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Affine surfaces with parallel shape operators

by WLODZIMIERZ JELONEK (Krakdéw)

Abstract. We study affine nondegenerate Blaschke hypersurfaces whose shape op-
erators are parallel with respect to the induced Blaschke connections. We classify such
surfaces and thus give an exact classification of extremal locally symmetric surfaces, first
described by F. Dillen.

1. Introduction. There are several results concerning the affine hyper-
surfaces whose cubic forms C' are parallel with respect to the affine connec-
tion V or to V" (the Levi-Civita connection of the affine metric). Amongst
others this problem was investigated by M. Magid, K. Nomizu and U. Pinkall
(see for example [3], [6]). The aim of our paper is to characterize affine
hypersurfaces with an equiaffine structure (V,&) whose shape operator is
parallel with respect to V or V. In particular, we classify such surfaces in
the case when (V,¢) is a Blaschke structure .

2. Notations. Let M be a smooth, oriented and connected manifold,
V' a real vector space with a fixed orientation form o, dim V' = dim M + 1.
When V = R"*! we assume o = det, where det is the standard orientation
form on R*"*!. Let f : M — V be an immersion. Any subbundle = of
TV = M x V transversal to f,(TM) (i.e. f*TV = f.(TM) @ =) defines
an affine connection in the following way (f.(X) := df(X)):

T(Dx f.Y) = f.(VxY)

where we denote by D the standard flat connection on any vector space and
7 is the projection 7 : f*TV — f.(TM) parallel to =. If £ is a nowhere
vanishing (n.v.) section of = then it defines a symmetric form g by

Dx (f:Y) = fo(VxY) +9(X,Y)E.
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An immersion f is called nondegenerate if g is a nondegenerate form. In
the rest of our paper we assume this condition for f. & defines also the shape
operator S and the transversal connection form T by (see [5])

Dx§ = —f.(SX) + 7(X)¢.

With & there is associated the volume element v = f*(i¢0). The connection
V is called equiaffine if there exists an n.v. section ¢ of = for which 7 = 0
(this means Vvg = 0); £ is then called an equiaffine normal field. For a given
equiaffine connection an equiaffine normal field is uniquely determined up to
a constant factor. An equiaffine structure (V,¢) on a hypersurface (M, f)
is called a Blaschke structure when v¢ = vy, where v, is the volume element
of the nondegenerate metric g; £ is then called an affine normal field (see
[4], [5]). For a hypersurface (M, f) with an equiaffine structure (V,¢) the
following equations hold:
(C) VS(X,Y)=VSY, X),
(R) 9(X,5Y) = g(5X,Y).
A hypersurface with an equiaffine structure is called an equiaffine sphere if
S = Aldryps. In that case from (C) it follows that A is constant.

The conormal field €V : M — V* is defined by the conditions

(fv,f*(TM»:O, <§\/7§>:1’

where (, ) : V* x V — R is the standard bilinear form (¢,v) := ¢(v). &Y
is an immersion whenever f is a nondegenerate immersion, and defines a
connection VV by

Dx(&Y) = ():(VxY) = B(X,Y)§"  (B(X,Y) =g(X,5Y)).

Let V" be the Levi-Civita connection for g and let (V, £) be an equiaffine
structure. Then

(1) VA =3(V+VY),

(2) V=V"+K, V' =V'-K,
where K is a symmetric (1,2)-tensor. We also have

(3) C(X,Y,Z) = Vg(X,Y,Z) = —29(K(X,Y), Z).

C' is a symmetric form called the cubic form. A Blaschke structure is char-
acterized by the apolarity condition:

(A) > g7C(X,0;,0;) =0.
Denote by R the curvature tensor for V. Then
(4) R(X,Y)Z =9(Y,Z)SX — g(X,Z)SY .
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3. The shape operator and the curvature tensor. Now we consider
the equation V.S = 0.

PROPOSITION 1. Let (M, f) be a nondegenerate hypersurface with an
equiaffine structure (V,§). Then the following conditions are equivalent:

(a) VS =0. (b)VAS=0. (c)VVS=0.
Proof. From (2) it follows that
(5) VS(X,Y)=V"S(X,Y) - SK(X,Y)+ K(X,SY),
(6) VYS(X,Y) =V S(X,Y) + SK(X, Y)- K(X,5Y).
(b)=(a),(c). Let VS = 0. Then from (5) and (C) it follows that
—SK(X,)Y)+ K(X,SY)=-SK(Y,X)+ K(Y,5X).
As K is symmetric we obtain
(7) K(X,SY) = K(SX,Y).
From (3) we then have
Vg(SX,Y,Z) = V¢(X,SY,Z) = Vg(X,Y,SZ)
as Vg is symmetric. Hence using (R) and (3) we get
G(K(SX,Y), 7) = g(K(X,Y),87) = g(SK(X,Y), 2)

for any X,Y,Z. As g is nondegenerate this means K(SX,Y) = SK(X,Y)
and from (5), (6) we obtain V.S =0, VVS = 0.

(a)=-(b). From (R) and VS = 0 we have

Vg(X,SY,Z) = Vg(X,Y,57)

for any X, Y, Z, which implies K(X,SY) = SK(X,Y) as above. Hence
from (6) we get VNS = 0.

In a similar way one can prove (c¢)=(b) in view of the equality Vg =
—VVg, which follows from (1) and V"¢ =0. m

Remark. Note that the equivalence VS = 0 < VS = 0 distinguishes
the shape operator from other affine tensors. For example the equivalence
VC =0« V*C =0 does not hold (see [3], [6]).

THEOREM 1. Let (M, f) be a nondegenerate hypersurface with an equi-
affine structure (V,&) and let S be the shape operator. Then the following
conditions are equivalent:

(a) R.S =0 where R acts on S as a derivation, i.e.

(R(X,Y).8)Z = R(X,Y)(SZ) — S(R(X,Y)Z) =0.

(b) Either S = AIdra; or (S? =0 and rank S < 1).
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Proof. Fix g € M. Denote S,, also by S. Condition (a) is equivalent
to

(8) g(Y,2)S*X — g(X,2)S*Y = g(SY, Z)SX — g(SX, Z)SY .

Let A, n € C be two eigenvalues of S and let X, Y € T M be eigenvectors
of S, SX = AX, SY = pY. From (8) we obtain

(N = pN)g(Y, 2)X = (1 — pN)g(X, 2)Y

for every Z. It follows that A2 — uX\ = 0, u? — pX = 0, which implies p = .
Therefore S has exactly one real eigenvalue.

It follows that either S = AI or there exist two nonzero vectors X,Y €
Ty, M such that SX = AX and SY =AY + X. From (8) we then obtain

gV, )N’ X — g(X, Z)(N?Y +20X) = g(Y, Z)N\’X — g(X, Z)\?Y,

which means that Ag(X, Z)X = 0 for all Z, and thus A = 0. If we take in
the equation (8) X as above then we obtain

—9(X,2)S8%*Y =0

for all Z, Y, hence S? = 0. This implies that in that case (a) is equivalent to
9(SY,Z)SX = g(SX,Z)SY. Hence for all X, Y, SX and SY are linearly
dependent. It follows that rank S < 1.

As M is connected, assuming condition (a), if there exists a point xg
such that S;, = AI and A # 0 then S = AI on the whole of M. Otherwise
5?2 =0and rankS <1lon M. m

COROLLARY 1. Let (M, f) be a nondegenerate hypersurface with an equi-
affine structure (V,&) and a parallel shape operator. Then either (M, f) is
an equiaffine sphere or (S? =0 and rank S = 1).

COROLLARY 2. A locally strongly convex hypersurface (M, f) with an
equiaffine structure (V,&) is an equiaffine sphere if and only if its shape
operator is V-parallel.

Remark. When rank S > 1 we do not have to assume that (V,§) is an
equiaffine structure to deduce Corollary 1. We show that an affine structure
(V,€) such that V.S = 0 and rank S > 1 is an equiaffine structure, i.e. 7 = 0.
For an affine structure (V, &) the Codazzi equation has the form (see [5])

(C1) VS(X,Y) = VS(Y,X) =1(X)SY — 7(Y)SX .

If SX = 0 then take Y such that SY # 0. From (C1) we obtain 7(X) =
0. Let now X be a vector for which SX # 0. Since rankS > 1 there
exists Y such that SX and SY are linearly independent. (C1) implies that
7(X)SY = 7(Y)SX, which means 7(X) = 0 also in that case and proves
the equality 7 = 0. =



Affine surfaces 183

COROLLARY 3. Let (M, f) be a nondegenerate hypersurface with an affine
structure (V,€) for which the shape operator is V-parallel. If there exists
xo € M such that rank S, > 1 then (V,£) is an equiaffine structure and
S =M.

4. The classification theorem. F. Dillen [1] obtained examples of
surfaces with locally symmetric Blaschke connections and parallel shape
operators. These examples are given by

w(u,v) = (weos(v) + F(v), usin(v) + g(v), v),
z(u,v) = (ucosh(v) + f(v),usinh(v) 4+ g(v),v) .
Note that the examples are not in one-to-one correspondence with pairs
(f,g) of smooth functions; for example, (f,g) and (f + hcos, g + hsin) give
the same surface. Each of these examples is affinely equivalent to one of the
surfaces (R?, fi 4) given below, which are special cases of Dillen’s examples.
Let ¢ € C*°(R) be any smooth function. Set
vi(x) := (cosz, —sinz,0), Vi(z) := (sinzx,cosz,0),
va(x) := (coshz,sinhx,0), Va(x) := (sinhz, coshz,0).
Then we have
Vi=v, i=12 (f:=df/dz).

L w?,0) = wier +wley satisfy the equation

9) w; = pv; — V;

and define u; := w; — xe3. Set 1 =1, 9 = —1.
If we define f; 4 : R? — R? by

fi7¢(x1, xz) = ul(l‘l) + xQUi(xl)

Let w; := (w

then

Sipla',2?) = =Vi(zh)
is an affine normal field for (R?, f; ;) and it is easy to check directly the
equalities

I3 = —ex? + o), Iy, = for other i, 7, k,

S01 =05, S0,=0,
g(01,01) =1, g(01,02) =ei, g(D2,02) =0,
in the standard coordinates on R%. f; , is not uniquely determined by ¢ (by
virtue of (9)). In particular, for ¢ = 0 we can take as f; o the immersion f;:

1 1

) _xl) )

fo(zh, 2?) := (—sinh 2! 4+ 2% cosh 2!, — cosh ' + 2? sinh z*, — ')

fi(zh, 2?) ;= (sinz’ + 22 cos ', cosz! — x?sina
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LEMMA. Let S be a parallel shape operator on an affine surface (M, f),
dim M = 2, such that S? = 0 and rank S = 1. Then around any o € M
there exists a local chart on M with canonical basis {01 = 0/0x', 0, =
9/0x%} for which

(S1) S01 =02, S0;=0,
and g(01,01) = 1, g(01,02) = € where ¢ € {—1,1}. The frame {01,02} is
V" -parallel.
Proof (we follow [1]). Let X be a local field on M satisfying
(10) X, X)=1, g(X,5%)=c.
Then X and SX are linearly independent. From (10) we obtain
(11) g(VeX,X)=0, g(V$X,8X)=0,
which follows from VS =0, V"¢ = 0 and from (R). This means V"X = 0
and also V/SX =0 as VS = 0. Take
(12) h=X, 0h=5X.
Then
[01,02] = V5,00 — V5,01 =0,
which means that there exists a chart (U, z!, 2?) on M such that 9; = §/0x".
From (12) it also follows that V/*9; = 0. =

PROPOSITION 2. Let (M, f) be a nondegenerate hypersurface in R® with
an equiaffine structure (V,§) and a parallel shape operator, which is not a
sphere. Then VR =0 (i.e. V is locally symmetric) if and only if (V,c€) is
a Blaschke structure for a certain nonzero c € R.

Proof. Note that in our case the equation
(K) K(X,0,) =0
is equivalent to VR = 0. Indeed, from (4) and V.S = 0 it follows that
VR(W,X,Y)Z =Vg(W,Y,Z)SX —Vg(W,X,Z)SY .

We have to show that VR(W, 01,05, Z) = 0 for all W, Z, which by (S1) is
equivalent to
Vg(W, 62, Z)az =0.
By (3) this is equivalent to g(W, K (02, Z)) = 0. Hence VR = 0 is equivalent
to (K).
< Let (U,z',2%) be a chart on M as in the Lemma. The apolarity
condition (A) in our case has the form (as g'! =0, g'? = ¢, g?? = —1)

(Al) 256’(X,81,82)—C(X,82,62):O.
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From Proposition 1 using (3) we get K (9a,02) = S2K(01,01) = 0, hence
C(X,02,02) = 0. From (A1) we obtain

C(X, 81,02) = —2g(X,K(81,62>) = O,

hence Ky, = 0, which implies VR = 0.
= VR = 0 implies (K), hence Ky, = 0, by virtue of (3) yielding the
apolarity condition (A1); hence V is a Blaschke connection. m

THEOREM 2. Let (M, f) be a nondegenerate hypersurface in R® with an
equiaffine structure (V,€) such that VS =0 and VR = 0. Then one of the
conditions below holds:

(a) (M, f) is a nondegenerate quadratic surface.
(b) (M, f) is affinely equivalent to one of the surfaces (R?, f; 4).
(c) S =0, i.e. (M,f) is an improper equiaffine sphere.

Proof. From the Lemma, (2) and (K) we have Vy,0o = Vy,02 = 0,
V31 81 = Fflag as S(Valal) = Valag = 0. Hence

(13) eIty = g(Va,01,01) = —(1/2)Vg(01,01,01)
in view of (3) as Vy,0; = K(01,01). This implies that
DoIT) = eVg(d2,Vo,01,01) +e9(Vo, Vo, 01,01).
But (K) and (3) imply
Vg(02,Vo,01,01) = —2g(K(D2,01),Ve,01) =0
and we also have
(14) Vo,Vo,01 = R(02,01)0 .
It follows from (14) that
0o Iy = g(R(Da,01)01,01) = eg(—9(D2,01) 501, 01)
= —£9(0a,01)9(02,01) = —¢.
This implies that
Ity =—ey® +o(y')
for a certain ¢ € C°°(R). Hence the immersion f o ¢~ where 1(p) =

(y'(p),v*(p)) and f1,4 when € = 1 or fa 4 in the case ¢ = —1 define the
same structure on (U), i.e.

9=Yi¢, V=Vig.
Our theorem is then a consequence of the following theorem (see [2]).

THEOREM. Let (M, f;) be two nondegenerate hypersurfaces in R" 1 with
equiaffine structures (V;,&;) such that g1 = g2, V1 = Va. Then there exists
an affine isomorphism A € AGL(n + 1) such that Af1 = fa.
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Remark. From the proof of Theorem 2 it is clear that (R?, f; ) is
affinely equivalent to (R?, f; ) if and only if ¢(x) = y)(yz + a) + b where
v==1 and a, b € R (see (13)).
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