
v=1

Now, we apply Lemma 2 with n = [\/74(k)] and a, = M, for 1 <v <n
to conclude from (3.10) and (3.12) that

(3.14) M < gra®) p(3),

Then, we observe from (3.10) and (3.14) that

(3.15) log M, < log M,, < Cs(mq(k))*/?log k.
Writing

(3.16) Ju, =Ji fori=1,23,
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we see from (3.8) and (3.13) that there are three distinct integers vy, v2, V3
between v and vy such that a + Jid, a + Jad, a + J3d are elements of Hy
satisfying

(3.17) log max(M,,, M,,,, M,,) < Cek(ma(k)) "' logk.
By (3.17), (3.10), (3.15) and (3.3), we conclude that
(3.18) log max(M,,, M,,, M,,) < CzKlogk.

We denote by U the maximum of exponents of primes p;; in (3.9) with
Jj = Ji,J2,J3. Without loss of generality, we may assume that U = ay, ;.
Further, we write p = ps, 1. We have

(319) (Jl — Jg)(a + Jgd) + (:]2 — J3)(CL+ Jld) + (Jg — Jl)(a+ sz) =0.
By (3.19), (3.9), (3.16) and (3.11),

(3.20) —(J1 = J2) My, Sy, = (Jo — J3)M,, Sy, — (J1 — J3)M,, S, -
We write

(321) Ml =M, /gcd(M,.,5,,), M., =M, /acd(M,,,5,,),
(3.22) Sy, = Su,/ged(My,, S,,), S, = S, /ged(M,,, Su,).
We notice that

(3.23) ged(M), M), S, S,,) =1

Now, we derive from (3.20), (3.21), (3.22) and (3.18) that

(3.24) U = ord,(S,,) < ord,(£2) + CsKlogk

where

S, (Ja—J3)M, .

S (= J3)M,

By (3.11), (3.16) and (3.9), we write S;, /S, as a power product of primes
(3.26) Pre  Wwithi=1,2, 1<pu<7y, ord,, (S,,5,,)#0

whose exponents, in absolute values, do not exceed ay, ,,, respectively. We
denote by Sy, s, the set of non-zero integers composed of primes (3.26).
Now, we show that

(3.25) 2

(3.27) U < Kk(log k)©° (loglog x)*.
For this, we shall derive from Lemma 4 that
(3.28) ord,(2) < Kk(log k)™ (loglog x)?.

Then we combine (3.24) and (3.28) to conclude (3.27). For showing (3.28),
we may assume that

(3.29) ord,(2+1) =0.
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Further, we notice that p is different from the primes (3.26). Consequently,
we derive from (3.29) and (3.25) that

ot (L)

(J
Therefore, the assumption (3.1) in Lemma 4 is satisfied.
Let q be a prime between (log k)? and 2(log k)? such that g{p(p — 1).
This choice is possible, since

11 g > 208" S p(k—1) > p(p—1).
(log k)2 <g<2(log k)2
We first assume that
(Jo — J3)M],
(i — Js)My, "

is a gth power of a rational number. Then we derive from (3.23), ¢ >
(log k)? and the fact that every prime power factor of some M, is less
than k that the numerator and the denominator of the reduced fraction of
(J2 —J3)M], /(J1 — J3)M], are elements of Sy, 7,. Now, we take oy, ...,y
in Lemma 4 as distinct primes from (3.26) and we observe that the assump-
tion (3.2) is satisfied. Finally, we apply Lemma 4 with n = w(S], 5,,) < 27,
D=1,p<k qg<2logk)? A = Ay =...= A, =k and B = 2logx to
conclude that

(3.30) with JURS SJhJQ

ord,(2) < k(log k)“1 (log log x)*
which implies (3.28).

Next, we assume that (3.30) is not a gth power of a rational number.
Now we apply Lemma 4 with «a1,...,a,_1 as primes from (3.26) and «,, =
(J2 — J3)M,, /(J1 — J3)M,,. By a result of Baker and Stark (see [2, Lemma
3]), the assumption (3.2) is satisfied. We take in Lemma 4

n=w(S, S, )+1<2r+1, D=1, p<k, ¢< 2(log k)2,
B:210gx, A1:A2:...:An_1:k, IOgAn:C7IClng’,
as we can by (3.18), (3.21), (3.22) and we conclude (3.28) in this case too.
Finally, we combine (3.9) with j = max(Jy, Jo2, J3), (3.18) and (3.27) to
obtain
log x < logk + log(a + jd) < Kk(log k)“2(log log x)?
which implies that log xy < Kk(logk)©13. m
If mq(k) < Co, we have

LEMMA 7. Let 6 > 0. There exist effectively computable numbers Ci4
and Cs depending only on 6 such that for

k>Chgy, 7a(k) <0 and logyx > k(log k)c“’,
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we have
|H'| < 2.
Proof. Let Ji, Jo and Js be distinct integers between 0 and k& — 1 such
that a + J;d € H' for ¢ = 1,2,3. Then

Pla+ Jid) <k, w(a+Jid) <6 fori=1,23.

Now, we apply Lemma 4 as in the proof of Lemma 6 to conclude that
logx < k(logk)C. m

We combine Lemmas 6 and 7 to derive the following result:

THEOREM 4. Let € > 0. There exist effectively computable numbers Cy7
and Cig depending only on € such that for

k>Ci;  and logy > Kk(logk)©s,
we have
(3.31) w >k +min((1 — e)ma(k), ma(k) — 2).

Proof. Let ¢ > 0. We may assume that m4(k) > 0 and k exceeds a
sufficiently large effectively computable number depending only on £. Then
we combine Lemmas 6 and 7 to conclude that

|H'| < max(emq(k),2).
Observe that |[H| = |H'|. Thus (3.31) follows from (2.1). m
We combine Theorem 4 and (3.4) to obtain

COROLLARY 4.1. Let € > 0. There exist effectively computable numbers
Chg and Cyy depending only on € such that for

k>Cy and logx > k*3(logk)C?,
we have
w>k+min((1 —&)ma(k), ma(k) — 2).

COROLLARY 4.2. There exist effectively computable absolute constants

C51 and Cyy such that
k>Csy, logx> k:4/3(log k)022, w<k
imply that
w=k—-1

and at least one of the following possibilities holds:
(i)a=1and a+d,a+2d,...,a+ (k—1)d are all powers of primes

(ii) @ < k and there exists j with 0 < j < k such that a and a + jd are
powers of the same prime p < k and the p-free part of any other term in the

>k
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arithmetical progression {a,a +d,... a+ (k —1)d} is a power of a prime
> k.

Proof. In view of Corollary 4.1, we may assume that mg(k) € {0,1}.
First, we turn to the case that m4(k) = 0. Then, since ged(a,d) = 1, we
observe that a +d,a+ 2d,...,a+ (k—1)d are composed of primes > k and
these prime factors have to be distinct. Hence w = k — 1, a = 1 and every
other term of the AP (Arithmetical Progression) is the power of a prime
> k.

Thus, we may assume that m4(k) = 1. Then we observe that there are
at least two terms of the AP which are powers of the same prime p < k with
ged(p,d) = 1. Suppose that a + id and a + jd are powers of p with i < j.
Then a +id | a + jd, whence a +id | (j — i) by ged(a,d) = 1. It follows that
a+id < k. Thus a < k, which, together with logy > k*/3(log k)©22, implies
that d > k. Consequently, we notice from a + id < k that ¢ = 0. Thus, we
conclude that there exists precisely one j with 0 < 7 < k such that a and
a + jd are powers of p. Furthermore, since m4(k) = 1, the remaining k — 2
terms of the AP contribute their own primes > k. Therefore w > k — 1.
Further, since w < k and my4(k) = 1, we derive that w = k — 1, each of the
k — 2 terms of the AP contributes precisely one prime > k and there is no
contribution other than p from primes < k. m

As an immediate consequence of Corollary 4.2, we derive that w > k
whenever k > Cs1, log x > k4/3(10g l{:)c22 and a > k. We close this section by
improving the estimate (3.31) of Theorem 4 if x is much larger as compared

with k.

THEOREM 5. There exist effectively computable absolute constants Cog
and Cay4 such that for

k>Csos and loglogyx > Cyuk,
we have
w>k+mg(k) —2.

Proof. It is enough to prove that |H'| < 2. Let Jy, Jo and J3 be distinct
integers between 0 and k — 1 such that

Pla+ Jid) <k fori=1,23.
Then we apply Lemma 5 to the binary form
(a+ Jid)(a + Jod)(a + J3d).
We conclude that
log x < logk + log(a + d) < Ck

for some effectively computable absolute constant Cos. m
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4. Bounds for w if P(d) or P(a) is small. We write wy(d) for the
number of prime divisors of d not exceeding k. We start this section with
the following result.

LEMMA 8. (a) Let € > 0. There exist effectively computable numbers
Cos, Cos and Cor depending only on e such that for

k> Chs, ma(k) > Ca, logy > (logk)“>
and
(4.1) P(d) < (logx)"/?7*,
we have
w>k+ (1 —¢)mq(k).
(b) The assertion of Lemma 8(a) is also valid if (4.1) is replaced by
(4.2) P(a) < (logx)Y?7%,  wr(d) < (1 —&)n(k).

Proof. We denote by Cog, Cag, ..., 34 effectively computable positive
numbers depending only on . We may assume that k& > Cag and m4(k) >
Csg where Cyg is sufficiently large. Further, we may suppose that

(4.3) w<k+(1—e)ma(k).
By taking Casg sufficiently large, we have
(4.4) (1 —e)ma(k) < ma(k) — 2.

Now, we apply Corollary 4.1 to derive from (4.3) and (4.4) that (4.1) implies
wrld) < P(d) < (1 - &) (k).
Therefore, both under (4.1) and under (4.2),
ralk) > 7(k) — wp(d) > en(k)
which, together with (3.3), implies that

(4.5) K < (2logk)/e.
By (4.3), we have
(4.6) |H'| > ema(k).

Instead of (3.19), the proofs of Lemma 8(a) and (b) depend on the following
relations: For distinct integers J; and Jy between 0 and k — 1,

(47) (Jl — JQ)d = (a + Jld) — (CL + Jgd) s
(4.8) —(J1 —JQ)CL: JQ(G+J1d) — Jl(a+J2d).

(a) As in the proof of Lemma 6, we apply Lemma 4 to (4.7) for deriving
from (4.6) and (4.5) that

(4.9) ord,(d) < p(log k)“? (loglog x)>.
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Now, we combine (4.9) and (4.1) for obtaining

(4.10) logd < (log x)* ¢ (log k)“** (log log x)*.
On the other hand, we apply Lemma 3 via (4.7) for deriving that
(4.11) logd > log x — (log k)“=0.

By (4.10) and (4.11), we find that log x < (logk)“s!.

(b) Instead of (3.19), we apply Lemmas 3 and 4 to (4.8) as in the proof
of Lemma 8(a). We obtain
loga < (log x)'~*(log k) “* (log log x)*
and

loga > log x — (log k)©.

We combine these estimates to obtain log x < (log k)“3. m

LEMMA 9. (a) Let € > 0 and 6 > 0. There exist effectively computable
numbers Css and Csg depending only on € and 0 such that for

k> Cs5, ma(k) <0, logx > (logk)“s
and (4.1), we have
|H'| <1.
(b) The assertion of Lemma 9(a) is also valid if (4.1) is replaced by
(4.12) P(a) < (log x)*/?7=.

Proof. Let J; and Jy be distinct integers between 0 and k£ — 1 such
that a + J;d € H' for i = 1,2. Then P(a + J;d) < k and w(a + J;d) < 6
for i = 1,2, since my4(k) < 6. Now, we apply Lemmas 3 and 4 via (4.7) and
(4.8) to conclude the proof of Lemma 9. m

We combine Lemmas 8 and 9 to obtain the following result.

THEOREM 6. (a) Let € > 0. There exist effectively computable numbers
Cs7 and Csg depending only on € such that for

k> Cs7, logx > (logk)“e
and (4.1), we have
(4.13) w>k+min((1 —e)mq(k), mq(k) — 1).

(b) The assertion of (a) is also valid if (4.1) is replaced by (4.2).

If P(d) or P(a) is small, we apply Theorem 6 to obtain the following
refinement of Corollary 4.2.
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COROLLARY 6.1. (a) There exist effectively computable absolute con-
stants C39 and Cyo such that

(4.14) k> Cso, logy > (logh)“™, w<k

and (4.1) imply that w =k —1,a=1and a+d,a+2d,...,a+ (k—1)d are
all powers of primes > k.

(b) The assertion of (a) is also valid if (4.1) is replaced by (4.2).

Proof. By Theorem 6, we observe from (4.13) and (4.14) that w = k—1
and 74(k) = 0. Then, as in the proof of Corollary 4.2, we derive that a = 1
and a +d,a+ 2d,...,a+ (k— 1)d are all powers of primes > k. m

If d = 1 and y is large with respect to k, Pélya [6] derived from the Thue—
Siegel theorem that w > k + 7(k) — 1. We extend this result by sharpening
(4.13) whenever x is much larger than k and P(d).

For this, we prove

THEOREM 7. Let € > 0. There exist effectively computable numbers Cyy
and Cys depending only on € such that for

k> Cy1, w§k+7rd(l<:)—2
and (4.1), we have
(4.15) loglog x < Cya(w(d)logw(d) + k).

Proof. Since w < k + m4(k) — 2, we observe that |[H'| > 2. Let J; and
Ja be distinct integers between 0 and k — 1 such that P(a + J1d) < k and
P(a + Jod) < k. Now, we apply Lemma 5 to the binary form

(4.16) Y(X+LY)( X+ /YY) withX =a,Y =d
to conclude (4.15). m

As an immediate consequence of Theorem 7, we obtain the following
extension of a result of Pélya already mentioned.

COROLLARY 7.1. There exist effectively computable absolute constants
Cyus and Cyy such that for

k> Cys, loglogx > Cus(k + P(d)),
we have
w>k+mg(k) —1.
We write
W =w((a+d)...(a+ (k—1)d)).
We obtain an analogue of Theorem 7 with (4.1) replaced by (4.12).



Prime factors of a finite arithmetical progression 389

THEOREM T7'. Let € > 0. There exist effectively computable numbers Cys
and Cyg depending only on € such that for

k> Cys, w'§k+7rd(k:—1)—3
and (4.12), we have
loglog x < Cig(w(a) log(w(a) +1) + k).

Proof. The proof is similar to the proof of Theorem 7; instead of (4.16),
we apply Lemma 5 to the binary form

XX+ L) (X+LY) withX=a, Y=d =
It is clear that Theorem 7’ implies the following result.

COROLLARY 7.1'. There exist effectively computable absolute constants
Cy7 and Cyg such that for

k> Cyr, loglog x > C4g(k + P(a)),

we have
W' >k+mg(k—1) -2
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