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1. For an additively written finite abelian group G, Davenport’s constant
D(G) is defined as the maximal length d of a sequence (g1, ..., gq) in G such
that 37 g; =0, and Y., g; # 0 for all @ # J G {1,...,d}. It has the
following arithmetical meaning:

Let K be an algebraic number field, R its ring of integers and G the
ideal class group of R. Then D(G) is the maximal number of prime ideals
(counted with multiplicity) which can divide an irreducible element of R.
This fact was first observed by H. Davenport (1966) and worked out by
W. Narkiewicz [8] and A. Geroldinger [4].

For a subset Z C R and x > 1 we denote by Z(x) the number of
principal ideals («) of R with o € Z and (R : («)) < z. If M denotes the
set of irreducible integers of R, then it was proved by P. Rémond [12] that,
as & — 00,

M (z) ~ Cz(log x) "' (loglog z)P(@~1
where C' > 0 depends on K; the error term in this asymptotic formula was
investigated by J. Kaczorowski [7].

If an element o € R\ (R* U{0}) has a factorization « = uy - ... - u, into
irreducible elements u; € R, we call r the length of that factorization and
denote by L(«) the set of all lengths of factorizations of . For k > 1, we
define sets M}, and M, (depending on K) as follows:

Mj, consists of all @ € R\ (R* U{0}) for which max L(a) < k (i.e., «
has no factorization of length r > k);

Mj, consists of all « € R\ (R* U{0}) for which min L(«) < k (i.e., @ has
a factorization of length r < k).

If G = {0}, then M} = M, for all k; in the general case, we have
My = M{ = M and M, C M], for all k.

In this paper, we generalize the results of Rémond and Kaczorowski and
obtain asymptotic formulas for Mj(x) and M (x). To do this, we shall
define a sequence of combinatorial constants Dy (G) (k > 1) generalizing
D(G) = D1(G), and we shall obtain the following result.
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Vog x

THEOREM. Forx > e® and q € Z, 0 < q < ¢ , we have
loglog x
- q D (G) -
x W, (loglog x) (log log x)“*
My (z) = 28080 1 0 ‘
k(@) log x Z (log x)» +O| () (log z)att |

L u=0

T [ ' (log log = oo log 2)EP(G)\
/() ZWM(I glog )—|—O<(clq)q(1 glogz) )

wE) = log x (log x)» (log x)att

where co, c1 are positive constants, and W, W, € C[X] are polynomials such
that deg W, < Dy(G), degW,, < kD(G), degWy = Dy(G) — 1, deg Wy =
ED(G) — 1, and Wy, W{ have positive leading coefficients.

Remarks. 1) For k = 1, this is [7, Theorem 1].

2) For G = {0}, we shall see that Dy(G) = k, and we rediscover [9,

Ch. IX, § 1, Corollary 1].
3) In another context, the number M; () was studied in [6].

L u=0

The main part of this paper is devoted to the definition and the investi-
gation of the invariants Dy (G) and is of purely combinatorial nature. Only
in the final section shall we present a proof of the above Theorem using the
work of Kaczorowski.

2. Let G be an additively written finite abelian group. We denote by
F(G) the (multiplicatively written) free abelian semigroup with basis G. In
F(G), we use the concept of divisibility in the usual way: S" | S if § = 5’5"
for some S” € F(G). Every S € F(G) has a unique representation

S — H gvg(s)
geG

with vg(S) € Np; we call

a(S) = vy(S) € Ng

geG

the size and

US) =D vy(S)-g€q

geG
the content of S. The semigroup
B(G) ={B € F(GQ) | «(B) =0} Cc F(G)

is called the block semigroup of G; we set B(G)" = B(G) \ {1} where
1 € F(G) denotes the unit element. Every B € B(G)' has a factorization
B = Bj-...-B, into irreducible blocks B; € B(G)’; again, we call r the length
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of the factorization and denote by L(B) the set of all lengths of factoriza-
tions of B in B(G). Obviously, B is irreducible if and only if L(B) = {1},
and D(G) = max{o(B) | B € B(G)' is irreducible}.

Now we define, for £ > 1,

Dy (G) =sup{o(B) | B € B(G)', max L(B) < k}.

Obviously, D1(G) = D(G), and we shall see in a moment that Dy (G) < oo
for all £k > 1.

PROPOSITION 1. Let G be a finite abelian group and k € N.

(i) kD(G) = max{o(B) | B € B(G)’', min L(B) < k}
=max{o(B) | B € B(G)', k€ L(B)}.

(ii) Dx(G) < kED(G) < 0.

(iii) Di(G) = max{c(B) | B € B(G)’, max L(B) = k}.

(iv) Di(G) is the smallest number d € N with the property that, for every
S € F(G) with o(S) > d, there exist blocks Bi,...,By € B(G)" such that
Bi-...-By|S.

(v) If B € B(G) is a block satisfying o(B) > kD(G), then there exist
blocks By, ..., Bk € B(G)' such that B= B; - ... Bpi1.

(vi) If G1 & G is a proper subgroup, then Dy(G1) < Dy(G).

Proof. (i) If B € B(G)' is a block such that min L(B) < k, then there
exists a factorization B = Bj - ... By into irreducible blocks B; € B(G)’ of
length [ < k, and therefore

o(B) =Y 0(B;) < D(G) < kD(G).
j=1
Hence it is sufficient to prove that there exists a block B € B(G) such that
0(B) = kD(G) and k € L(B). But if By € B(G)' is an irreducible block
with o(Bg) = D(G), then B = BE has the required property.

(ii) follows immediately from (i) and the definition of Dy (G).

(iii) Let [ be the maximal length of a factorization of a block B € B(G)’
with max L(B) < k and o(B) = Dy(G). If I < k, then the block B = B -0
satisfies 0(B) = Dy(G) + 1 and max L(B) = [ + 1 < k, which contradicts
the definition of Dy (G).

(iv) In order to prove that Dy (G) has the indicated property, let S €
F(G) be such that o(S) > Di(G), set g = —u(S) € G and consider the
block S, € B(G)'. Since 0(Sg) > Di(G), the block Sg has a factorization
of length v > k, say Sg = By - ... B, with irreducible B; € B(G)" and
vg(B,) > 0. This implies By - ... By | S, as asserted.

In order to prove that Dy (G) is minimal with this property, let B €
B(G) be a block satisfying o(B) = D(G) and max L(B) = k, according to
(iii). If B = [[75{% g; and d < Di(G), then the element Sy = [, g; €
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F(G) cannot be divisible by a product of k blocks, for this would imply
max L(B) > k + 1.

(V) If B=g;-...- g, with v > kD(G) then, by (iv), there exist blocks
By,...,Bi € B(G) such that By -...- By | g1-...:gu—1, and therefore the
assertion follows.

(vi) By (iii), there exists a block B = ¢; ... gy € B(G1) such that

N = 0(B) = Di(G;) and max L(B) = k. We pick an element g € G \ G4
and assume that Di(G1) > D (G). By (iv), there exist blocks By, ..., By €
B(G)' such that By-...-By | g1-...-gn—1g; this implies By, ..., By € B(G1),
and therefore there exists a block Bi+1 € B(G1)' such that B = Bj -
...  BpBgy1, a contradiction. =

3. The precise value of D(G) is known only for some special types of
abelian groups [2], [3]; see [5] for a survey. In the following proposition we
collate those results which we shall either use or generalize in the sequel.

For n > 1, let C,, be the cyclic group of order n.

PROPOSITION 2. Let G = @?:1 Cy, be a finite abelian group with 1 <
ng | ng—1 | ... | n1, and set

(i) M(G) < D(G) < #G.
(i) If either d < 2 or G is a p-group, then M (G) = D(G).

Proof. [10], [11]; see also [1].
PROPOSITION 3. Let G be a finite abelian group and k € N.
(i) If G =G & G", then Dx(G) > Di(G") + D(G") — 1.

(i) If G = @le Chp, with 1 < ng|ng—1|...|n1, then Dp(G) > kny +
2?22 g — 1)
(iii) Dg(Cy) = kn.

Proof. (i) By Proposition 1(iv), there exist elements S’ € F(G’) and
S" € F(G") such that o(S") = Di(G’) — 1, S’ is not divisible by a product
of k blocks from B(G')" and o(S”) = D(G"”) — 1, §” is not divisible by a
block of B(G")'. If §' = Hfzkl(G -1 g; and S = Hf:(f -1 g7, then the
element

Di(G")—1 D(G"")-1
S= JI @.0- [[ 0.4))eF@G)
j=1 j=1

is not divisible by a product of k blocks of B(G)’, whence
Di(G) > o(S) = Dp(G") + D(G") — 2,
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by Proposition 1(iv), as asserted.
(ii) If G = (g1, - .., 94) and ord(g;) = n;, then the block

d
B:g]fll-(gl—i—...—i—gd)-ng’ € B(G)
j=2

has a unique factorization into irreducible blocks of length k, given by B =

BF1By, where B; = g7 and By = (g1 +.. .+gd)-H?:1 9; ' This implies
Di(G) > o(B) = kny + 35_p(n; — 1).

(iii) By Propositions 1 and 2, we have D (C,,) < kD(C,,) = kn, whereas,
by (ii), Dx(Cy) > kn.

4. In this section we generalize the result on groups of rank 2.

PROPOSITION 4. Let G = G1 ® G4 be a finite abelian group, #G; = n;,
ng | ny and k € N. Then

Di(Cy) <kny+ng—1.
For the proof of Proposition 4 we need two technical lemmas.

LEMMA 1. Let G be a finite abelian group, m € N, D(G) < 2m and
D(G® Cy) <3m. Lett € N and S € F(G) be such that o(S) > D(G @
Cm) + (t — 1)m. Then there exist blocks Bi,...,By € B(G)" such that
By-...-By| S and o(B;) <m foralliec{l,...,t}.

Proof. It suffices to consider the case t = 1, for then the general case
follows by a trivial induction argument.

Set N=D(G®C,,) <3m,and let S =g;-...-g, € F(G) be an element
with v = o(S) > N. Let e, be a generator of C),, and consider the element

N
S = H(gj,em) e F(GoCp)s
j=1
by Proposition 1(iv) there exists an irreducible block S| € B(G @ C,,)" such

that S | S/, and we may assume that S = Hj-vzol(gj, em) for some Ny < N.

Since
No
j=1

we obtain Sy = H;VZOI g; € B(G) and m | Ny, whence m = Ny or 2m = Nj.
If m = Ny, the assertion follows with B = Sp; if 2m = Ny > D(G), then Sy
has a decomposition Sy = BB’ with B, B’ € B(G) and o(B) < m, which
again implies the assertion. m
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LEMMA 2. Let p be a prime, t € N and B € B(C,&C,) a block satisfying
o(B) > tp. Then there exist blocks By,...,By € B(Cp, ® Cp)" such that
B=B; ... B;.

Proof. The assertion is true for t = 1 and also for ¢t = 2, as D(C, & C))
= 2p — 1 < 2p. Therefore we assume that t > 3 and B = g1 - ... g, for
some v > tp. We apply Lemma 1 with G =C, ®C,, m =pand S =g;-...
.. Gip—1. Since 0(S) = tp—1 > (3p—2)+(t—3)p = D(C,&Cp®C)p)+(t—3)p,
there exist blocks By, ..., B;_2, B’ € B(G)' such that B= By -...- B;_2B’
and o(B;) <p for all j € {1,...,t —2}. This implies

t—2
o(B) = o(B) -3 o(B;) > tp— (t — 2p=2p> D(G),
j=1

whence B’ = B;_1 B; with blocks B;_1, By € B(G)'. =

Proof of Proposition 4. By induction on ns; if no = 1, then
Dy(G) = Dy(G1) < kD(G1) < kn; by Proposition 1(ii) and Proposi-
tion 2(i).

If ng > 1, let p be a prime with p | ny and choose subgroups G, C G;
(i =1,2) with (G; : G) = p. Set

t=kni/p+na/p,

and assume that the assertion is true for the subgroup G’ = G} & G} C G,
ie., Dp(G") < t—1. We must prove that every block B € B(G) with
o(B) = N > kni + ny has a factorization of length | > k + 1. We set
B = g1 -...- gy and consider the canonical epimorphism 7 : G — C), © C,,
with ker(m) = G’. The block B* = 7(¢1) - ... 7(gn) € B(Cp ® C,) sat-
isfies o(B*) = N > tp and therefore, by Lemma 2, B* is a product of
t blocks from B(C, & C,)’. Taking preimages in G, we obtain a decom-

position B = S; - ... - Sy with S; € F(G)" and «(S;) = ¢; € G'. Since
t > Dy(G’) and gy -...-g; € B(G'), there exist blocks By,..., B, € B(G")’
with By,..., By, | g1 ... g; by Proposition 1(v). Hence there exists a
decomposition

k41

{1,...;t}=J Jn (disjoint union)
v=1

such that B), = [[,c; g;forallv € {1,... ,k+1}. Putting B, = [[;c; S; €
B(G), we obtain By -...- Biy1 | B, and therefore B has a factorization of
lengthl > k+1. =

PROPOSITION 5. If G = C,, ® C,, with ny | ny, then Di(G) = kny +
Nno — 1.

Proof. Obvious by Propositions 3 and 4.
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5. Proof of the Theorem. Let K be an algebraic number field,
R its ring of integers, G the ideal class group, Z the semigroup of non-
zero ideals and H the subsemigroup of non-zero principal ideals of R. We
write G additively, and for J € Z we denote by [J] € G the ideal class of
J. Let 0 : T — F(G) be the unique semigroup homomorphism satisfying
6(P) = [P] for every maximal P of R. For J € Z, we have 6(J) € B(G) if
and only if J € H. If « € R\ (R* U {0}), then L(a) = L(6(())).

Let My, be the set of all blocks B € B(G) such that max L(B) < k
let M, be the set of all blocks B € B(G) such that min L(B) < k. T

My ={a e R\ (R* U{0}) | 0((er)) € M}
and, by Proposition 1,
kD(G) = max{o(B) | B€ M)}, Di(G)=max{c(B)|B € M;}.

In particular, the sets Mj, and M) are finite.
After these observations, the Theorem is an immediate consequence of
the following Lemma, due to Kaczorowski [7, Lemma 1].

Viogx

LEMMA 3. For 1 # S € F(G), x > e andq € Z, 0 < q < ¢ ,
log log x

we have
#{JeZ|(R:J)<uz 6(J)=S5}

x [Zq: Wy (loglog ) + 0<(c1q)‘I(10g10g$)0(5)>]

- log x = (log x)m (log z)a+t

with constants co,c1 € Ry and polynomials W,, € C[X] such that degW,, <
o(5), degWy = o (S) — 1, and Wy has a positive leading coefficient.
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