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Univalent harmonic mappings

by ALBERT E. LIVINGSTON (Newark, Del.)

Abstract. Let a < 0, 2 = C — (—o0,a] and U = {z : |z] < 1}. We consider the
class S (U, £2) of functions f which are univalent, harmonic and sense preserving with
f(U) = 2 and satisfy f(0) = 0, f-(0) > 0 and fz(0) = 0. We describe the closure
Sy (U, 2) of Sy (U, £2) and determine the extreme points of Sy (U, 2).

1. Introduction. Let Sy be the class of functions f which are univalent
sense preserving harmonic mappings of the unit disk U = {z : |z| < 1}
and satisfy f(0) = 0 and f,(0) > 0. Let F' and G be analytic in U with
F(0) =G(0) =0 and Re f(2) = Re F(2) and Im f(z) = Re G(z) for z in U.
Then h = (F +1iG)/2 and g = (F —iG)/2 are analytic in U and f = h+7.
f is locally one-to-one and sense preserving if and only if |¢'(2)| < |/ (2)]
for 2 in U [3]. If h(2) = a1z +agz?+..., a1 >0, and g(2) = b1z +byz? +...
for z in U, it follows that |b;| < a; and hence a; f — by f also belongs to Sy.
Thus, consideration is often restricted to the subclass SY of Sy consisting
of those functions in Sy with f5(0) = 0.

Since harmonic mappings are not essentially determined by their im-
age domains, various authors have studied subclasses of Sy, consisting of
functions mapping U onto a specific simply connected domain D. In par-
ticular, Hengartner and Schober [5] considered the case of D being a strip,
Abu-Muhanna and Schober [1] considered the case of D being a wedge or a
half plane. Cima and the author [2] also considered the case of D being a
strip.

In this paper we will study the case of D being the plane C slit along a
ray pointing at the origin. This type of domain is often extremal for certain
problems over classes of functions mapping U onto domains that are starlike
or convex in one direction. Also, Hengartner and Schober [6] considered the
case of D being the plane C slit along the interval (—oo,0]. They studied
these mappings as they related to minimal surfaces. Our purpose is to study
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extreme points and to use the knowledge of extreme points to solve some
extremal problems.

Let a < 0 and 2 = C — (—o0,a]. Sy (U, £2) is the class of functions f
which are univalent sense preserving harmonic maps with f(U) = {2 and
satisfy f(0) =0, f.(0) > 0 and fz(0) = 0.

In the sequel F' and G will be functions analytic in U with F(0) =
G(0) = 0 and Re f(z) = ReF(z) and ReG(z) = Im f(z) for z in U. If
h=(F+iG)/2 and g = (F —iG)/2 then f = h+g and |¢'(2)| < |h/(2)] for
zinU.

2. The class Sy (U, £2). Let P be the class of functions P(z) which are
analytic in U with P(0) = 1 and Re P(z) > 0 for z in U.

LEMMA 1. If P(z) is in P, then

-1
L oRe 1l #P(g) d¢ < —%.

T=0p

Proof.

Thus

! ) P L0
J(lﬂ)gdtéof Re P( t)dtgof : dt,

and the lemma follows.

We now let F be the class of functions f which have the form

z 1+C
L1 f2) = a [ 0 dc
Refo (11+44)3P 6[

+iTm ——
(1-2)

where P is in P.
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THEOREM 1. If f € F, then f is harmonic, sense preserving and univa-
lent in U and f(U) is convex in the direction of the real axis with f(U) C (2.

Proof. Let f=h+9¢=ReF +iReG. Then with

A=afRe [ [(1+0/(1- 0] PO dc

we have

P({)d( and G(z)=-—

(1-2)*
Since
g'(z)  F'(z) —iG'(z) P(z)—1
R(z)  F'(2) +iG'(z) P(z)+1
it follows that |¢'(z)| < |h/(2)| for z in U. Thus f is locally one-to-one and
sense preserving in U. Also

Az
(1-2)?
is convex in the direction of the real axis. By a theorem of Clunie and
Sheil-Small [3, Theorem 5.3], f is univalent and f(U) is convex in the di-
rection of the real axis.

Moreover, f(z) isreal if and only if z is real. Since A > 0 and Re P(z) > 0
it follows that f(r) = Re F(r) is increasing on (—1,1) and bounded on
(—=1,0). Thus lim,_, _1+ f(r) exists and equals a. Moreover, lim,_, - f(r) =
+00. Thus f(U) omits the interval (—oo,a]. Therefore f(U) C {2.

h(z) —g(2) = iG(z) =

The next theorem up to translation is contained in [6]. However, for the
sake of completeness and since our point of view is somewhat different, we
include a proof here.

THEOREM 2. Sy (U, §2) C F.

Proof. Let f bein Sy (U, 2). Since {2 is convex in the direction of the
real axis, by a result of Clunie and Sheil-Small, h — g = iG is univalent and
convex in the direction of the real axis.

Let h(z) = a1z +azz®> 4+ ..., a; > 0, and g(z) = byz? + ... Then
G(z) = —i(h(z) — g(2)) = —ariz + ... Since f(U) = 2, ReG(z) = Im f(z)
is 0 on the boundary of U. Since G is convex in the direction of the imaginary
axis, it follows that G(U) is C slit along one or two infinite rays along the
imaginary axis. Thus G(z)/(—a1i) maps U onto C slit along one or two
infinite rays along the real axis. However, G(z)/(—ayi) is a member of
the class S of functions f analytic and univalent in U and normalized by
f(0) = f/(0) — 1 = 0. Making use of subordination arguments, it follows
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that G(z)/(—a1?) has the form
G(z) z

—a1i 14cz+ 22’
and hence Im f(r) = ReG(r) = 0 for —1 < r < 1. Since f,(0) > 0,
the function f is increasing on (—1,1), so that lim,_,_;+ f(r) = a and
lim,_,;- f(r) = +oc.
Now if f = h+7, then b’ — ¢’ =iG’" and

—2<c<L 2

hl+g/_1+gl/hl
h’—g’_l—g’/h"

Since |¢’(2)/h'(2)| < 1 for z in U, it follows that

h,—l—g/
h’—g’

where P is in P. Thus ' +¢' = (b — ¢')P = iG' P, and

=P,

z

F(z) =h(z) +g(z) = [ iG'(QP(C)dC.

0

Now suppose G(z) = —ayiz/(1 + cz + 2%), =2 < ¢ < 2. Then

If 0 < r <1, then

p 1—t?
f(r)=Ref(r)=ReF(r f Trarep > Re P(t) dt
(1=t +1)
<a dt
- 0f1+ct+t2 2(1—t)
o (1+1)?
= dt < M
albf (L +ect+12)2

for some M, since —2 < ¢ < 2. However, this is impossible since
lim,_,;- f(r) = +oc.
Thus the only possibility is that G(z) = —ayiz/(1 — 2)?, and

alj 1+C dC
0
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Thus,
—1

1
a:T_lér_an(r):alRe OfﬁP(C)dC,

and the theorem follows.
THEOREM 3. Sy (U, $2) = F.

Proof. Let f(z) have the form (1.1), and let r, be a sequence with
0<r,<1andlimr, =1. Let P,(2) = P(r,z), and denote by f,(z) the
function obtained from (1.1) by replacing P(z) by P,(z). We claim that f,
is in Sy (U, £2). To see this, let

A:a/Re f [(1-1—()/(1—03] P, (¢)dc,

0
Ful) = A [ 100/ OPIPuQ) de
0

There exists § > 0 so that we may write for [z — 1| < ¢,
P//(l)

P.(2) = P,(1) + P.(1)(z — 1) + —5—=(z - 1D +...
Then, for |z — 1] < 4,
Fi2) = Ag =2 Palc)
_[-2P,(1) 2P.(1)+P,(1) P'(1)+P(1)
B ) R I R e &

Let D={z:]z—1| <} —{2:1<2<1+46}. If 1 =6 < c< 1, then for z
in D

Fo(2) = Fu(o) = [ F}(¢)dC,

where the path of integration is in D. This gives, for z in D,

_ (2P0 2Pi(1) + (1)
Fn(z)_A[(Z—l)z z—1
—(PJ(1)+ P/ (1))log(z — 1) + ch(z _ 1)3‘]
§=0

where 377 ¢j(z — 1)/ converges for |z — 1| < 6 and log(z — 1) =1In |z — 1| +
iarg(z — 1), 0 < arg(z — 1) < 2w. That is, for z in D, F,, has the form

Fn(z):A[ CE—

g +elonte — 1+ 462
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where Rec = 2Re P, (1) > 0 and ¢(z) is analytic at z = 1. Thus, for z in D,

Re f,(z) = Re F,,(2)

:A[Re<(z_cl)2 + (il)) +Re(e)ln |z — 1]

—Im(e)arg(z — 1) + Req(z) ]| .
We want to prove that f,, cannot have a nonreal finite cluster point at

z = 1. To see this, suppose z; = 1 —I—tjeiej isin U with ¢t; > 0 and lim¢; = 0
and is such that

P
lim Im | —2— | =1,
j—o0 [(1 - Zj)Q}
where [ is finite and [ # 0. Then

lim —(sin 29,7 + sin 9])

—14£0.

This implies that (sin 26;+¢; sin 9]) approaches 0, which in turn implies *phat
sin 20; approaches 0. Thus e~2% approaches £1. Therefore, Re(ce™2%)
approaches +Rec # 0. It now follows that

Re(ce™ %) + t; Re(de™ ") + Re(e)t? In(t;)
12
j

[Re fn(z)] =
—(Ime)arg(z; — 1) + Req(z;)

approaches 400 as n approaches +o0o. Thus f,, has no finite nonreal cluster
points at z = 1. At all other points of |z| = 1, the finite cluster points
of f, are real. Since f,(U) C 2 and lim,_,_; f,(r) = a, it follows that

Thus f,, is in Sy (U, §2) and hence f is in Sy (U, §2). Since F is closed
under uniform limits on compact subsets of U, it follows that F = Sy (U, 2).

3. Extreme points of F. If P € P, then it is known [4] that

(3.1) Pz = [

where p is a probability measure on X = {n : |n| = 1}. Thus if f is in F,
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there is a probability measure u on X so that

(3.2)  f(2) = Re fm\:l k(—1,n)du(n)
X[Re| flk(z,n)du(n)ﬂlmﬁ
where
490 +n0)
(33) k(Z,T])— E]f(l_C)S(l_UC) d¢
Ml <1—772>_(1+477—772)Z
(1 —n)? 1—2 g—ngzél—@)
+n z — 22
- Paemaae P
z4 128
T "t

The extreme points of F are easily obtained by making use of a property
of a nonlinear homeomorphism observed by Szapiel [7].

LEMMA 2 [7]. Suppose X is a convex linear Hausdorff space, ¢ : X — C

is homogeneous, ¢ € C\{0} and A is a compact convex subset of ~*(c). Let
1 A — R be affine continuous with 0 & (A) and let B = {a/¢(a) : a € A}.
Then

1) B is compact convez,
2) the map a — a/v(a) is a homeomorphism of A onto B,

3) EB = {a/y(a) : a € EA}, where ED means the set of all extreme
points of D.

Proof. For the sake of completeness we include the proof as com-
municated to me by the referee. We observe that if a; and as are in A
and a1 /9(a1) = az/¢(az), then ¢/y(ar) = ¢p(ar/P(ar)) = ¢(az/¥(az)) =
¢/¥(az). Thus ¥(a;) = ¥(az) and hence a; = as. Next we note that
(Ma1 + A2a2)/P(Arar + Azaz) = pna1 /Y(ar) + peaz /v (az), where
(3.4) r; = Av(ag)/Y(Mar + Asaz),  j=1,2.

Thus if A; > 0 with j = 1,2, and A\; + Ay = 1 then p; > 0 with p; +pe = 1.
If pj >0, 5 = 1,2, with gy + po = 1, we seek \; > 0, j = 1,2, with
A1 + A2 = 1 such that equation (3.4) is satisfied. It is easily verified that

A1 = pp(az) /[y (az) + potp(ar)] and Ao = potp(ay)/[u1tb(az) + patp(ar)]
satisfy the requirements. Thus B is convex.
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Next suppose a ¢ FA. Then a = Aja; + Aq2ap with A; > 0, j = 1,2,
A+ A2 =1and a; 75 as. Thus

a /\1(11 + /\2(12 aj a9

Y(a)  Y(Mar + Aaaz) N Ml?ﬁ(%) " M2¢(az).

So a/y(a) ¢ EB.
Conversely, suppose a/¢(a) ¢ EB. Then there exist a; # as in A and
p; >0, 7 =1,2, with gy + o = 1 so that
a ap as Arai + Azaz

da) "1 an) T ) T 0war T hsan)
Since the map a — a/¢(a) is a homeomorphism, it follows that a = Ajay +
A2ao and hence a € EA. Therefore EB = {a/{(a) : a € EA}.

We apply Lemma 2 with

z

Qr(z) =Re| [ 1+ —Q7*P(Q)d¢| +ilml=(1 —2)7?),

0
A={Qp:PeP),¢(f) = f-(0),c =1,9(Qp) = Qp(=1)/a.
Then F = B is convex and EB = {f(2)/f(-1) : f € EA}. However,
the map @Qp — P is a linear homeomorphism between A and P. Since
EP ={(1+ pz)/(1 — uz) : |u| = 1} [4], we obtain the following theorem.
THEOREM 4. The extreme points of F are

a

fn(z) = m [Re k(z,m) + iIm ﬁ], In| = 1.

4. The mapping properties of extreme points. If n = e’®, then

Re k(z,1) = cot(5/2) arg (1 - eiﬁz>

- 2sin’(4/2) 1=
z 1 o
—cot(B/2)m T+ Sey Re T
and
a ; i
fo(2) = (8/2) cot(3/2) 1 [Re bzm) +ilm (T—2)

2sin2(6/2) ~ 2sin2(6/2)

Suppose n = e?, 0 < 3 < w. If ¢ is on the open arc of the unit
circle going from 1 to n to —1 to 7 in the counterclockwise direction, then

arg(l —n¢)/(1 — ¢) = /2. For these ¢,

lim f,(2) = a.

z—C
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If ¢ is on the open arc from 7 to 1, then arg(1 —n()/(1 — () = /2 — 7 and
we obtain

) macot(3/2)

lim f,(2) =a—

M) = Ry con(8/2) — 1
The cluster set of arg(l — nz)/(1 — z) at 7 is the interval [3/2 — 7, 3/2].
Thus, the cluster set of f,(z) at 7 is the interval [b, a].

We now use a technique similar to that used in Example 5.4 of [3]. Let
(14 2)/(1 — 2) = u+ iv and note

2/(1=2)=5[(1+2)/(1 - 2) - 1],
(A+2)/(1-2)? =42/(1 - 2)* + 1,
(1=n2)/(1 =2) =[1=n)/2](1+2)/(1 = 2)+ (1 +n)/2,
Im[z/(1 — 2)*] = 2 Im(u + iv)?.

=b<a.

Using these observations, we obtain

a
fn(z) = Re k‘(—l,?])
2(;?:127%3)2) arg[(1 + e)(1 4 v tan(3/2) — iutan(3/2))]
Uv u—1 UV .
-5 cot(5/2) + 25in2(3/2) Sn?(3/2) + Z?] = +1y.
If uv = 2¢,u > 0, then y = ac/Re k(—1,7n) and
a
* 7 Rek(—1,7)
t(3/2 , 2ct 2 )
X [221127[&/%/)2) arg [(1 + e (1 + %(ﬁ/) - zutan(ﬁ/2)>]
u—1
—ccot(3/2) + m} :
Now suppose that ¢ > 0. Then lim, ;. = +00, and
. a
W% Rek(—Ly)
cot(5/2) iBy _ _ 1
8 [2sin2(ﬁ/2) arg(1 + ™) — ccot(5/2) 2sin?(3/2)
cacot(5/2)
" Rek(—1,7)

A calculation gives dx/du > 0 for any c¢. Thus z is increasing. Thus if
¢ > 0, x takes on all values in the interval (a—ca cot(3/2)/Re k(—1,7), +0).
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It follows that f,(z) covers the horizontal line segment y = ac/Re k(—1,7),
with left end point on the line y = —[tan(5/2)](x — a).
By the same reasoning, if ¢ < 0, f,(2) covers the horizontal line segment
y = ac/Rek(—1,n) with left end point on the line y = —[tan(5/2)](z — b).
If c=0, uv =0. Since u > 0, it follows that v = 0 and

7 Re k(—1,n)
700t(ﬁ/2) ar eP)(1 — iutan _u-1
et (/) (e iutan(8/2)] 4 5
Thus,

limz =a and lim x = +o0.
u—0 Uu——+00

Since z is increasing, f, covers the interval (a,+00) on the real axis and no
other part of the real axis. It follows that f,(z) maps U onto the domain
given by the shaded region in Figure 4.1.

y = —[tan(5/2)](z — a)
b

y = —[tan(5/2)](x — b)

Fig. 4.1

y = ~ltan(3/2)|(@ — d)

Fig. 4.2

Similarly if —7 < 8 < 0, f,(2) maps U onto the domain pictured in
Figure 4.2, where

am cot(3/2)

4=t B2) ot (5/2)

< a.
—1 a
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5. Applications. In this section we will use our knowledge of extreme
points to solve some extremal problems on Sy (U, §2).

LEMMA 3. If |n| =1, then
[Rek(=1,n)] = [Rek(=1,1)[ = 1/6.

Proof.
2n(1 +n) <1—|—77> 14+4n—n* 3 147
SRET _ 2. 1
k(=Ln) =4 (1-n)3 %\ )* 2(1 —n)? 4 1-n’ n# 1
~1/6, n=1.
If n = e, then
) 262'9 1 + ei@ 1 + ei@
k(—1,e") = - A
L) =g 1o °g< 2 >
+1+46i€—€i29_§ 1+ e
2(1 — )2 4 1-—e?
= (e~ 1072 — ¢if/2)2 " e—i0/2 _ ¢if/2 og( 9 >
e=i0 4 4 _ ¢if 3 e—i0/2 4 (i0/2
2e—0/2 —¢i0/2)2 4 —i0/2 _ ¢i0]2
_ —icos(0/2) o <1 +ei9> _ 2—isinf  3icos(6/2)
~ 2sin®(0/2) 2 4sin®(0/2)  4sin(0/2)
Thus
< cos(6/2) (1 + ei9> 1
Rek(—1,¢") = -
eh(=1e) = a2 e\ T2 25in2(6/2)
(0/2) cos(0/2) 1

25in®(0/2) 25in?(0/2)
(0/2) cos(0/2) — sin(6/2)
25in®(0/2) '
Let () = [(0/2)cos(6/2) — sin(0/2)]/[2sin®(0/2)] if & # 0 and ¢(0) =
—1/6. We want to find the maximum of ¢(f) in [—m, 7|, or equivalently the
maximum of h(¢) in [-7/2,7/2], where h(¢) = (¢ cos ¢ — sin ¢)/(2sin® ¢)
for ¢ # 0 and h(0) = —1/6. Since h(—¢) = h(¢), we need to consider h(¢)
in [0,7/2]. Let g(¢) = 6¢cos ¢ — 6sin ¢ + 2sin® ¢ for 0 < ¢ < 7/2. Then
g (¢) = —6¢sin ¢ + 6sin? ¢ cos ¢
= 3sin ¢(sin 2¢ — 2¢) < 0.

Thus g(¢) < g(0) = 0. It follows that h(¢) < —1/6 in [0,7/2] and thus
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q(#) < —1/6 on [—m,w|. Therefore
Rek(~1,n)] = [q(0)] > 1/6 = [Rek(~1,1)].

THEOREM 5. Let f(z) = h(z)+g(z) be in Sy(U, 2). If h(z) = 00 janz"
and g(z) = >_07 5 byz™, then

(5.1) |an| < (n+1)(2n + 1)lal,
(5.2) |bn| < (n —1)(2n = 1)lal,
(5.3) llan| = 1bnl] < |an — bn| < 6lajn.

Equality is attained in (5.1), (5.2) and (5.3) for all n by

Proof. We need only prove (5.1)—(5.3) for the extreme points of
Su(U,2). Let f,(z) = A[Rek(z,n) +ilmz/(1 — 2)?], A = a/Rek(—1,n).
In our notation F(z) = Ak(z,n) and G(z) = —Aiz/(1 — 2)?. Thus

F(z)+iG(z) A z } _
— )2

h(z) = ————> = — [k‘(z,n) + Z
o) = TG = 3 vt~ | = 2

Z

2 2 n
b, 2"
2 z

Thus if n # 1, then

A 2A A=), = 1A —n?
h(z)__[z (L =n)n Z_;Wz

iﬂiLﬁi_+zm},

Therefore
Af+mQ—n") 1+dn—n (+D0+n)
o QH_E[ n(l—mn)? a-n?  1-7 ]
Al2n(L+n)A+n+n® .. +1"Y)  1+4n—»?
2 n(l —n)? 1— )72
+&i%ﬁﬂ+4
1—mn

An?4+ 2 —4n)n+ (4 —n®)n?+ 40P+ ... + 44 2t
- = +n
2 n(l—mn)?
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AT =m)?(n? + 3021 2(n — k)*nP)
2 n(l—mn)?
[P i (= k)
, .
Similarly, for n > 2
Afn® + 5055200 k)P F 1 [k (n— k)%
2 n "= n '

We note that (5.4) and (5.5) also hold for n = 1.
Now by Lemma 3

=

(5.5) by =

o .l
[Rek(=Ln)| = [Rek(-1,1)]
Thus from (5.4) and (5.5) we obtain

n?+ 302 (n—k)? _ 6la] n(n+1)(2n+1)
n n

Al = = 6]al.

|an| < 6lal

— (n+1)(2n+ Dl
with equality when n =1, and

6|al — _ 6la] (n—1)n(2n—1)
|bn|§71§:1(n—k‘)2_7. :
= (n=1)(2n —1)]al

with equality for n = 1.
To obtain (5.3) we note that for an extreme point f, (z) we have a, —b, =
An.

THEOREM 6. If f = h+ g is in Sy(U, (2), then

6|al 142 6(1+ |z])|al
[f=(2)| = W (2)] < < -
1—z[ [(1-2)3 (1—1z)*
Equality occurs for z real and positive and
z+3i28 z
= — Im — .
f(z) 6a [Re(l_z)3+z m(l—z)Q}

Proof. We need only consider extreme points f,(z). In this case

) =5 [Fen) + =)

A[Z(nl(l_:)z) 10g<11__77;> 4n 2 2z }

2

BT ER B R
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After straightforward computations we get

b a (1+2)
"E) = Rer T T 2P )
, B |al 1+z2
W& = RerC L — el | =2
< 6)al 1+z2 6la|(1 + |2])
STE|T—2R S A
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