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A further omega result for the ellipsoid problem
in algebraic number fields
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The classical ellipsoid problem, i.e., the problem of evaluating asymp-
totically the number of lattice points in a multidimensional ellipsoid, was
generalized in [2] to algebraic number fields, and upper and lower estimates
for the pertinent lattice rest were proved (1).

While the O-result obtained there holds generally, the (2-theorems im-
pose several restrictions on the parameters involved. For instance, the ellip-
soids under consideration are supposed to be centered at lattice points. Also,
the arithmetic nature of the underlying Hermitian forms plays a significant
role.

In the present paper I give a somewhat weaker (2-estimate valid in the
general case, which fits well into what is known for the rational field.

We begin by formulating the problem. Let K be an algebraic number
field of degree [K : Q] = n = 71 + 2ry (in the standard notation), d its
discriminant, and » =r; + 72 — 1. Let e, =1 forp=1,...,r and e, = 2
forp=r1+1,...,n.

For a fixed rational integer k > 2, consider the set 7 of all column vectors

£2) v , V%n), ol l/lgn))T e Cckn

IR N 4 I

V:(Vil),...,l/lil),V
such that
I/](p)ER G=1,...,ksp=1,...,r1),
y](.p”Z):F G=1,....ksp=ri+1,...,r+1);

let 0 € 7 denote the zero vector, and

P = P VPN for b e T

(}) There is a misprint on p. 330, line —10, of [2]: For “endlichen Grad iiber Q” read
“endlichen Crad iiber Q”.
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We call v, € T congruent with respect to a given system a = (ay,...,a)
of non-zero ideals a; C K, in symbols

v=a (),
if there exist numbers p; € a; (j =1,...,k) such that

s ol =D =1 s =1, k),

where u§-p )

For p=1,....,r+ 1, let Q®¥) € C*** be a positive definite Hermitian
matrix, real for p = 1,...,r1, and let Q) be the Hermitian form in k
variables arising from it; we write briefly @ for the system of these forms.

Further, let © = (z1,...,2,41) € Rfl, R, denoting the set of positive
real numbers.

For convenience we supplement z,, QW (and thus Q@) for r+1 < p < n
by setting

denotes the pth conjugate of 1.

Lpiry = Lp, QPtr) :W forp=ri+1,...,7r+1.
The counting function
Ag(z) = Ap(z;Q, 0, a0)
is now defined as the number of vectors v € T satisfying v = a (a) and
QWP <z, forp=1,....r+1
(or, equivalently, for p = 1,...,n). The lattice rest in question is
Pu(z) = Pu(z;Q, a,a) = Ag(z) — CoX*/?
with X
T o _ o 2Mupen
X=x1...2 _pl_[l:cp , Co= 72N (ay ... ag)VD

where

n
D = H detQ®, W = Wl/Q/F(%Z +1),
p=1
and NN denotes the ideal norm in K. Then we have the following result.

THEOREM. Always (i.e., for all choices of k, Q, a, «)

f— r+1

Pu(z) = 2o (XF5/4) s X — oo
Proof. We shall use extensively the contents of [2]. By Q® we denote

the Hermitian form associated with the matrix (Q®)~1, and ¢ stands for
the system of ideals ¢; = (a;0)"' (j = 1,...,k), where 0 is the different
of K. ¢i1,...,c17 are positive constants which, as well as all O-, <-, and
>-constants, may depend on K, k, @), a, and .
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For A\=(A1,..., M) €ERY, A, = A (p=r1 +1,...,7+ 1), let
(1) a(N) = Z e 2y
v=0(c), Q(¥)=A
where Q(v) = A means QW) (v(P)) = Ap for p=1,...,n, and o - v denotes

the real number
k n
>3 el

j=1p=1
Since v and —v occur together in (1), a(\) is real.
If a(X\) were always zero, the series

Te1xr ey =
9( ey ;Q,c,O,—a)

Uy Unp

in the proof of [2, Hilfssatz 6.1] would reduce to its constant term 1, and it
would follow that
1 r+1
Te(Py(x)) == (4me)~(r+D/2 f Py(z1e™, ..., xpp1" 1) exp < L Z vf,)dv

R+ p=1

=0 forallz e R andalle >0.

From this we would easily conclude, either with the aid of [2, Hilfssatz 4.3]
(= [1, Theorem 3.1]) or directly (cf. the remark at the beginning of [1,
Sect. 3]), that Py(x) = 0 for all z € R, But this is impossible since
Ap(z) is certainly not continuous. Thus

M:={N:a(\) #0} #0.
By [2, Hilfssatz 6.1] (with § = 1/(4n)) we have for z € R7™, 0 < e <1/2

(2) J-(Py(x)) = Sp(x,€) + O(e~(h—r=1)/4 x =1/(4n)y
where
Sk(z,e) = ey XF/? Z a(\)

AEM

r+1 —67r [ 2 pTp
1
8 H { 722 a,) (PR D/ COS(Q”\/% —aleh+ 1)”)} '

We proceed to select one dominant term from Si(z,¢).

Let v =0 (¢), A = Q(v), such that A; ...\, =: A < Ag. The vector v is
made up of the conjugates of numbers v; € ¢; (j = 1,...,k). Multiplying
all of these by the same suitably chosen unit, we can obtain a u = 0 (c)

such that X := Q(u) satisfies
NNy =4 and X, <A™ (p=1,...,n),
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hence
k
1
ST P < ey (p=1,....n)
j=1

by [2, Hilfssatz 5.1]. Since these inequalities have only finitely many solu-
tions u = 0 (c), it follows that A belongs to some discrete subset of R,.
Consequently, we may choose from M a \* = (A],...,\}) (c-constants!)
such that

Al A, =min{A; ...\, : A€ M}.

The inequality between arithmetic and geometric means yields for A € M

r+1 )\ n )\
D= Ezn
p=1 P p=1"7"

with equality only for A = A\*, hence

r+1
A
(3) g epA—fzn+264 for A e M, A # \*,
p=1 P

since the left-hand member attains only discrete values.
Now, for t > 1, let

1

_e/\*(t+19p\/l>f), where 0<9,<3 (p=1,...,r+1),
p”’p

Tp

and
e=T/t, whereT >1,;
the ¥,,’s and T' will be chosen later. Then

(4) st <z, <cet (p=1,....,7r+1)
and, if t > (3n/c4)?,

r+1
(5) em? Z ei)\;xp <Tr(n+cq) = T,

p=1
while for A # A\* we have by (3)

- cr+c

7+ C8
Y :=en? pz; 612))\],1,‘], > Tr2(n + 2¢4) =: o T,

say, so that
Y > (er4+¢3)T +csY .
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Hence the terms with A # A* contribute to Si(z,¢) at most

r+1 76867'{' [ LDy pTp

—(cr+es)T yvk/2
cie Tres)t X )\zj:w |(L ’ H eQA (I,' (epk+1)/4 3
S

which, for t > 2¢gT), is
< 67(07+08)T€7(nk77"71)/4 < 67(07+08)TX(k7(r+1)/n)/4

by [2, Hilfssatz 5.6] and (4).
Regarding A = \*, (4) and (5) yield

r+1 2 24
ET ep)\pxp

Xk/2|a()\*)| H S 6707TX(k7(r+1)/n)/4 ]

Qe%A;xp)(epk—f—l)M >

As ¥4,...,9Y,41 run independently through [0, 3], the values of each term

2myJe2 Ny, = 2m\ [ ep(t + I,\/1)

cover an interval of length > 27; hence the product

r+1
H cos (27r1 [e2 N5, — 3 (epk + 1)7r>
p=1

takes every value between —1 and +1. Thus, if £ denotes either of the
numbers +1 and —1, we can always find 9J,’s such that

ESu(z,e) > e T {cg — crpe” Ty x R=(r+D)/n)/4

provided t > ¢111. Choosing here T' = ¢15 large enough to make the term
in curly brackets positive, we obtain from (2) the following result:
There exist x € Rfl and € > 0 such that X is arbitrarily large,

(6) ClSX—l/n S c S Cl4X_1/n ’
and
(7) ET-(Pe(z)) > e X B rt1)/m)/4

Now assume

EPg(x) < o X F=(r+1)/m)/4 for X > X, .
Then, as in [2, Hilfssatz 8.3], it follows that

§T-(Pe(2)) < 160X BT/ 1 O(1)

for X > €" X and every ¢ according to (6). Comparing this to (7) yields
0 > c17, hence the assertion. m
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