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1. Introduction. Let » > 2 be a fixed integer and let 8 = 0.a1as ... be
the r-adic expansion of a real number 6 with 0 < 6 < 1. Let N(6;by...b;;n)
denote the number of a given block by ...b; € {0,1,...,r — 1} appearing in
the first n digits aias...a,. Then 6 is said to be normal to the base r if,
for every fixed [ > 1,

1 1
(1) Rn(0) = Rp(0) = sup | =N (0;b1...b;n) — | = o(1)
by...by | T r
as n — 00, where the supremum is taken over all by ...b; € {0,1,...,7—1}%.

Historical surveys on the study of normal numbers can be found in, e.g., [6].
Let g(t) be a polynomial of ¢ with real coefficients such that g(¢) > 0 for
t > 0. We define a real number

H,n = Hr(g) = O.a11a12 e (Ilk(l)aglagg PN agk(g)agl NN

to be the infinite r-adic fraction obtained from the r-adic expansion [g(n)] =
An10n2 - . . Gpk(n) Of the integral part of g(n), which will be written simply as

0, = 0.[g(D)][g(2)][g(3)] - -

Let N(g(n);by ...b;) denote the number of a given block b; ... b; appearing
in the r-adic expansion of [g(n)].

If g(t) is a nonconstant polynomial with rational coefficients all of whose
values for ¢ = 1,2,3,... are positive integers, Davenport and Erdés [3]
proved that R, (010(9)) = o(1), namely, 619(g) is normal to the base 10.
They did not give explicit estimates for R,,(0,-(g)). Schoiflengeier [11] showed
that R,(0,(g9)) = O((loglogn)**¢/logn). Later, Schiffer [10] improved it
by giving the best possible result R, (0,(g)) = O(1/logn). In the case of
polynomials with real, but not necessarily rational, coefficients, we proved
in [9] that R, (r-(g)) = O((loglogn)/logn), which will be replaced in this
paper by O(1/logn).
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THEOREM. Let g(t) be any nonconstant polynomial with real coefficients
such that g(t) > 0 for all t > 0. Then for any block by ...b; € {0,1,...
.., r— 1} we have

S Ngln):ba.br) = log, gla) + O(a)

n<x

as x — oo, where the implied constant depends possibly on g, I, and .

Noting that the number of digits in the 7-adic expansion of
0.[g(W][g(2)].. - [g(n)] is
(2) nlog, g(n) + O(n) >< nlogn
with log, y = logy/logr, we obtain

COROLLARY. For any g(t) as in the theorem, we have

3) (6,9 = O 1)

logn

as n — oo. In particular, 0,.(g) is normal to the base .

Remark 1. Let us consider a more general function of the following
form:

(4) h(t) = at® + aqt? 4 ..+ agtP?,

where a’s and (’s are real numbers with 6 > 81 > ... > B3 > 0. We
assume that h(t) > 0 for ¢t > 0. If h(t) is not a polynomial, we proved in [8]
that R, (0,(h)) = O(1/logn). Combining this with our result in the present
paper, we have R,,(6,(h)) = O(1/logn) for all functions h(t) given above;
in particular, the number 6,.(h) is normal to the base r for all h(t).

Remark 2. Our method of the proof in [9], which is quite different
from that of Schiffer [10], made use of an estimate of Weyl sums in a some-
what unusual manner and of simple remarks on diophantine approximation.
In this paper, we further develop this method by employing inductive ar-
guments and we obtain the improved results. As for the proof of the re-
sult in [8], tricky estimates for exponential sums of Vinogradov type were
used.

2. Lemmas

LEMMA 1 ([9], Corollary of Lemma). Let p(t) be a polynomial with real
coefficients and the leading term ~t*, where v # 0 and k > 1. Let Q > 2
and let A/B be a rational number with (A, B) = 1 such that

() (log Q)" < B < Q"(logQ)™"
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and
IV_A/B‘ SBiQ,
where h > (k —1)? 4+ 2*G with G > 0. Then

> elp(n)| < QUog@) ¢,

1<n<Q
where e(t) = 2™,
LEMMA 2. Let f(t) be a polynomial of the form
F(t) = Bot™ + BitFr + ..+ Batte,

where kg > k1 > ... > kg > 1 and By, ..., Bq are nonzero real numbers. Let
G > 0 be any constant and X > 2. Let s be an integer with 0 < s < d,
let H;, K; (i=0,1,...,s — 1) be any positive constants, and let H¥, K} be
constants such that
s—1
H: >2k1(@q Hi+1)+k Y K;
2 G s ) ek S
s—1
K: >2kt(@q Hi+1)+2k ) K;.
P2 BTG s Hik )2k )

Suppose that there are rational numbers A;/B; (0 <1i < s) such that

_ A; (log X )H: ,
K; i
and that there is no rational number As/Bs with (Ag, Bs) = 1 such that
. Ay (log X)Hs
1< B, < (log X)¥¢ Rt U G St~
<Bo<(og ) and |5 - 2| < WAL

Then, for any real P and Q with |P| < Q < X,
S e(f(n))‘ < X(log X)~€.

P<n<P+Q
Proof. We may assume P = 0 and
(6) X(logX)"“<Q<X.

If s = 0, the inequality follows immediately from Lemma 1. We put p(t) =
f(t), so that v = By and k = ko. Since s = 0, maxo<i<s H; = Ef;g K, =0.
We choose, by the well-known argument, a rational number A/B with
(A, B) =1 such that

A log X )Ho
and ‘v—‘s% (< B2,

B
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where H, Ki > 2¥"1(G + 1). Then by the assumption, we have B >
(log X)%o. These inequalities as well as (6) imply (5) with h = (k—1)24-2FG.
Therefore we obtain

> ()] < QUlog Q)¢ < X(log X)~C

1<n<Q

Let s > 1. We denote by D the least common multiple of By,..., Bs_1
and by N the integer defined by DN < @ < D(N + 1), so that

s—1
1<D<(log X)X with K =) K;
=0
and by (6)
X(log X)~(¢+5) « N >« Q/D < X/D.
It follows that

D-1 N
(7) > e(f(n) =D e(f(A+ Dv)) + O((log X)¥).
1<n<Q A=0 v=1
We put
B =S 2O+ DYt L 0= B - AJB;,
i=0

v

d
=Y B+ Dy, Taw) = elpa(n).

=8 n=1

Then we have
D-1 N

ZZ f(A+ Dv))

A=0 v=1

N
>Z€ (SA@)(Tx(v) = Ta(v — 1))

v=1

A
_ D( gA etnov + nm)

M 2
/—\
>
|
PLR
jos
A
_l’_
p—
N—
=
>
—
——

<Y (mo \+Z\ (A0) = el + DI T0)])
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Here we have, using the mean-value theorem,

= ki—1 (logX)H
|€(f/\(V))—€(f)\(l/+1))| < DZ|91|Q ¢ < DT
i=0
with
H = max H;.
0<i<s
Therefore we obtain
D-1 N D—1 logX
§ 3> e+ o) < Y (I +D Zm ).
A=0 v=1 A=0
We next prove that
(9 1) = | 3 elon(m)] € e
ML 2O Dlog X)&HH
for all v with 1 < v < N. For this, we may assume that
(10) L«y (<K N<X/D)
D(log X)&+H - - '

We put p(t) = ¢x(t) in Lemma 1, so that the leading coefficient is v =
D¥: 3,. Suppose first that there is a rational number A/B with (A, B) = 1
such that

(11) (log X)' < B < X*+(log X)~H
and
v —A/B| < B,
where H' = 2%t1(G + H 4+ 1) + k,K. Then (11) together with (10) implies
(logv)" < B < v (logv) ™",
where h/ = (ks — 1)? + 2% (G + H). Hence we have by Lemma 1

X

—(G+H) s
‘TA<V>‘ < V(log V) < D(IOgX)GJrH '

If there is no such rational number, we can choose a rational number A’/B’
with (A’, B’) = 1 such that

A/
B’

(log X)™'

1 S B/ S (IOgX)H and "y — S W

Then we have
DB’ < (log X)H' 5+ < (log X)X



276 Y.-N. Nakai and I. Shiokawa

and
A (log X)Hs
b= g | = DRBIXE
which contradicts the assumption on [s.
Combining (7), (8), and (9), we obtain

= log X)H X
1;Qe(f(n))‘<< <logX>H+§ <1+DN< 5 ) )D(IOgX)M

< X(log X)7 ¢,

and the proof is complete.

3. Preliminaries of the proof of theorem. Let g(¢) be as in the
theorem. Let jy be an integer chosen sufficiently large. Then, for each j > jg,
there is a positive integer n; such that 1772 < g(n;) < r/=! < g(n;+1) < ri.
It follows that n; < n < mnjy if and only if 7/~! < g(n) < 77 and that

n; > Tj/k, Njp1 — nj >K Tj/k,

where k > 1 is the degree of the polynomial g(t). Let z > r/° and let J be
a positive integer such that ny < x < mnj41, so that

(12) J =log, g(x) + O(1) = O(log z) .

Put X; = —ny and X; = njy1 —n, for (jo <) j < J —1. We write
N(g(n)) = N(g(n);by...b;). Then

> Ngm)= > > N(gn)+0().
n<z Jo<J<J nj<n<n;+X;
Defining the periodic function I(¢) with period 1 by

l l
. bh bh 1
1 if — <t—[t] < — + =,
I(t) = f;ﬂ”h f;rh o

0 otherwise,
we have
g9(n)
Yoo Ngm)= > > I<m)
nj<n<n;+X; ISm<jn;<n<n;+X;

Let j be any integer with jo < j < J and let C be a constant chosen
sufficiently large.

In this section, we treat those m with C'logj < m < j — Clogj. There
are, for each j, functions I_(t) and I, (t), periodic with period 1, such that
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I_(t) < I(t) < I1(t), having Fourier expansion of the form

Lt)=r~' 27+ > Ar(v)e(vt)

v#0
with |A+(v)] < min(|v|7Y, jlv|72) (cf. [14]).
We shall estimate the exponential sums
nj+Xj v
st = 3 e o).
n=n;+1

where J > j > jo, j — Clogj > m > Clogj, and 1 < v < j2. Here the
leading coefficient of vr="g(t) is vr~"«. Assume first that j < J. For any
pair (m,v) for which there is a rational number a/q such that

(CL, Q) =1

(13)
(log X;)" < ¢ < XV (log X;) "
with G = 3 and H as in Lemma 1, we have
1S(5,m,v)| < X;(log X;)7 < X;573

by Lemma 1. Hence, denoting by > ' the sum over all pairs (m, ) having
this property, we have the following estimates:

Zzlmin(yilajyi2)"s(j7ma l/)’ < jlogj 'iji?, < Xj < rilb.
m v

If j = J, there are two cases. Assume first that X; = O(r//*J~3). Then
we have trivial estimates

J J?
Z Z’ min(v=t, Jv=2)|S(J,m,v)| < r//PJL.
m=lv=1
Otherwise, namely if X; > 7//°J=3, then log X; >< J, so that we can
repeat the same argument as for 7 < J. In any case, we get

Z Z’min(y_l,jl/_2)|S(j,m, V)| < i/t

for (jo <) 7 < J (see [9; p. 208])).

On the other hand, if (j >) m > (j/B)(8 — ) with a small positive
constant 4, we can appeal to Lemmas 4.2 and 4.8 of [12], with f(t) =
vr~™g(t). Then, for these m and v < j2, we have, with positive constants
co and cq,

0 < cour™mHA=YB) < (1) < cyur~mHIU=1/B) < 1/9
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throughout the interval [n;,n; + X;], since

(-5)mesli-d) o) <S5t

Hence by the lemmas cited,

|S(-77 m, V)| = O<1Tj/5+m—j>

v

provided (j/3)(3—38) <m < jand 1 <v < j2 (see [8; p. 26]).
Thus it is proved that

S ox (1(5)-5)=owm.

Clogj<m<j nj<n<n;+X;

Therefore, if we can prove the inequality
1 ,
WY () -2 —own
I<KMm<Clogj nj<nin;+X; " "
we shall have obtained
1 .
>y ()=o),
I<m<j n;j<n<n;+X; " "
which leads to
1 1
> N(gn) = Z2J +O(r"/*) = Zlog, g(z) + O(x),
n<x

which is the assertion of our theorem. Thus it remains to show (14).

4. Proof of the inequality (14). In this section, we shall prove (14)
for those j for which at least one of the coefficients of g(t) has no rational
approximations with small denominators in the sense stated in Lemma 2.

5.0

nj<nin;+X;

To estimate the sum

in (14), we approximate the function I(t) by functions I_(t) and I (t) peri-
odic with period 1, such that I_(¢t) < I(t) < I (t), having Fourier expansion
of the form

with |A+(v)] < min(|v|71, jv=2), where the constant implied is absolute
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(cf. [14]). Then we have

e

nj<n<n;+X;

_ X Xj 1
= +O<j >+O<Zy

v=1

We shall evaluate

= ()

n; <n§’n]‘+X]‘
withl <m < Clogj and 1 < v < 52, by making use of Lemma 2 inductively.
Let the polynomial g(¢) be of the form
g(t) = apt™ + a1th + ...+ agth,

where k = kg > k1 > ... > kg > 0 and ag, ..., aq are nonzero real numbers.
We may assume k; > 1 in estimating the exponential sum above. We put
in Lemma 2

f&) =r""vg(t)
so that
Bi=r""va; (0<i<d).

We choose a constant ¢ > 0 such that ¢ri/F > X; for all j < J, and
define a parameter X by

X=X(G)=c?t (o<j<J).
Then log X = j1*°(M) as j — 0o, so that
rm < (IOgX)Clogr—i-o(l) ’ v < (10gX)2+O(1) ’
since m < C'logj and v < j2.

Case 0. Let j be an integer with jo < j < J for which there is no
rational number ag /by with (ag, bg) = 1 such that

(log X )ho
o boXkO ’

ag

1<y < (logX)zho and |ag— —

where

ho = Hj +Clogr +1, Hi=2T1(G+1).
The set of all j with this property will be denoted by Jq. If j € Jg, there is
no rational number Ag/By with (Ao, Bp) = 1 such that

. Ao (log X))o
1 < By < (log X)*Ho d - < e
> Do > (Og ) al ‘/80 BO = BoXkO )
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since, if there is such a rational number A/ By, we shall have
1 < vBy < (log X)?Ho+3 < (log X)2ho

and

’I”mA() (lOg X)HS—}—Clogr—i-l - (log X)ho

vBy VB()XkO - VBOXkO ’

which contradicts the assumptions in this case. Hence we can apply
Lemma 2 with s = 0 and obtain

> (o)« e

n;<n<n;+X;

<

g —

(15)

for all j € Jg.
Cases. Let 1 < s <d. We put
H =2"YG+1), Ho=Hj+2"(G+1)

and define H and H; (1 <1i < d) inductively by

Hf =2%*Y G+ Hy_1+ 1)+ 2ki(Ho+ ...+ H;_1),

H, =H/+2(Clogr+1).
Also we write

hi=H+Clogr+1 (0<i¢<d).

Let j be an integer with jo < j < J for which there are rational numbers
ag/bo, ...,as—1/bs—1 such that

| (log X)
1<b; < (logX)*  and ai—(g—z < ((;ng) (0<i<s),
but there is no rational number a,/bs with (as,bs) = 1 such that
Qs log X )h=
1§bs§(logX)2hS and as—g S(bngk)s
The set of all j with this property will be denoted by J,. If j € J,, we have
1 <7™b; < (log X) and |3 — by | S b xR

for 0 < i < s, but there is no rational number A,/B, with (A, Bs) = 1 such
that
Bs - é é (logX)Hs ’

By Bs XFs
since otherwise we have a contradiction as in Case 0. Hence, by Lemma 2
with these H;, H and K; = 2H;, K} = 2H}, we have again (15) for all
J el

1< B, < (logX)QH: and
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Choosing G = 3 in (15), we get
v rilk
Z e(mg(n)>‘ < 5
r J
n;<nin;+X;

for all (I <) m < Clogj, (1 <) v <42 and j € JoU...UJy, and hence

by (14)
1 J/k
S D () D))
I<Km<Clogj nj<n<n;+X; /

forall j € JoU...UJq.
It remains to prove (14) for j € JoU...UJ4 with jo < j < J, which will
be done in the next section.

5. Proof of the inequality (14). Continued. Let J;1 be the set
of all integers j with jo < j < J for which there are rational numbers a;/b;
with (a;,b;) = 1 such that

a; (log X )hd
| )
YT = bk
foralli=0,1,...,d, where hy is defined in Section 4. Then by definition
{jo,jg—l—l,...,J} :Jou...UJdUJd+1.

In the rest of this paper, we shall prove (14) for all j € J441 by a method
different from that used in the preceding section. We assume kg > 1. The
proof is valid also in the case of kg = 0.

Let j € J441. We denote by a, the greatest common divisor of ay, ..., aq
and by b* the least common multiple of by, ...,bs. Then (a.,b*) =1 and

1<b" <j", 1<a. <",
where h = 2(d + 1)hg + 1. We then define integers cy, ..., cq by
a; . A4 Cj
b b
so that (b*, a.co,...,a.cq) = 1. We write for brevity L; = logj and L,, =
log Lyy—1 (2 < w < wj), where wj is the greatest integer w for which L,, > 3.
For a given positive constant C, we have

SRS DI I DN (1) Ea]

I<m<Clogj n;<n<n;+X;

<3 | X arTrgmy -]+,

1<w§wj VLU)+1 <m<V Ly, n; <TLSTZ]' +Xj

1 <b; < (logX)?"e and

where V' > (' is a constant which will be chosen suitably at the end of
the proof. For each w, there are functions I (¢) and I} (), periodic with
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period 1, such that I, (t) < I(t) < I, (t), having Fourier expansion of the
form

W =202 Y AR,
vEZ,v#0
with [AE (v)| < min(jv|~t, L2 v~2) (cf. [14]). Then it follows that
(17) Y. {d@Tmgm) —rh

nj<nin;+X;

< X,;L,%+ Z V_l‘ Z e(r"™vg(n))|.

1<v<L% n;<n<n;+X;

Here we have, for any fixed m with VL, < m < VL, and v with
1<rv< Lf‘u,

S el ()

n;<n<n;+X;

d
va v )
= E < * E cz)\k> g e( E Qm’“)
rmb* rm
o< AL rmp* vin=\+r"b*v =0
nj<n§nj+Xj

-y (e ] (e o)

0< AL rmbp* n;<n<n;+X; =0
z=A+r"b"y
va d 1 v &
* . .
= E e E e\ f e —E 2,25 ) dz
T.mb* ,rmb* rm
0<ALrmb* =0 nj<n<n;+X; =0

+O(™)

using a lemma of van der Corput’s ([12], Lemma 4.8), where 2; = a;; —a; /b;.
Defining now rational numbers R;/Q (0 < i < d) by
R; e v oa;

0 =y Comyp) WR(QRo Ry Ry =1

and applying the theorem in [4], Chap. 1, §1, to the exponential sum over A,
we get

—m r"b* X
> el mrg(n) < Qi 2a

n;<n<n;+X; Q b
< XjQ—Q/(lUk) +ijh

-+ r"b*



Discrepancy estimates 283

and hence by (17)
(18) > XY ueTme) -

VLw+1 <m<V L, n; <n§nj+Xj

< Y (MEEx Y QN L)
V Loy y1<m<V Ly 1<v<Ld,
< PRI 4 X, Z Z y=1Q—9/(10k)

VLw+1<m§VLw ISIJSLi}
Therefore it follows from (16) and (18) that
(N DI D S G () Ea]

I<m<Clogj n;<n<n;+X;

<rilk gt 3 3 S miQ/aon,

1<w<w; VELyi1<m<V L, 1<v<L3

But, since vQ = r"R;b;/a; ><K rmRia;I > r™R; > r™ by the defini-
tion of R;/@Q, we obtain

Z Z Z y=1Q~9/(108)

1S’LU§UJ] VLw+1 <m<V Ly, ISVSL%]

< Z Z Z (T,m)—g/(lok)

1<w<w; VLyy1<m<V L, 1<v<L4

€ 3 V- LAV heen) 0000

1<w<w;
5_910g7-v .
<V Y Ly U<V Y L)<,
1<w<w; 1<w<w;

provided that V' > max(C, 20k/(31logr)). Combining this with (19), we have
(14) for all j € Jg41. Therefore, (14) is proved for any j with jo < j < J,
and the proof of the theorem is complete.
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