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1. Introduction. Bloch functions have been studied deeply and sys-
tematically for a long time. S. Axler [1] gave some new characterizations of
Bloch functions on the unit disk U. They are:

1) NfllBw) < oo

() sup{ [1£(z) = f@)dA()/|U(q7)|} < o

U(q,r)

(i) sup{ [17(2) = foonlPdA:)/IU(g.7)|} < oo

U(g,r)
(iV) Sup{diSt(.ﬂU(q,r)a HOO(U(%T))} < o0
(v) sup{area(f(U(g,r)))} < o0;

(vi) sup{ f|f (2)|? dA(2) }<oo.
Ulgqr)

Here 0 <7 <1< p, S(2) = (¢—2)/(1-qz), Ulg, ) = Sq({z : |2 < r}),
fo@r) = |U(q,7)|~* fU(q,r) f(z)dA(z), A is the usual area measure on C,
|K| is the measure of a set K C C with respect to dA, f is an analytic
function on U, and all the suprema are taken over g € U.

7. J. Hu proved that similar results hold on bounded symmetric domains
(see the graduation papers of Hangzhou University). Axler’s and Hu’s proofs
depend strongly on the homogeneity and Bergman kernels of bounded sym-
metric domains. Since strongly pseudoconvex domains are not necessarily
homogeneous, we have to search for another method. We use mainly the
boundary value estimate of the Kobayashi metric.

In Section 2, some preliminaries are given. In Section 3, we describe a
kind of polydisk which will play a key role in proving the main results of
this paper. In Section 4, we generalize some results of Axler. Furthermore,
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the condition (vi) is extended to all p > 0 and a weight |o(2)[P~""!. In Sec-
tion 5, we give another characterization of Bloch functions on some bounded
domains in C™.

2. Preliminaries. First, we give some definitions:

DEFINITION 2.1 (cf. [5]). Let f be an analytic function on the unit disk
U. Then f is called a Bloch function on U if

I fll 5wy = sup{|f'(2)[(1 — |2]2): 2 € U} < 0.

DEFINITION 2.2 (cf. [6]). Let D be a bounded homogeneous domain in
C™, let H,(x,T) be the Bergman metric on D and f a holomorphic function
on D. Write

Qs(2) = sup{|Vf(2) - 2| /H.(2,7)"/* : 2 € C"\ {0}} < o0,
1fllBp) = sup{@¢(z) : z € D}.
If | fllgpy < oo, then f is called a Bloch function on D. Here Vf(q) =
(ZLa), - 2@ V) o= Xy 2(2) -
Before we introduce Bloch functions on strongly pseudoconvex domains,

we define the Kobayashi metric.

DEFINITION 2.3 (cf. [3]). Let D be a strongly pseudoconvex domain in
C™. The Kobayashi metric for D at z in the direction x is defined as

FP(z,z) = inf{c: thereis f € D(U) with f(z) =0, f'(2) = x/c, ¢ > 0},

where U is the unit disk and D(U) is the set of all holomorphic mappings
which map U into D.

DEFINITION 2.4 (cf. [2]). Let D be a strongly pseudoconvex domain in
Cn, and let F{P(z,x) be the Kobayashi metric. A holomorphic function f
on D is called a Bloch function if

1 £ll5(py = sup{|f.(2) - 2|/ FE (2,2) : 2 € D and & € C"\ {0}} < oo.
Here f.(z) is the mapping from T (D) to T(.)(C) induced by f.

In || fl|ppy, FZ (2, ), we shall omit D or K or both when no confusion
can arise.

If v:[0,1] — D is a C! curve, the Kobayashi length of v is Ix(y) =

xk(v(t),y (1)) dt. oth 21 and 25 are in D, then the Kobayashi distance
I Fi(y(t),7/(t)) dt. If both 2 and in D, then the Kobayashi d
between them is

dk (21, 22) = inf{lk(7) : 7(0) = 21, ¥(1) = 22} .
The Kobayashi ball is Bk(q,r) = {z € D : dk(q,z) < r}, where ¢ € D and

r>0.
The Kobayashi metric has the following properties (cf. [3]):
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(a) Fx(z,cx) = |c|Fk(z,z) for all z € D and z € C™.
(b) Let D ¢ C™, D' C C™ be strongly pseudoconvex domains and let
g : D — D’ be a holomorphic mapping. Then

FI?/(g(z),g* (z)) < FP(z,x) forallz€ D and x € C"

where g, (z) is the mapping from T, (D) to Ty, (C™) induced by g.
(c) If o(z) is a defining function for a strongly pseudoconvex domain D
in C", and if z is sufficiently near 9D, from [6] we have

Ff?(z,x) ~ ]a;NHg(z)Fl + ]a:THg(z)Fl/2 forall z € D,

where x = x5 + T is the decomposition of x into the complex normal and
complex tangential pieces at z.

If dw(z) denotes the Euclidean volume element of C™, then the Kobayashi
volume element dD(z) is equivalent to |o(z)|~" ! dw(z) (see p. 59 in [4]).
Thus when r > 0 is fixed, the Kobayashi volume of Bk(q,r) is compara-
ble to that of some polydisk. In order to describe the polydisk explicitly,
assume that the complex normal direction at g is the z; direction, the vec-
tor v = (1,0,...,0) is the complex outward normal direction at ¢, and
29,23, ..., %2, are the complex tangential directions at q. Denote by d(q) the
distance between ¢ and the boundary of D. Then Bk(q,r) is comparable to
the following polydisk:

P,,=1{2€D: |z —q|| <c1d(q), |22 — qa| < c2d(q)"?,...

e |Zn - Qn| < CQd(Q)1/2} ;

here ¢y, co depend on r (but not on ¢—in particular, not on d(q)) and ¢} =
q1 + c3v with ¢35 depending on r and d(q).

Finally, we give three equivalent conditions for Bloch functions on
strongly pseudoconvex domains (see [2]):

PrOPOSITION 2.5 (cf. [2]). Let D C C™ be a strongly pseudoconvex
domain, and let o(z) be a defining function for D. If f is a holomorphic
function on D, then the following statements are equivalent:

(@) 1 flBp) < 0.
(ii) The radii of schlicht disks in the range of f are bounded above.
(iii) sup{|V.f(2)] - |lo(2)| : z € D} < 0.

Here V,, is the normal derivative.

3. Some lemmas. In this section, D always denotes a strongly pseu-
doconvex domain in C™.

LEMMA 3.1. For any ¢’ € 9D, if v(q') is the unit complex outward normal
vector at q', then there exists a unique ball B(q') such that
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(i) B(q') is tangent to D from the inside and ¢’ is one of the tangency
points.
(ii) B(q') does not intersect the boundary of D.
(iii) B(q') is the largest ball which satisfies (1) and (ii).

The proof is trivial.

LEMMA 3.2. There exists a positive constant ¢y depending on D and a
neighbourhood G of 0D which depends on cy and D such that for any q € G,
there exists a ball B(q') (as in Lemma 3.1) such that P(q,r) = {z € D :
21 — @1 < cod(q), |2 —g5| < cod(@)'/?, 2 < j <n} C B(q).

Proof. For r(¢') the radius of B(¢’), let " be the infimum of r(¢’) as ¢/
runs through dD. Since 9D is compact and r(¢’) is continuous with respect
to ¢’ on D, r' is positive.

oD
B(q') O=¢q —r(d)v)
P(q,r) 0Q <OL
Q ,
(@) </ d > v

Take

co=r"/(n+7r"),

G={qe D:d(q) <min{r',(n—1)c3/(1 —co)*}}.
For any ¢ € G, there exists a unique ball B(q’) such that ¢ is in {¢’ —
tr(¢)v(¢’) : 0 <t < 1} (v(¢') is the unit complex outward normal at ¢).
The distance dist(¢’ — 7(¢")v(¢’), @) between ¢’ — r(¢')v(¢’) and any point
Q € P(q,r) is less than or equal to [(r(q’) — (1 —c)d(q))? + (n—1)cZd(q)]*/?,
thus

r(q") + ((r(¢') — (1 = co)d(q))? + (n — 1)cgd(q))*/?
> 2(1 — co)r(q) — (n — 1)@ — (1 — ¢o)%d(q)
1—co)r' —=2(n—1)cy > 0.
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LEMMA 3.3. There exist positive constants ¢ and N, which depend on r,q
and D, such that

Nd(q) <d(z) forallqe D and z € P(q,r).

Proof. Without loss of generality, we only have to prove this lemma in
some neighbourhood of dD. Take ¢ € D such that P(q,r) is the polydisk of
Lemma 3.2. We may assume that ¢ < min{1/2,¢y}, where ¢q satisfies the
conclusion of Lemma 3.2. For r(¢') and B(¢’) as in the proof of Lemma 3.2,
1 {d — tr(@)o(q) 10 < t < 1}. For amy = € P(q,r),

d(z) = dist(z,0D) > r(¢') — [(r(¢') — (1 — c0) d(q))* + c5(n — 1) d(q)]'/? .
When n =1,
d(z) > (1 —cp)d(q) > d(q)/2.

When n > 1,
i) > 20— )rld) —(n—1)cg — (1 — o) d(g)ldlg)
() +[r(d) — (1 = co) d(q)]* + (n — 1)cg d(q))*/?
Choose ¢ and d(q) such that
¢ = min{c§, 1/4,7(q")/[4(n — 1)]},
d(q) < min{r(¢')/4,(n — 1)c2 /(1 — co)*}.

It is not difficult to obtain d(z) > d(¢q)/6. Thus we may choose

¢ = inf{min{c3,r(q’)/(4n),1/4} : ¢ € D},

R = inf{min{r(¢')/4,(n — 1)c3 /(1 — c0)?} : ¢ € 0D},

G={z€D:d(z) < R}.

Because of the compactness of 0D and the continuity of ¢ and r(¢’) with
respect to ¢’, it is easy to show that the assertion of the lemma holds.

Y

LEMMA 3.4. There exist two positive constants ¢ and M, which depend
only on D (and not on r,q and z), such that

d(z) < Md(q) forallqe D and z € P(q,r).

Proof. To prove this lemma, we have to improve the ball B(q") of
Lemma 3.1 as follows:

(i) B(q’) is tangent from the inside to 9D at ¢'.
(ii) B(¢’) and the ball symmetric to it with respect to T'(¢") do not
intersect D. Here T'(¢’) is the complex tangent plane to D at ¢’.
(iii) B(q’) is the largest ball which satisfies (i) and (ii).

For any ¢’ € 9D, we can always find such a ball B(q’). From the proof of
Lemma 3.2, there exist some positive constant ¢ and some neighbourhood
G of 9D such that for any ¢ € G and any fixed positive r, there exists a
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corresponding B(q") which satisfies P(q,r) C B(q’) and the above conditions
(1)—(iii).

The set of the intersection points of {z + tv(¢’) : z € P(q,r) and t € C}
and 0D near ¢ is included in {sQ + (1 —35)Q": 0<s<1,Q € P(q,r), Q’
is symmetric to @ with respect to T'(¢’)}. We obtain

d(z) <2(1+c)d(q) forall ze P(q,r).
The remainder is similar to the proof of Lemma 3.3.

LEMMA 3.5. There exists a positive number ¢, which is independent of
q but may depend on r (fixzed v > 0), such that P(q,r) is included in the
Kobayashi ball Bk (q,r) for q sufficiently near 0D.

Proof. Because |o(z)] is equivalent to d(z) from Section 2, we obtain
Fi(z,7) = |ax|/d(2) + o] /d(2)'/?.

Here zn and z7 are the components of z € C™ \ {0} at z.
Assume the constant ¢ to be the constant ¢ as in Lemma 3.3. There
exists a positive constant M’ depending on D such that

1
dk(q,2) < f Fx(g+1t(z—q),z—q)dt
0

1
<M [ |(z—q)xldt/d(q +t(z - q))
0

+ M [ |(z— @)l dt/d(qg+t(z — q))"/?.

o .

By Lemma 3.3,
1 1

dc(a,2) < M [ |(z = q)wldt/[Nd(@)) + M [ |(z — q)zldt/[Nd(e) /2.
0 0

From the proof of Lemma 3.4 and the definition of P(g,r), we have
(z—g)n| < dd(g) and |(z —q)r| < (n—1)d(q)"/?.
Thus dk (g, z) < r by taking ¢ = min{c’,7N/(nM")}, i.e. P(q,r) C Bk(q,T).

Remark. The point ¢ may be any point in D, provided that a suitable
decomposition of z is given whenever ¢ is away from 0D.

LEMMA 3.6. Let P(q,r) be as in Lemma 3.5. Then |P(q,r)| ~ |Bk(q,r)|.

The proof is trivial.
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4. The main theorem and its proof

THEOREM 4.1. Let D be a strongly pseudoconver domain in C" and let
0(2) be a defining function for D. For 0 < r,p < oo, the following conditions
are equivalent:

(i) HfHB(D) < o0

@ s {[ [ 17)~ @l dw()/1Bela. )] "} < oo

BK(an)

) s {[ [ 17G) ~ Fouan? du)/1Beanl] "} < oo

Bxk(q,r)
(iv) sup{dist[f|p(q,r), H* (Bx(q, 7))} < 00;
(v) sup{area|f(Bk(q,7))]} < oo;

vi)sup{ [ [VFEPlo()P " du(z)} < oo.

Bk (‘LT)

Here Bk (q,r) is a Kobayashi metric ball,

fBK(q,r) = f f(Z) dw(z)/’BK (Q7T)‘

BK(‘LT)

and the suprema are taken over q € D.

Proof. Since a strongly pseudoconvex domain has C? boundary, there
exists a neighbourhood G in D such that for any g € G there exists a unique
¢’ € 9D which satisfies d(q) = |¢ — ¢'|.

From the conditions of Theorem 4.1 we can see that it is sufficient to
prove this theorem for some G. Thus we shall not make any distinction
between ¢ € D and ¢ € G in the following proof. It is worth pointing out
that the constants ¢ may be different at every occurrence. Unless otherwise
stated, they will not depend on ¢ in Bk(q,r) but may depend on 7.

For any ¢ € G, let v; be the unit complex outward normal vector at ¢
and let vg, v3, ..., v, be orthonormal complex tangential vectors at q. Write
z=q+ 2?21 zjv; for all z € D. We choose a positive constant ¢ = ¢(r)
such that

P(q,r) ={z € D:|z| <cd(g), |z| < cd(q)1/2, 2<j<n}

satisfies the conditions of Lemmas 3.3 and 3.6. This can be done by the
proof of the above lemmas.
Now we prove (iii)=-(i). Without loss of generality, assume P(q,7) C G.



226 J. ZHANG

By Cauchy’s integral formula, for any z € P(q,r) we have

f(Z) = (271)’” ff(cd(q)g;17 Cd(q)l/Qa:g, o ,cd(q)l/Qa:n)

T

X (1 — 2171 /]cd(q H (1 — 2,7 /[ed(q)Y?)) "L dB(x1) dO(x2) . . . dO(xy,) .

Calculating directly and taking z = ¢, we get

oL@ = (@n) @) [ (e, cd@) o, .. cl@) )
e
X df(zy1) dO(xs) . ..d0(z,)
2m cd(q) cril(q)l/2
=cd(q)™! f {d(q *2f rdr} f [d f rdr]...
0 0 0

cd(q)'/?

X 7[(1((])1 f rdr]

0
x f(cd(q)z1,cd(q)?xa, ..., cd(q)*?x,) dO(x1)d0(x2) . .. dO(xy,)

= cd(q)™"? f f f fiy2,- - yn)

[y11<ed(a)|ys|<cd(q)/?  |yn|<ed(q)'/?
X dA(y1) dA(y2) ... dA(yn) -

So Fubini’s Theorem gives

g—;<q>1 < cdlg) ™2 [ 1f(2)]duz).

P(q,r)

Similarly we have

0
ai()'écd()”ld 2 f ) dw(z), 2<j<n.
P(q,r)
Thus
V(@) < edl)™ 2 [(2)|duw(z).
P(q,r)
By Lemmas 3.5 and 3.6,
IVi@ldg) <c [ 1£(z)|dw(z)/|Bx(q,7)|-

Bk (q,r)
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Since |f(z)| is a plurisubharmornic function,
F@I< | [P dwz)/1Pn)]]
P(g,r)

<[ Juerae i)

BK(Q?”')

1/p

that is,

Vi@ld@) < csip{[ [ £ du()/ 1B}

BK((LT)

We replace f(z) with f(2) — fp.(q,r) to get

V@) < esup{[ [ 1FE) = Faeian du()/Biar)l] "}

Bk (q,r)
Since |o(2)| ~ d(z), we have
IV f(q) - ville(a)] < [V f(g)| d(q)
1/p
<cswp{| [ 1) = Fotanl” duw(=)/|Bcla )| |-
Bk (g,r)

According to the assumption and Proposition 2.5, the quantity in (i) is
bounded by a multiple of the quantity in (iii).
Let v :[0,1] — D be a C* curve and v(0) = z, 7(1) = ¢. Then

J 1f(z) = f@ dw(z)/| Bk (a.7)]

Bk (q,7)

< [ [ [ 196 -y @) dt] dw(z)/|Bi(a.7)]

Bk (qu) 0

<IMw | f Fic(1(t),'(8)) dt) dw(+(0))/|Bic (a,7)].

BK (q,T‘) 0

The infimum of the right-hand side over all C! curves v as above is <
| fII%7P. This shows that the quantity in (ii) is bounded by a multiple of
that in (i).

It is trivial that (ii)=-(iii).

The proof that (v)=-(iv) is similar to that in [1].

Suppose g is any function in H*°(Bk(q,r)) and f(z) is a holomorphic
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function on D. For any z € P(q,r), we can write z = q + Z?Zl 2jvj. Then
fg(z)zjdzlsz...dzn/(zlzg...zn):0, 1<j<n,
oP(q,r)
where OP(q,r) is the feature boundary of P(q,r).

By simple calculation we obtain

f f(2)zZ1dz1dzy ... dzn /(2122 . .. 2n)

OP(q,r)
0
=c f f(z101 + @)Z1 dz1 /21 = cd(g)? 851()
|21]=cd(q)
Similarly,
f f(2)Zjdz1dza ... dzn /(2122 ... 2n)
OP(q,r)
of .
=c f f(ZJUJ+q)ZJdZJ/ZJ—Cd()az()a 2<j<n
|25 |=cd(g)"/? ’
Thus
Vi< Y 2
j=1""7
Scd(q)_z‘ f 21(f —g)dzy dzo ... dzn (2120 .. . 2p)
oP(q,r)
+ cd(q ‘ f Zz] f—g)dzdz ... dz, /(2122 ... 2y)
OP(q,ry=2
< c{d(q) ™" + d(q) Y| F — gl (B0
< Cd(Q)_IHf - gHHOO(BK(q,T)) .
Hence

V(@) - ville(a)l < clV£(@)ld(a) < ellf = gllm(Byar) -
By Proposition 2.5 the quantity in (i) is bounded by a multiple of that in
(iv).
For any z in Bk(q,7), and 7 : [0,1] — D a curve C* with v(0) = z,
(1) = g, we have

1

1
P& = F@l < [ IVFEO.AO) -7 @Old < Ifls [ FO0).7 (1)) dt.
0

0
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Taking the infimum of the right-hand side over all v, we obtain |f(z) —
f@| <r[lfls, that is,

sup{arealf(Bk (q.7)]} < 77| fl|% -

Hence the quantity in (v) is bounded by a multiple of that in (i).
Assume (i). By Proposition 2.5,

sup{|Vf(z) - ville(2)[} < oo.
From Theorem 2.1 of [2], we have
sup{|Vf(2) - vjlle(2)|"/*} <00, 2<j<mn.
Since |p(z)| is continuous and there exists a unit vector x € C™ such that

IVf(2)| = [Vf(z) - x|, we get

sup{|Vf(2)|[e(2)[} = sup{|Vf(2) - z[[e(2)[}
< sup{|Vf(2) - vlle(2)]}

+sup{|o(2)['/*} > sup{|V £ (2) - vyl[o(2)]'/*}.

Now [5 (g [0(2)| 7" Hdw(2) = ¢(r) < oo yields

[ IV£@)IPle(z)P" dw(z)

Bxk(q,7)
<sup{[[VF eI} [ loz)| ™" du(z) < oo,
Bk (q.)
that is,
sup{ [ VS ()P le()P~" " du(z) } < oo
Bxk(q,7)

Hence the quantity in (vi) is bounded by that in (i).
Since |V f(q)| is a plurisubharmonic function,

VH@QP2 < [V dw(z)/|Pg )]
P(q,r)
Applying Hoélder’s inequality to the right-hand side, we obtain
1/2
V@2 <{ [IVFEPleE) P dw()/1Pa,r)]}

P(q,r)

A [le@r 1 du/1P@nl}

P(q,r)
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By Lemmas 3.3 and 3.4,

VA < {ed@y T [VFEPIEF T du(@)/ 1P}
P(q,r)
< cd(q) P ) [T [ VPl dw(z) }.
Bk (q,7)

This completes the proof of Theorem 4.1.

If we use the weighted volume element

dQs(2) = lo(=)" " duw(z),
with integer s > n, then the following result is obvious.
THEOREM 4.2. Let D be a strongly pseudoconvex domain in C" with

defining function o(z) and 0 < r,p < co. Then the following conditions are
equivalent:

(@) Nfll < oo;

0 sw{[ [ 1G) - F@F d2u(2)/QuBx(a.)] "} < oo

Bk (‘Lr)

© sp{[ [ 1)~ foanl dQu(2)/Qu(Bila.m)] "} < oo;

Bk (q,7)
(d) sup{dist[ﬂBK(q,r) , H>*(Bk(q,7))]} < o0}
(e) supfarea[f(Bx(q,7))]} < o0;

©) swp{ [ 195)Ple(=)P dQu(2)/Qu (Bi(a. 1)} < oo.

Bk (‘LT)

Here fpy(qr) = fBK(q’T)f(z) dQs(2)/Qs(Bx(q,r)), and the suprema are
taken over q € D.

5. A characterization of the value distribution of Bloch func-
tions. R. M. Timoney [5] gave a characterization of the value distribution
of Bloch functions on the unit disk in C. Here we give a useful characteri-
zation on some bounded domains in C™ and a corollary. The proof of the
characterization is omitted. By the properties of the Kobayashi metric in
Section 2 and the result in [5], the proof is not difficult.

THEOREM 5.1. Let D be a bounded homogeneous domain in C" and let
f be a holomorphic function on D. Suppose there exist two holomorphic
mappings h : D — U and g : U — D, where U 1is the unit disk in C,
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satisfying ho g =1id. Let E C C. Then the radii of all disks in C\ E are
bounded above if and only if

sup{|Vf(z) - z|/H,(z,2)"? : 2 € C"\ {0}, z € fTY(E)} < 0
implies that f is a Bloch function on D .

THEOREM 5.2. Let D be a strongly pseudoconvex domain in C". Let
E c C, and let f be a holomorphic function on D. If there exist two
holomorphic mappings h and g as in Theorem 1, then the radii of all disks
in C\ E are bounded above if and only if

sup{|f+(2) - z|/F(2,2) : 2 € C"\ {0}, 2 € f7H(E)} < oo
implies that f is a Bloch function on D .

COROLLARY 5.3. Let D be a bounded symmetric domain in C", let F C
C, and let f be a holomorphic function on D. Then the radii of all disks in
C\ E are bounded above if and only if

sup{[V f(2) - 2|/ H.(2,7)"/* : 2 € C*\ {0}, z € fT(E)} < oo
implies that f is a Bloch function on D .

Proof. Without loss of generality, we may assume that D is a circular
domain. Let P : C" — C, P(z1,...,2,) = z1. Then P(D) is a disk. Let r
denote its radius and take h = P/r and U = h(D). Thus U is a unit disk.
For any z; on the boundary of U, take 1 = P(x), g(z) = za®1/|z1| (for
any z € U and a fixed = in the intersection of h~1(z) and the boundary of
D). So |x1| = r, and both h and g are holomorphic mappings such that
h o g=1id. By Theorem 5.1, the proof is complete.

This paper was finished while I was at Hangzhou University. I thank
Professor Yao Biyun and Mr. Hu Zhangjian for their help during that
time.
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