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1. Introduction. Let A""! be an (n + 1)-dimensional, n > 2, affine
space considered as a homogeneous space under the action of the unimodu-
lar affine group ASL(n + 1,R). We denote by (V, @) the natural equiaffine
structure on AN"H, i.e. the standard torsion-free connection V and the vol-
ume element © given by the determinant which is parallel with respect to
this connection.

Suppose that M is a non-degenerate hypersurface in A"*! with the affine
normal ¢ and with induced equiaffine structure (V,©) (we refer to [23] and
[31] for the construction of £ and (V,©)). Thus we have

(1.1) VxY = VxY +h(X,Y)E,
(1.2) Vxé=-5X

for all vector fields X and Y tangent to M, where h is a non-degenerate
symmetric bilinear form and S a (1, 1)-tensor field on M. The tensor field
S is called the affine shape operator. The fundamental equations of M in
A" (ie. the equations of Gauss, Codazzi and Ricci) are (see [23], [24],
[22]):

(1.3) R(X,Y)Z = h(Y, 2)SX — h(X, Z)SY ,
(1.4) C(X,Y,Z)=C(Y.X.Z),

(1.5) (VxS)Y = (VyS)X,

(1.6) h(X,SY) = h(SX,Y),

where R is the curvature tensor of V defined by

R(X,Y)Z =VxVyZ - VyVxZ - Vixy|Z
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and the (0, 3)-tensor C' is given by
C(X,Y,Z) = (Vh)(Y, Z; X) = X(Y, Z) — h(VxY, Z) — h(Y,VxZ),

X, Y, Z begin vector fields tangent to M. The tensor field C' is called the
cubic form of M.

A non-degenerate hypersurface M in A"*! is said to be an affine hyper-
sphere if the equality

S=M, MeR,

holds on M, where I denotes the identity (1,1)-tensor field on M. If A # 0
(resp. A = 0), then a hypersurface M is called a proper affine hypersphere
(resp. an improper affine hypersphere).

The basic definitions and formulas are given in Section 2. In Section 3
we obtain some results on non-degenerate hypersurfaces M in A”*! satis-
fying certain curvature conditions imposed on its cubic form. In Section 4
we consider a curvature condition imposed on the tensor R of M. These
subjects are a continuation of the investigations presented in [1] and [31],
respectively. In these sections we also consider curvature conditions imposed
on the generalized curvature tensor R* defined in [27]. Moreover, in Section
4 we consider affine-quasi-umbilical hypersurfaces M in A™*!. This class of
hypersurfaces was introduced in [26]. We prove (see Theorem 4.8) that such
hypersurfaces in A”t!, n > 4, are characterized by the vanishing on M of
the Weyl curvature tensor W(R*) corresponding to the tensor R*.

This paper was prepared during my stay at the Katholieke Universiteit
Leuven in 1989, sponsored by a Research Fellowship and by Research Project
KUL OT/89/11 of that University.

I would like to express my hearty thanks to Professors K. Nomizu and
L. Verstraelen for the invitation to the subject of affine differential geometry.
Thanks are also due to Drs. B. Opozda, F. Dillen, Z. Olszak, P. Verheyen
and L. Vrancken for the comments and discussions during the preparation
of this paper.

2. Pseudosymmetry curvature conditions on affine hypersur-
faces. Let M be a connected n-dimensional, n > 2, smooth Riemannian
manifold with a not necessarily definite metric h. We denote by V, R, R,
Ricc(R) and W(R) the Levi-Civita connection, the curvature tensor, the
Riemann—Christoffel curvature tensor, the Ricci tensor and the Weyl con-
formal curvature tensor of (M, h), respectively. Denote by X(M) the Lie
algebra of vector fields on M.

For a symmetric (0, 2)-tensor field D on M define the endomorphism
X ApY of X(M) by

(2.1) (X ApY)Z =D(Y,Z2)X — D(X, Z)Y ,
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where X,Y, Z € X(M). The endomorphism X Ay, Y will be denoted simply
by X AY. Further, for a (1, 3)-tensor field B on M satisfying
(2.2) B(X.,Y,Z) = —B(Y, X, Z),
we denote by B(X,Y) the endomorphism of X(M) defined by
B(X,Y)Z = B(X,Y, 7).

We extend the endomorphisms X ApY and B(X,Y’) to derivations (XApY)-
and B(X,Y)- of the algebra of tensor fields on M, assuming that they
commute with contractions and

for any function f on M. Now, for any (I, k)-tensor field 7' on M we define
the (I, k + 2)-tensors B - T and Q(D,T) by
(B-T)(w',..., 0", X1,..., X3; X,Y)
= (B(X,Y) -T)(w',..., 0" X1,..., Xs)
1
==Y Tw'....BX,)Y) ' .. .o X, ., Xp)
i=1
k
=3 T .. W Xy, BXY) - X, X,

j=1

QD,T)(w, ..., X1,..., X1, X,Y)
= _((X AD Y) : T)(w17' s awleh s 7Xk)

l
=> Tw'...,(XApY) o', .., X1, .., Xp)
=1

k
+Y T W Xy (XA Y) - X, X
j=1

respectively, where X, Y, X1,..., X} € X(M) and w!, ..., w' are real-valued
1-forms on M.

Two (I, k)-tensor fields 77 and Ty on M are pseudosymmetric related with
respect to a (1, 3)-tensor B satisfying (2.2) and a symmetric (0, 2)-tensor D
if
(¥)  B-Ty and Q(D,T5) are linearly dependent at every point of M .

In the special case when 177 = T = T, we say that the tensor field T is
pseudosymmetric with respect to B and D. A tensor field T on M will
be called semisymmetric with respect to a (1, 3)-tensor B satisfying (2.2) if
B - T vanishes on M.
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A tensor field B of type (1,3) on M is said to be a generalized curvature
tensor [21] if

B(X3, X2, X3) + B(X2, X3,X1) + B(X3,X1,X5)=0,

B(X1, X2, X3) = —B(X2, X1, X3), B(X1, X2, X3, X4) = B(X3, X4, X1, X5),
where E(Xl,X27X37X4) = h(B(Xl,XQ,X3),X4) and Xl, NN ,X4 S %(M)
The Ricci tensor Ricc(B) of B is the trace of the linear mapping X; ——
B(X;,X2,X3). If n =dimM > 3 then we can define the Weyl curvature
tensor W (B) of B by

_B K(B)
W(B)(X1,...,X4) = B(X1,...,X4) + mh((X1 A X2) X3, X4)
- ﬁ(h((){l /\Ricc(B) X2)X3aX4) - h((Xl /\Ricc(B) XQ)X4, X3)) R

where K (B) is the scalar curvature of B.
For a generalized curvature tensor B we define the tensor Z(B) by

K(B)
n(n —1)

The following proposition gives examples of pseudosymmetric related
tensors.

PROPOSITION 2.1. If B is a (1,3)-tensor field on a manifold (M, h) of
the form

(2.3) B(X,Y,Z) = A(Y,Z)AX — A(X, Z)AY ,

where A is a (1,1)-tensor field on M and A is the symmetric (0,2)-tensor
field defined by A(X,Z) = h(X,AZ), then

(2.4) B-B= Q(Ricc(B),P)
on M.

Z(B)(Xl, - ,X4) = E(Xl, ce 7)(4) - h((Xl VAN Xg)Xg,X4) .

The above assertion is an immediate consequence of (2.3) and the defi-
nitions of B, B - B and Q(Ricc(B), B).

Manifolds satisfying (2.4) were considered in [14]. For instance, it was
proved (see [14], Theorem 1) that if B is a generalized curvature tensor field
on M, then (2.4) is satisfied at each point of M at which there exists a
non-zero covector w satisfying

(25) w(Xl)B(Xg,Xg,X4)+w(X2)B(X3,X1,X4)
+’LU(X3)B(X]_, XQv X4) =0 )
where X1,..., X4 are tangent vectors at x. Examples of manifolds fulfilling

(2.4) for B = R or B = W(R) are given in [14] and [2]. Furthermore, in
[8] it was proved that any conformally flat manifold M of dimension > 4
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satisfying (2.4) with B = R is pseudosymmetric. A Riemannian manifold M
is said to be pseudosymmetric if the Riemann—Christoffel curvature tensor
R is pseudosymmetric with respect to the curvature tensor R and the metric
tensor h [12]. Recently, pseudosymmetric manifolds were studied in [3]-[5],
[10]-[12], [15]-]16], and [18]-[20].

Ricci-pseudosymmetric manifolds and Weyl-pseudosymmetric manifolds
can be defined in a similar manner. Such manifolds were investigated in
6], [7], [9], [13], [17] and [25]. Certain properties of pseudosymmetric (with
respect to R and h) generalized curvature tensors were also obtained in [11],
[12] and [16].

A (0, k)-tensor field T on M is said to be totally symmetric (cf. [1]) if

T(le cee 7Xk) = T(XO(1)> s 7X<T(k))

for any permutation o of {1,...,k} and X;,..., X} € X(M).

Let now M be a non-degenerate hypersurface of the affine space A"+1.
The following proposition states that on M there exist tensor fields which
are pseudosymmetric related with respect to the tensors R and h.

PROPOSITION 2.2. On any non-degenerate hypersurface M in A™T1 we
have

(2.6) R-h=Q(,S),

(2.7) R-S=Q(h,5?%,
(2.8) R-C=Q(h,CS),
where C'S is the (0,3)-tensor fields defined by

(2.9) CS(X,Y,Z)=C(SX,Y,Z)

and S and S? are the (0,2)-tensor fields defined by
S(X,Y)=h(SX,Y) and S*(X,Y)=S5(SX,Y),
respectively.

The above proposition is an immediate consequence of the following
proposition:

PROPOSITION 2.3. Let T be a totally symmetric (0, k)-tensor field, k > 1,
on a non-degenerate hypersurface M in A"T1. Then

R-T =Q(h,TS)
on M, where T'S is the (0, k)-tensor field defined by
TS(X1,...,Xx) = T(SX1, Xo, ..., X1).

Proof. This is a consequence of the Gauss equation (1.3) and the
definition of pseudosymmetric related tensors.
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Moreover, it can be easily noted that the following proposition is also
true.

PROPOSITION 2.4. Any tensor field on an affine hypersphere M in A™+1
1s pseudosymmetric with respect to R and h.

We give another example of pseudosymmetric related tensors. On a
non-degenerate hypersurface M in A"*! consider the generalized curvature
tensor R defined by ([27])

(2.10) R*(X,Y,Z)=R(X,Y)SZ =S(Y,Z)SX — S(X,Z)SY .

The equality (2.10) implies

(2.11) R*(Xy,...,X4) = h(R* (X1, X2, X3), X4)

= S(X1, X4)S(X2, X3) — S(X1, X3)S (X2, X4) .
From Proposition 2.1 we easily obtain the following corollary.
COROLLARY 2.5. Let M be a non-degenerate hypersurface in A"T1. Then
R* - R* = Q(Ricc(R*), R*)
on M.

A non-degenerate hypersurface M in A™*! is said to be an affine Einstein
hypersurface ([27]) if Ricc(R*) is proportional to h. Thus Corollary 2.5 yields

COROLLARY 2.6. The curvature tensor R* of a non-degenerate affine
Einstein hypersurface in A"t is pseudosymmetric with respect to R* and h.

To end this section, we prove some lemmas.

LeMMA 2.7 ([8], Theorem 3.5). Let B be a generalized curvature tensor
on a Riemannian manifold (M,h), n > 4, with a not necessarily definite

metric h. Moreover, suppose the Weyl curvature tensor W (B) vanishes on
M. Then

B - B = Q(Rice(B), B)
on M if and only if at each point of M the Ricci tensor Ricc(B) has the
form
Rice(B) =ah+ fa®a, o,B€R,
where a is a covector.

LEMMA 2.8. Let A and B be two symmetric (0,2)-tensors at a point x of
a Riemannian manifold (M, h) with a not necessarily definite metric h.

(i) If Q(A,B) =0 at x then A and B are linearly dependent.
(ii) If Ao B=Bo A at x and

(2.12)  aQ(h,A)+9Q(A,B) +BQ(h,B) =0, o,B,yER, v#0,
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at x then the tensors
1 1
A——tr(A)h and B — —tr(B)h
n n

are linearly dependent, where Ao B is the (0,2)-tensor with the local com-
ponents (Ao B),s = h?1A,,Bs.

Proof. (i) The proof was given in [8] (see the proof of Lemma 3.4).
(ii) Contracting the equality

O[Q(h, A)Tstu + ’YQ(Aa B)rstu + /BQ(h‘a B)Tstu - 0

with A" we obtain
1 1 1 1

a(A - = tr(A)h> + ’y( tr(A)B — — tr(B)A> + ﬂ(B - — tr(B)h> =0,
n n n n

which yields
aQ(h, A) +~vQ <:L tr(A)h, B> - 'yQ(Tll tr(B)h, A> +6Q(h,B)=0.

Next, subtracting the above equality from (2.12) we get

1 1
¥Q (A — —tx(A)h, B - — tr(B)h> =0,

Now (i) completes the proof.

LEMMA 2.9. Let (M,h), dim M > 4, be a Riemannian manifold with a
not necessarily definite metric h. If a symmetric (0,2)-tensor A satisfies at
x € M the condition

(2.13)  A((X1 A4 X2)X3, Xy)

1 2
= m((” —2)7 — ollal[*)h((X1 A X2) X3, X4)
- ! S (X1 Aasa X2) X, X0)

— h((X1 Naga X2) X4, X3)), T7,0€R,

then A= ah+Bb®b, a, 3 € R, at z, where ||a||? is the square of the norm
of the covector a.

Proof. (2.13) can be written in the form

(2.14)  Ap A — AriAsy

1

T 1\ —)\ T T_a2 rultst — lrtilsy
= D) D7~ lalF ) hruhat — hetha)

+ m@(hruasat + hstarau - hrtasau - hsuarat) .
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Contracting this with A" we obtain
(215) tI‘(A)ASt - A2st = Thst + oasag ,
where A,., A% ., hyu, and a, are the local components of the tensors A,
A? = Ao A, h and a, respectively.
Next, transvecting (2.15) with A", = A,,h"? we obtain
(2.16) A%, Aq — A% A,
1

o m((n - 2)7- - QHCLH )(ATuhst - Arthsu)

+ ﬁg(flmasat — Aptasay + hs Pray — hsyPrag)
where P, = a,AP,. Further, contracting the above relation with A%, we get
tr(A)A?,., — A3,y = TAp + 0Pray, A3, = AQPTthAqu .

From this it follows immediately that
oP. =oXa,, MeR.
Using the above equality and (2.15) we can write (2.16) in the form

tr(A)(AruAst - ArtAsu) - T(hruAst - hrtAsu) - B(arauAst - aratAsu)

1
=——((n=2)7— g||a”2)(Amasat — Arasay,)

(n—1)(n—2)
1
+ mg(asatAru - asauArt + A(arauhst - arathsu)) .

This, by symmetrization in r and s, yields

n—2

1 2
(2.17) <n— 17'—|— — 2QH(ZH )Q(h, A) sty +

n

-3
9 QQ(CL ® a, A)Tstu

/,’L —
1
+m)\QQ(G X a, h)rstu =0.

If o # 0 then from Lemma 2.8(ii) it follows that the tensors A — L tr(A)h
and a ® a — X ||a||?h are linearly dependent. So A has the required form. If
0 = 0 then (2.17) yields 7Q(h, A) = 0, whence we get A — + tr(A)h =0 or
7 = 0. In the second case, i.e. when 7 = 0, (2.14) implies that rank(A) = 1.

The last remark completes the proof.

3. Curvature conditions imposed on the cubic form. Let M be
non-degenerate hypersurface in the affine space A"*1, n > 2. Let A be the
(0,4)-tensor field on M defined by

(31) A(X17X27X37X4)
= (VC)(X17X27X3;X4) - (VC)(X17X27X4;X3) ’
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where Xi,..., X, are vector fields tangent to M. Note that in virtue of
(1.3), A satisfies the condition
(3.2) A=R-h.

From this and (2.6) it follows that A vanishes if and only if the tensor S is
proportional to h (i.e. VC is totally symmetric). Non-degenerate hypersur-
face in A"*! with VC and V2C totally symmetric were considered in [1].
VC and V2C are both totally symmetric if and only if C =0 or S = 0 ([1],
Theorem 1). In the special case when VC' = 0 and C' # 0, then S =0, V
is flat, the Pick invariant of M vanishes and A is a hyperbolic metric with
zero Ricci tensor ([1], Corollary). Of course, if V2C' is totally symmetric,
then R-C = 0 (i.e. C is semisymmetric with respect to R). As a general-
ization of the semisymmetry of C' with respect to R, we can consider the
pseudosymmerty of C' with respect to R and h. Note that Q(h,C) vanishes
at x € M if and only if C vanishes at z. Thus

(3.3) R-C=LcQh,C)

on the set Ugx of all points of M at which C is non-zero, where L¢ is a
function defined on Ug.

PROPOSITION 3.1. Let M be a non-degenerate hypersurface in A™t!,
Then C satisfies (3.3) on Ug if and only if

(3.4) C((S—LeD)X,Y,Z)=0
on Ug, where X, Y, Z are vector fields tangent to Uc.

Proof. If (3.4) holds on Uc then (3.3) is also satisfied. This is an
immediate consequence of (2.8). Assume now that (3.3) holds on Ue. Let
U C U¢ be a coordinate neighbourhood. We can write (3.3) in the form

- pstRprvw - rptRpsvw - CrspRthw
= LC(hTvast + hswcrvt + hthrsv - thCwst - hsvcrwt - htvcrsw) )

where RP, .y, Crst and h,, are the local components of R, C and h, respec-
tively. Applying (1.3) to the above equality, we get

hrwv;)pcpst + hswvvpcprt + htwvvpcp'rs
_thprCpst - hstprprt - hthprst = 07

where V,» = S,P — LcéP. The above relation, by contraction with A",
yields

(3.5) (n+ DVuPCpst = hspy VPICphqt + hiy VPIChys

whence, by contraction with h** and making use of the apolarity condition
hPiC,,s = 0, we obtain

(3.6) VPIChy =0,
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where VP4 = hP*V,9 and hP® are the local components of h~!. Substituting
(3.6) into (3.5) we obtain (3.4) on U, which completes the proof.

Now we will consider non-degenerate hypersurfaces M in A"*! which
have a tensor field A pseudosymmetric with respect to R and h.

LEMMA 3.2. Let M be a non-degenerale hypersurface in AL Then the
tensor Q(h, A) vanishes at x € M if and only if S is proportional to h at x.

Proof. Of course, if S is proportional to h at x then both A and
Q(h, A) vanish at . Assume now that Q(h, A) vanishes at x. Let U C M
be a coordinate neighbourhood of x. Thus, at =z,

(37) hrwAvstu + hswA'rvtu + htwArsvu + huwArstv
*hr'UAwstu - hstrwtu - hth’rswu - huUA'rst'w =0.
Contracting this with A and h*Y we obtain

38)  (n—2)Arsou = Avsur + Avrus — hsohP ! Aprug — hyohP? Apsug

(3.9) hPIA g = —hPT Ay -
Similarly, contracting (3.7) with A" and A" and using (3.9) we find
(3.10) OMPI Ay = WPTA gy
On the other hand, from (2.6) and (3.2) it follows that
(3.11) hPIA s = 0.
Now (3.8), by (3.11) and (3.10), takes the form
(n = 1) (hrwSos = hrySus + husSro — hsySra) = 2(hrsSuv — huvSrs) ,
whence, by contraction with A", we obtain our assertion.

From the last lemma, it follows that if a tensor field A is pseudosymmetric
with respect to R and h then

(3.12) R-A=LsQ(h,A)
on the set Uy of all points of M at which A is non-zero, where L4 is a

function defined on Uy.

THEOREM 3.3. Let M be a non-degenerate hypersurface in A"t with a
tensor field A pseudosymmetric with respect to R and h.

(i) If dim M > 3 then M is an affine hypersphere.
(ii) If dim M = 2 and h is positive definite then M is an affine sphere.
(iii) If dim M = 2 and h is indefinite then M is an affine FEinstein surface.

Proof. Let Us be the set defined above. We note that (3.12) can be
written in the following form (on a coordinate neighbourhood U C Uy):

(313) hervapstu + hswVUpAprtu - hrvvaApstu - hsvvaAprtu
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_hthvarsup + huw‘/;)pArstp + htUprArsup - huv prArstp =0 )
where V,,? = S,,» — L46P. Contracting (3.13) with h*™ we obtain
(314) (TL - 2)vaArsup = ‘/vapsru + vaAprsu + hersu + hstru )

where E,; = VP14, 4, and VP? = V,9h"P. Similarly, contracting (3.13) with
h™ and h*?, we find

(3 15) n‘/vapstu = ‘/vatsup - ‘/vaustp +hsv ququtu - ht’u Esu +huv Est )

(3.16) VP Ay = 2.
On the other hand, from (2.6) and (3.2) it follows that
(3.17) VPIA s = 0.

Applying this and (3.16) in (3.14) and (3.15) we find
(3.18) (n = 2)VoP Argup = Vo Apsru + Vo Aprsu
(3.19) Vol Apstu = Vol Atsup — Vol Austp »

respectively. Moreover, using (2.6) and (3.2), we can express A,qt, in the
form

(320) Apstu = hpuvvts + hsuvpt - hptvus - hstvpu s
where Vy,, = hpV, 2. Now (3.18) and (3.19) take the forms
(321) (n - 1)(%7"Vus + %svur - hurvzsv - husvzrv)
= Q(Vuv‘/rs - hrsvzur) )
(322) (Tl + 1)(Vuvv;fs - V;fvvus + husVZtv - htsv2uv) = 07

respectively. From the last equality, by contraction with h"®, we obtain
1

(3.23) V2= IV, A=Ay,
n

Further, contracting (3.21) with h"*, we get
1

(3.24) A(Vm . )\hm> ~0.
n

From (3.20) and the definition of the set Uy it follows that V.4 — %/\hm is
non-zero at every point of Us. Thus (3.24) yields A = 0 and, by (3.23), we
also have V2, = 0. Now (3.21) and (3.22) turn into

(n - 1>(ervus + VvsVur) = QVuUVrs ;
(325) Vuvv}/s = Vus‘/;ﬁv 5

respectively. But from the last two equalities and the assumption n > 3 it
follows immediately that Vs must vanish on Uy, i.e. the set U, is empty.
This completes the proof of (i).
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(ii) From (3.25) it follows that
Vis = M5, A€R—{0},
at every x € U. Together with (3.20), this yields
V" Arstu = N r (Yrhus — Puhis) ,
V" Austr = YuVis + Vs Vi — M U (Yshue + Yuhst) -
Now (3.19) turns into
M"Y (Yihus — Pulus) = 0.

Thus, we see that Uy must be empty, which completes the proof of (ii).
(iii) The relation (3.25) can be written in the form

SurSts = SusStr = La(hurSts + hsSur — BusStr — herSus)
— La*(hurhis — husher) ,
which, by the identity (cf. [9], Lemma 2(iii))
hurSts + htsSur — husStr — hirSus = tr(S) (hurhis — husher) ,
turns into
SurSts — SusStr = La(tr(S) — La)(hurhis — hushir) -

Thus, the tensor Ricc(R*) is proportional to h on Uy. But this completes
the proof of (iii).

THEOREM 3.4. Let M be an affine Finstein surface in the affine space
A3, If the set Uy is non-empty and if (tr(S))? = 2tr(S?) on Ux then A is
pseudosymmetric with respect to R and h and L 4 is defined by 2L 4 = tr(S5).

Proof. Since M is an Einstein affine surface we have, on a coordinate
neighbourhood U C Uy,

tI‘(S)gts — §2ts = (tI’(S))z — tr(52)>ht5 .

1
3(
We put Vg = S,s — Lahys, La = %tr(S). Now we can easily verify that
hpqv;)q = O, Vzur = 07 Vur‘/ts - Vus‘/t’r' = 0, ervus + VUSVUT = 2Vuv‘/rs .

Further, using the above equalities, we can express the tensor field R- A —
LAQ(h,A) in the form

(R -A— LAQ(h, A))rstuvw = 2Vrs(huwvvt + htvvuw - htwvuv - huv‘/;‘,w) )
which implies (R - A — LaQ(h, A))rstuvw = 0, completing the proof.

4. Affine hypersurfaces with pseudosymmetric curvature
tensors. Let M be a non-degenerate hypersurface in A" n > 3. In [31]
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(Proposition 2) it was proved that the curvature tensor R of M is semisym-
metric (more precisely: R- R = 0 on M) if and only if M is an affine
hypersphere. This fact will be used in the proof of the following theorem.

THEOREM 4.1. Let M be a non-degenerate hypersurface in A"t n > 3.
If the curvature tensor R is pseudosymmetric with respect to R and h, then
M is an affine hypersphere.

Proof. We remark that Q(h, R) vanishes at € M if and only if the
shape operator S is proportional to the identity transformation at x. Denote
by Ug the set of all points of M at which Q(h, R) is non-zero. Thus, on Ug,

(4.1) R-R=LrQ(hR),

where Lg is a function defined on Ugr. Let U C Ugr be a coordinate neigh-
bourhood. We write (4.1) in the form

Vio (Bst Viw — husViw) = Viw (Bt Vo — husVew)
+ Vet (hsw Vv — PsoVaw + Puw Vo — R Viw)
— Veu(hswViw = hso Viw + hiw Vo — Mo Viw)
+ V2o (hushiw — Rishuw) — VZiw (hushio — hishuw)
+ Lrbtr (hswVio = PsoViw + huw Vo — huw Viw)
— LrRhur (hswViw — PsoViw + hiw Vo — hioVsw) = 0,
where Vi.y = hy,ViP, ViP = 5P — Lgo? and V2, = hyrg Vi PVp4. This, by
contractions with h%t, %Y and h™, gives
4.2) (1= 2)VawVio = Vio Viw + Puo V2 i — huwVZ00)
+ Lr(hrwVao = heo Vi + o Vew = hw Vi) = 0,

(4'3) n(n - 2)V2rw - (nLR + (n - 2) tl"(V))‘/rw + LR tr(v)hrw = 0>

(4.4) ntr(V?) = (tr(V))?,

where tr(V) = hP1V,, and tr(V?) = hP4V2,,. From (4.2), by antisym-
metrization and symmetrization with respect to u and r, respectively, we
obtain

(45) erVuv - Vrvvuw = huvvzrw - huwvzrv + hrwv2uv - hrvv2uw )
(46) 2LR(huw‘/rv - huv‘/;"w + heruv - h'rvvuw)

+ (0= 2) ("o Vi — Py V20 + huo V2o — b V2) = 0,
respectively. Contracting (4.5) and (4.6) with A" and h*" we get

(4.7) V2st = ﬁ(tr(v)v}t - tr(v2)hst) )
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2 1
(4.8) V2st = mLRVSt + - (tr(VQ) _

2
2LR tI‘(V)) hst ,

respectively. Next comparing the right sides of (4.3) and (4.7) and using
(4.4) we obtain

(n i phn n(nl— 1) tr(v)) (Vrs - itr(V)hm> =0.

Of course, the tensor field V — L tr(V)h is non-zero at every point of Ug.
By the last equality, we have on U

1 1
= —7ytr(V).
n—2"" n(n—1) x(V)
Now, applying this and (4.4) in (4.8), we obtain
1 n—3

2
Vst:

—tr(V) [ 2V tr(V)hgt |,

oy T (2 P )

which, together with (4.7), yields tr(V) = 0 and, in consequence, Lr = 0.
Thus, (4.1) turns into R- R = 0. On the other hand, in view of Proposition 2
of [31], R-R = 0 implies that S is proportional to the identity transformation.
Thus we see that the set Ug must be empty. This completes the proof.

Let B be a generalized curvature tensor field on a non-degenerate hy-
persurface M in A"*1 n > 2. The tensor Q(h, B) vanishes at x € M if and
only if Z(B) =0 at z (cf. [4], Lemma 1.1(iii)). Denote by Up the set of all
points of M at which Z(B) = 0. If B is pseudosymmetric with respect to
R and h then

(4.9) R-B = LQ(h,B)

on Ug, where L is a function defined on Uz. We can easily prove the fol-
lowing property of generalized curvature tensors which are pseudosymmetric
with respect to R and h.

LEMMA 4.2. Let B be a generalized curvature tensor field on non-degene-
rate hypersurface M in A" n > 2. Then (4.9) holds on Ug if and only

if
(4.10)  B((S— L)Xy, X2, X3, X4) =

1
1h<(X4 AD X3)X2,X1)

n p—
on Ug, where D is a (0,2)-tensor field on Uz defined by

(4.11) D(X1,X2) =Y _eig;(S — Lh)(E;, E;)B(E;, X1, X, Ej)
=1

for any local orthonormal basis {Ex, ..., Ey,}.
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Let M be a non-degenerate hypersurface in A"*!, n > 2. We define on
M the following tensors:

(4.12)  V(Xy,X2) = S(X1,Xs) — Lh(X1, Xo),

(413) Xl,X2 ZEZ X17 (X27Ei))

(4.14) (X1, Xa) = 26 V3(X1, E)V (X, Ei)

1
(4.15)  F(X1,X9,X35,Xy) = —mh((Xl Ng X2) X3, X4)
+ (V2 + LV)((X1 Ay X2) X3, Xy) + L(V2 + LV) (X1 A X2)X3,X4),

for any orthonormal basis {E1, ..., E,}, where L is a function on M and
E=-V?-2LV?+ (tr(V?) + Ltr(V) — L*)V + L(tx(V?) + Ltr(V))h.

Now using (4.12) and (4.13) we can write the curvature tensor R*, the Ricci
tensor Ricc(R*) and the scalar curvature K (R*) in the following form:

(4.16) R*(X1, X2, X3, X4)
= V((Xl Ny XQ)Xg,X4) + L2h((X1 A Xg)Xg,X4)
+ L(h((Xl VAN XQ)Xg,X4) — h((Xl VAN X2)X4,X3)) s
(4.17) Rice(R*) = —V2 + (tr(V) + (n — 2)L)V + L(tr(V) + (n — 1)L)h,

(4.18)  K(R*) = —tr(V?) + (tr(V))? + 2(n — 1)L tr(V) + n(n — 1)L,

respectively. We note that the tensor D corresponding to the tensor R*
satisfies the equation

(4.19) D=E.

If n = dim M > 3 then we can define the Weyl curvature tensor W (R*)
of R* ([26]) by

W(R")(X1, X2, X3, X4)

_, 1 .
=R (Xl,XQ,Xg,X4) + mK(R )h((Xl AN X2)X3,X4)
1
Ee— (R((X1 ARice(re) X2) X3, X4)—h((X1 ARice(r) X2) X4, X3)) .

This, by making use of (4.16)—(4.18), turns into

(4.20) W(R*)(X1, Xo, X3, X4) = — tr(V)(h((X1 Av X2) X3, X4)

n—2
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— h((X1 Av X2) X4, X3)) + V(X1 Av X2) X3, X4)

1 2 2
+ m((trﬂ/)) —tr(V=)h((X1 A X2) X3, Xy)
+ ﬁ(h((Xl Ave X2) X3, X4) — h((X1 Ave X2) X4, X3)) .

The Weyl curvature tensor corresponding to the curvature tensor R of
a hypersurface in A"*! was constructed in [30]. Of course, the two tensors
are different in general.

We denote by Ug. the set all points of M at which Z(R*) # 0. If R* is
pseudosymmetric with respect to R and h then
(4.21) R-R" = Lz.Q(h, R")
on Ug., where L. is a function on Ug..

The following lemma is an immediate consequence of Lemma 4.2.

LEMMA 4.3. Let the tensor field R* of a non-degenerate hypersurface M
in A"t n > 2, be pseudosymmetric with respect to R and h. Then on Ug.
the equalities (4.21) and F' =0 (with L = L.) are equivalent.

LEMMA 4.4. Let M be a non-degenerate hypersurface in A"t n > 2. If
the shape operator S of M satisfies

(4.22) S*+uS=ol, pocR,
at x € M, then R- R* = —uQ(h, R*) at x.
Proof. We note that (4.22) can be written at x in the form

(4.23) . %tr(Vz)h _ u(v _ itr(V)h) ,

where V2 and V (with L = —pu) are defined by (4.13) and (4.12), respec-
tively. Next, applying (4.23) and (4.14) in (4.15) we see that F' vanishes at
. Now Lemma 4.3 completes the proof.

LEMMA 4.5. Suppose the curvature tensor R* of a non-degenerate hyper-
surface M in A" n > 2, satisfies

R-R* = —uQ(h,R*), peRr,
at v € M. Then (4.22) holds at x.

Proof. From Lemma 4.3 it follows that F\(X;, X2, X35,X4) = 0 at z
(with L = —pu). From this, by symmetrization with respect to X5 and Xy,
we obtain
(4.24)  (n—1)(Q(V,V?) + LQ(h,V?) + L*Q(h,V))

—Q(h,V3) —2LQ(h,V?) + (tr(V?) + Ltr(V) — L*)Q(h, V) = 0,
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whence we get

(4.25) V3= %tr(V?’)h + (n — 3)L<V2 - ;u(V)h)

+(tr(VH+Ltr(V)+(n—2)L?) (V—i tr(V)h) —|—nT_1(tr(V)V2—tr(V2)V) :
Substituting this in (4.24) we find
Q. V?) = — (V)@ V?) — — (VA V),

whence, in view of Lemma 2.8(ii), it follows that the tensors V2 — 1 tr(V2)h
and V — %tr(V)h are linearly dependent. Evidently, our assertion is true
when V — L tr(V)h = 0. Otherwise

1 1
Vi —tr(V3h = )\<V -= tr(V)h) , AER,
n n
at x. The last formula can be written in the form
1
S% 4 (2u— NS = E(tr(SZ) — (A —2u) tr(S))I.

From Lemma 4.4 it follows that 2u — A = . Thus the above relation yields
(4.22), which completes the proof.

Combining the last two lemmas we obtain the following

THEOREM 4.6. Let M be a non-degenerate hypersurface in Antl o > 2,
Then on Ug. the equations R - R* = Lg.Q(h, R*) and 5? — L tr(S%)I =
Li-(S — Ltr(S)I) are equivalent.

Using this theorem we can obtain a curvature characterization of affine
Einstein hypersurfaces.

COROLLARY 4.7. Let M be a non-degenerate hypersurface in A”“Ln >
2. Then M 1is an affine Einstein hypersurface if and only if R - R* =
tr(S)Q(h, R*) on Ug..

A non-degenerate hypersurface M in A"t n > 2, is said to be affine-
quasi-umbilical ([26]) if
(4.26) S=ah+pa®a, o BcR,
at every x € M, where a is a covector at .

THEOREM 4.8. Let M be a non-degenerate hypersurface in A"t n > 4.

Then M s affine-quasi-umbilical if and only if the Weyl conformal curvature
tensor W (R*) vanishes on M.
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Proof. Assume that (4.26) is fulfilled at z € M. We put V = S — Lh,
L = o. Thus we have

VE=tr(V)V and tr(V?) = (tr(V))?.

Applying these formulas in (4.20) we easily obtain W (R*) = 0.
Assume now that W(R*) vanishes at x. From Corollary 2.5 and Lemma
2.7 it follows that

Ricc(R*) =7h+pa®a, T,0€R,

at z, where a is a covector. Now, using the above formula and the definitions
of R* and Ricc(R*), we can rewrite the equality W (R*) = 0 in the form

1

S((X1N5X2) X3, Xy) = n—1)n-2

((n=2)7—olla]*)h((X1AX2) X5, X4)

1
+— 0(h((X1 Naga X2) X3, Xa) = h((X1 Aaga X2) X4, X3)).

Now Lemma 2.9 completes the proof.
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