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The semi-index product formula
by

Jerzy Jezierski (Warszawa)

Abstract. We consider fibre bundle maps

E L% g
I
B 1% p

where all spaces involved are smooth closed manifolds (with no orientability assumption).
We find a necessary and sufficient condition for the formula

lind|(f,9 : A) = |ind|(F,7 : p(A))[ind|(fo, g5 : p~ " () N A)

to hold, where A stands for a Nielsen class of (f,g), b € p(A) and |ind| denotes the
coincidence semi-index from [DJ]. This formula enables us to derive a relation between
the Nielsen numbers N(f,g), N(f,7) and N(fp, 9p)-

Introduction. In [DJ] the Nielsen theory was extended to coincidences
of pairs of maps f,g : M — N for M, N closed manifolds of the same
dimension (with no orientability assumption). In this paper we discuss the
“Nielsen number product formula” as in [Y] and [Je].

After recalling in Section 1 the main results of [Y], [Je] and [DJ] we
consider in Section 2 “self-reducing coincidence points”. Nielsen classes
containing such points appear only in the non-orientable case. They turn out
to be the obstruction to the semi-index product formula which is discussed
in Section 3. In Section 4 we prove a Nielsen number product formula
(Thm. (4.3)), and in the last section we get a formula for the coincidence
Nielsen number of pairs of maps between some K(m,1) spaces (Corollary
(5.5), Remark (5.6)).

1. Preliminaries. We begin by recalling the definitions from [Y] and
[Je]. Let u and v be paths in a topological space Y such that u(1) = v(0).
Then u+ v denotes their composition and —u the path opposite to u. Let H
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be a normal subgroup of the fundamental groupoid mY, i.e. for any y € Y
there is a normal subgroup H (y) of m (Y, y) such that for any path r joining
y and y’ the isomorphism 1 (Y,y) 2 (a) — (—r+a+r) € m(Y,y) carries
H(y) onto H(y'). The paths v and v are called H-homotopic iff u(0) = v(0),

u(1l) =v(1) and (u—v) € H(u(0)). We then write u 2 . The H-homotopy
class of the path u is denoted by (u)g.

Let X be another topological space and let f,g : X — Y be a pair of
continuous maps. Let &(f,g) = {x € X : fx = gz} denote the coincidence
set of these maps. The points x,y € ®(f, g) will be called H-Nielsen equiva-

lent if there exists a path u joining them such that fu A gu. We denote the
quotient set by @7 (f,g) and call its elements H-Nielsen classes. We omit
Hif H=0.

Fix z € X and a path r joining fz and gz in Y ((z,r) will be called a
reference pair). We define an action of 71 (X, x) on m (Y, fz)/H(fz) by

(d),(a)u) — (fd+a+r—gd—r)u

where (d) € m(X,z), (a)g € m (Y, fx)/H(fz). We denote by Vg(f, g :
x,r) the set of all orbits of the above action and by [(a)g] the orbit of a.

The following lemma establishes a connection between the sets @4 (f, g)
and Vg (f,g:x,7).

(1.1) LEMMA ((1.2) in [Je], see also [Y]). For any xo € P(f,g) the set
{{fu—gu—r)g :u is a path from x to xo} is an orbit of the above action.
Moreover, two coincidence points determine the same orbit iff they are H-
Nielsen equivalent.

The above lemma determines an injection

o(x,r) : Py (f,9) = Vu(fig:ar).

Lemma (1.3) in [Je] allows us to identify the sets Vg (f,g : x,r) for all
(x,7) so that the o(z,r) induce a canonical injection

Now we recall the notion of coincidence semi-index (see [DJ] for details).
Let M, M’ be smooth closed m-manifolds, f,g : M — M’ smooth transverse
maps and let zg,z; € @(f,g). We will say that ¢ and x; are R-related iff
there is a path u from zg to z; such that fu ~ gu and exactly one of
the paths v or fu is orientation-preserving. We then say that u is graph-
orientation-reversing (cf. Definition (1.2) in [DJ]) and we write xoRz; (in
[DJ] xo was said to reduce x1).

Let A C &(f,g). We call A = {a1,b1,...,ak,bg : c1,...,¢s} a decom-
position iff (1) a;Rb; (1 = 1,...,k), (ii) no {c;,¢;} are R-related (i,j =
1,...,8,i% 7).
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If only (i) holds we call A an incomplete decomposition. Sometimes we
also write A = AgU{c1,...,cs} and we call the elements {c1,...,cs} freein
this decomposition. We define the semi-indez of the set A as the number of
free points in its decomposition and denote it by |ind|(f,g : A). Finally, we
call a Nielsen class A € & (f,g) essential iff |ind|(f,g : A) # 0 and define
the H-Nielsen number N (f,g) as the number of essential classes.

In Section 3 we will need the following version of (1.3) of [DJ].

(1.2) LEMMA. Let A C D(f,g) and let A : A = Ao U {c1,...,cs}, A -
A=A U {c,...,cd} be two decompositions. Then there exists a bijection
¢ {cry..., e — {c), ..., L} such that for any c; there exists a graph-
orientation-preserving path u from c; to ¢(c;).

Proof. Set a; = ¢;. The proof of (1.3) in [DJ] gives us a sequence
ai,...,as,+1 where ag;_1,as; form a pair in 2, ag;, ag; 1 form a pair in 2
(t=1,...,k) and agg41 is free in A’. We put ¢(¢;) = aggs1. We notice that
a;Ra;11, hence there is a graph-orientation-reversing path u; joining them.
Now the composition © = u1 + ...+ ugy is graph-orientation-preserving. m

(1.3) LEMMA. Consider the diagram

VLA

" |

YR
of path-connected spaces. Let H C miN, H' C w1 N’ be normal subgroups
such that ky H C H'.

(a) If the diagram is commutative then it determines a map » : Vg (f,g)

— Vu(f',g') given by
#:Vu(f,grx,r) = Vu(f,g thekr),  xa)u] = [(ka)n].

(b) If the diagram is homotopy commutative (by means of homotopies
(F,G): (kf,kg) ~ (f'h,g'h)), k and h are homeomorphisms and kyH = H’
then we have a bijective transformationn: Vg (f,9) — Vu (f',g) given by

Vu(f.g:x,r) 3 [a)u] = [(-F(z,-) + ka+ F(z,-))n]
€ VH’(f/7g, : h$, _F(xa ) + kr + G(x7 )) :

(c) If the assumptions of (a) and (b) hold and the considered homotopies
are constant then s = 1.

(d) If the assumptions of (b) hold, and all spaces are closed smooth
manifolds of the same dimension then 1 is semi-index-preserving, i.e.

lind|(f,g: A) = |ind|(f',¢' : nA)  for any A€ Vu(f,g).
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Proof. (a)-(c) were proved as Lemma (2.1) in [Je|. It was also shown
there that our diagram may be considered as the composition of two squares

M BRI N
I I

k= hkg'h
N IhRE g N

hl lk
19

M’ =2, N’

The upper square is homotopy commutative (with the homotopies (k™! F,
k~1@)) and the lower one is commutative (with constant homotopies). Thus
it is enough to show that the transformations s, ¢ induced by these dia-
grams are semi-index-preserving. But sy = pi(x-1p5-1¢) (for definition, see
[Je, (1.6)]) and we apply (1.4) of [DJ]. On the other hand, it is evident that
25 is semi-index-preserving since h and k are homeomorphisms. m

Let now (F,p, B), (E',p’, B") be locally trivial bundles where the total
spaces, base spaces and fibres are smooth connected closed manifolds of
respectively equal dimensions. Denote the fibres by E, = p~'b, Ej, = p' =¥/
and let A\, A" denote the lifting functions of the Hurewicz fibrations (E, p, B),
(E',p',B’). Since the bundles are locally trivial, we may assume that for
any path 7 in B the map 74 : Eg) — Ez1) given by 75(x) = Az, ) (1) is
a homeomorphism.

Consider a commutative diagram

E L% p
pl . lp’
B == B

Denote by f, : B — E}b, 9 : By — Ep, the restrictions of f,g. Let

bo, b1 € @(f,7) be Nielsen equivalent and let % be a path joining them and
establishing the Nielsen relation. Then (Sect. 4 in [Je]) the diagram

fb /
By — Ep,
do T
gbv /
Ebl — Efbl

is homotopy commutative and the computations of Section 4 in [Je] give
us a bijective transformation Ty : Vi (foy, 9bo) — Vi (fo,, 96, ) where K =
ker(m E; — m E’). Moreover, Lemma (1.2) implies that 7% is semi-index-
preserving. This implies Nx (fpy, 9bo) = Ni (fb,,9p,) for b, by € &(f,g) in
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the same Nielsen class.

2. Self-reducing coincidence points. Let f,g : M — N be trans-
verse. We will discuss the following problem: when does a coincidence point
x € O(f,g) satisfy xRz, i.e. when does there exist a graph-orientation-
reversing loop a based at x. We will see that such points may only appear
in the non-orientable case and that they are the only obstructions to the
semi-index product formula discussed in the next section.

Let M, N denote again smooth closed connected n-manifolds.

(2.1) DEFINITION. Let € &(f,g) and let H C m M, H' C m N denote
the subgroups of orientation-preserving elements. We define

C(f#vg#)m = {CL € 7'['1(M,LU) : f#a = g#a}v
CH(fpr94)2 = C(f, 9)a N H .

(2.2) LEMMA. Let f,g: M — N be transverse and let x € ¢(f,g). Then
xRz if and only if CT(fu,94)s # C(fa,9%)x N fq;l(H’) (in other words,
if there exists a loop a based at x such that fa ~ ga and exactly one of the
loops a or fa is orientation-preserving).

Proof. It suffices to recall the definition of x Rx and observe that

a € Ct(fy,g4): means a is orientation-preserving,
a € f;l(H " means fxa is orientation-preserving. m
A coincidence point x satisfying xRz will be called self-reducing.

(2.3) LEMMA. If a Nielsen class A contains a self-reducing point then
any two points in this class are R-related, and thus

) . |0 if #A is even,
|1Dd|(f,9-A)—{1 if #A is odd.

Proof. Let zg € A be self-reducing and let a be a graph-orientation-
reversing loop based at xg. First we show that xgRxq for any other z; € A.
Since the two points lie in one Nielsen class, there exists a path v joining
them such that fu ~ gu. Now, either u or a + u is graph-orientation-
preserving, which implies zgRz1.

Let x5 € A. Then x1 Rxg, zoRxg, xoRxo and the odd transitivity implies
x1Rxo (see [DJ, (1.3)]). =

(2.4) EXAMPLE. Let M be a non-orientable two-dimensional connected
manifold. It may be regarded as a CW-complex with a unique 2-cell. Let
f'+ M — S? be a map which sends the 1-skeleton into a point 3; € S? and
the interior of the 2-cell diffeomorphically onto S? — y;. Let ¢’ : M — S?
denote the constant map with ¢'(M) = yo # y1. Then the pair (f’,¢’)
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is transverse and @(f’,¢’) consists of a single point xy. This point is self-
reducing since there exists an orientation-reversing loop at xy whose images
by f’ and ¢’ are null homotopic.

Now we consider the maps f,7: S? — S? where f = idg2,g(z,y, 2) =
(—x,—y, z). This pair is transverse and @(f,q) = {(0,0,1),(0,0,—-1)} =
{bg, b1} are two Nielsen equivalent points which are not R-related (since S
is orientable). Notice that |ind|(f’,¢") = 1, N(f’,¢') = 1 and |ind|(f,g) = 2,
N(f,g) = 1. Consider the diagram

S2x M Y g2« g2

where f = f x f’, g = g x ¢’ and p; denotes the projection on the first
factor. Then &(f x f',g x ¢') = {(bo, o), (b1, z0)} and the two points are
Nielsen equivalent. Each of them is self-reducing (since so is xg € @(f’,4’))
and now Lemma (2.3) implies |ind|(f, g) = 0.

The example shows that the product formula does not hold in general
for the coincidence semi-index:

lind|(f, ) = 0# 2-1 = [ind|(f,9)|ind|(f",¢).
We also notice that N(f,g) =0#1-1=N(f,9)N(f',q").

(2.5) LEMMA. Let F,G : M x I — N be a pair of homotopies and set
fi = F(-,t), gt = G(',lf) (t S I) Let Ay € @/(fo,go), A € (p/(fl,gl) be
two Nielsen classes corresponding under these homotopies and let u be a
path joining some points xog € Ao, x1 € Ay such that the paths F(u(-),-),
G(u(+),-) are homotopic. Then the isomorphism ¢ : w (M, xg) — 71 (M, x1)
given by ¢p{a) = (—u+a+u) carries C(fox, Gog )z, onto C(fig, gi#)z, and
Ct (fot go# )z 0nto CF(fr, g14#)z, - ®

(2.6) DEFINITION. A Nielsen class A € &'(f,g) is called defective if
CH(fu,9#)e # C(fuyg4)z N f;lH’ for some x € A.

Lemma (2.5) implies that A is defective if the above inequality holds for
any x € A. Both (2.2) and (2.5) imply

(2.7) COROLLARY. Let (f,g) be a pair of continuous maps and let (f',g")
be a transverse pair homotopic to it. Let A € &'(f,g) and A" € &'(f',q’)
correspond under this homotopy. Then the class A is defective iff any point
of A’ is self-reducing. m

Recall that the Jiang group is given by J(X,z) = {a € 7 (X, x) : there
exists a cyclic homotopy H :idx ~ idx such that (H(x,-)) =a} [J].



The semi-index product formula 105

(2.8) LEmMA ([Y], [Je, (6.6)]). Let f,g : M — N be maps between
manifolds of the same dimension and let H C m N be a normal subgroup
such that H C J(N). Suppose that Ay, A1 € Y'(f, g) satisfyidy Ag = idv Ay
where idy : V(f,9) — Vu(f,g) is induced by (idps,idn). Then |ind|(f, g :
Apg) = |ind|(f, g : A1). Moreover, Ay is defective iff Ay is defective.

Proof. It was shown in [Je, (6.6)] that there is a cyclic homotopy
(F,G) : (f,9) ~ (f,g) such that pupgyAo = A1. Since p is semi-index-
preserving, the first part follows. Now the second part follows from (2.5). m

(2.9) LEMMA. Consider a homotopy commutative diagram

VLA

W

M’ f_,g} N/

where h and k are homeomorphisms. Suppose that A € &'(f,g) and n(A) €
D' (f',g"). Then A € &'(f,qg) is defective iff n(A) € &'(f',g") is defective
where n is defined in Lemma (1.3)(b).

Proof. Let us represent our diagram as in the proof of (1.3):

M L3, N
e
R
n| I
M/ f/_’g: N/

We will use the notation of that proof. Lemma (2.5) implies that A is de-
fective iff so is 1 A. Since the lower square is strictly commutative, the last
is equivalent to the defectivity of ssr1(A) =n(A). m

3. The semi-index product formula. In this section we will show
that the defective classes are the only obstructions to the coincidence semi-
index product formula. To do this we will need to study the graphs of fibre
maps. We first introduce the necessary notations.

Let (V,p, E), (V',p', E’) be locally trivial real n-dimensional vector bun-
dles over the spaces E and E’ and consider a commutative diagram

v By
pl lp’

f?g !
F = F
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of homomorphisms of these bundles. Let V, = p~1(x), V!, = p’~!(z2’) be
fibres. Denote the graphs of the restrictions by

I'e(z) ={(v,Fv):veV,} CV, xVj,,
I'g(z) ={(v,Gv) v eV} C Vo x V.
Then the graphs I'r = (J,cp I'F(2), I'c = U,cp Tc(x) are n-dimensional

vector bundles over E with projections being restrictions of the composition
VxV -V - E.

(3.1) DEFINITION. We will say that F' is transverse to G if
I'e(z) ® I'g(x) = Ve x Vi, forany z € &(f,g).

(It is clear that smooth maps are transverse in the sense of Section 1 iff their
tangent maps

TfTg
—_

™M TN

are transverse in the above sense.)

Let VO C V, V' C V'’ be k-dimensional subbundles such that F(V°) U
GV c V'O Let F°,G° : V¥ — V' denote the restrictions of F,G. Let
VI=Vv/VO V't =V'/V'? denote the quotient bundles and F*, G! : V! —
V' the maps induced by F,G. (We will use this notation to study fibre
maps of manifolds

E 1% @
pl lp’
B 1% p

Then V =TE, V' =TE; V° c V, V'° C V' are the subbundles tangent
to the fibres and V!, V'! are normal to the fibres.)
Now we have a commutative diagram with exact rows

0 — VO Yy Loyl 9

FO,GOl F,Gl Fl,Gll
0 — v Loy Aoy g
together with exact sequences of vector spaces
0V x Vil =V x Vi, = V! xVil—0,

0 /0 / 1 /1
0=V, XV = Vo XV, =V, xV, —0,
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and vector bundles
0—=Ipo—Ip—ITp —0,
0—=ITgo—1Ig—Ig —0.
One can easily check

(3.2) COROLLARY. If any two pairs out of (F°,GY), (F,Q), (F',G') are
transverse then so is the third. m

Let x,y € @(f, g) and let a path u establish the Nielsen relation between
them. Denote by 0,(F) (6:(G)) the translation of the orientation of the
bundle I'r (I'g) along u. Then 6y = 0o(F) A Jo(G) is an orientation of
Vi X Vjﬁz; let §; be its translation in the fibre bundle pxp’ : VxV’' — Ex E’
along the path (u, fu) (or equivalently along (u, gu)).

(3.3) DEFINITION. We say that the path u is graph-orientation-preserving
(-reversing) if 61 = 61(F) A 61(G) (61 = —01(F) A 61(G)).

Consider again a transverse pair f,g : M — N and a path u establish-
ing the Nielsen relation between two coincidence points. Then w is graph-
orientation-preserving in the sense of Section 1 iff it is so in the above sense

for
TfTg
5

T™ TN
l l
Mo LN

(3.4) DEFINITION. Let 0 — V? — VLV — 0 be a short exact sequence
of finite-dimensional vector spaces. Orientations a®, o, @' of these spaces
will be called compatible if there exists an ordered basis (ai,...,a,) of V
such that a® = [(a1,...,as)], @ = [(a1,...,a,)], o' = [(jasi1,---,5an)]
(here s = dim VY).

(3.5) Remark. Let 0 - V?® — V — V1 — 0 be an exact sequence of
locally trivial vector bundles over a space F. Let u be a path in E and let
a?, a4, af be translations of some orientations along u. Then o, ag, af are
compatible iff a?, oy, af are compatible for any ¢ € [0, 1].

(3.6) LEMMA. Consider a commutative diagram of vector bundles

0 — VO Yy Loyl o

FO,GOl F,Gl F’,G’l
0 — V/O Z_/> V/ J_/> V/l — 0
where i,j and i',j’ cover the identity maps of E and E’ respectively, the

rows are ezact and (F°,G°), (F,G), (F',G') are transverse pairs of vector
bundle homomorphisms covering some maps f,g : E — E’'. Let a path
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u establish the Nielsen relation between some x,y € ®(f,g). Then if u
is graph-orientation-preserving with respect to two pairs out of (F O,GO),
(F,Q), (F',G") then it is so with respect to the third.

Proof. Pute = 41 (—1) if u is graph-orientation-preserving (-reversing)
with respect to (F,G). Similarly we define € and e!. We will show that
e =gl

Denote by ay(F?), ay(F), a(F') and oy (G°), ay(G), ay (G') compatible
translations of orientations in

0—=ITpo—>1Ip—Ip1 —0 and 0—>Igo—>Ig—Ign —0

along u. Set af = ag(F°) Aag(G®), ag = ag(F) Aap(G) and of = ag(F1) A
ao(GY). Then af, (—1)¥ag,af are compatible (here k = dimE?, | =
dim EL). Let o, (=1)*ay, af be the translations in the bundles V° x V9,
Vx V', VIx V'l - Ex E along (u, fu). By (3.5) we get for t = 1 the
compatible orientations
(%) af, (=)Mau, aj.
But

af = &% (FO) A a1 (G),
(%) a; =ear(F)Nai(G),

at =ela (FY) A ay(GY).
Now since a1(F?), a1 (F),a1(F') and a;1(GY), a1(G),a1(G!) are compati-
ble, so are also

(***) al(FO) A Oél(GO), (—1)kl041(F) A CM1(G>, al(Fl) A Oél(Gl) .

Finally, we substitute (#x*) into (%) and compare with (). This implies

leel =1. m

(3.7) LEMMA. Consider a commutative diagram of homomorphisms be-
tween k-dimensional vector bundles

F,G

<
R

&
!
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Let (F,G), (F,G) be transverse and let P, P’ be isomorphisms on the fibres.
Let x,y € ®(f,g) and let u establish the Nielsen relation between them.
Then T = px,y = py € D(f,9) and U = pu establishes the Nielsen relation.
Moreover, u is graph-orientation-preserving iff so is u.

Proof. Only the last statement requires a proof. Let 0;(F) and §;(G)
denote orientations of I, (F) and I',4)(G) respectively. Then 6;(F) =
(P x P"),6¢(F), 6:(G) = (P x P').6;(G) are orientations of Iy (F) and

Iy(+)(G) respectively. Then 6o = do(F) A 6o(G) is an orientation of V. x
Vi Let 0 be its translation along (u, fu). Then 6y = (P x P’),d is
an orientation of V, x sz and 0; = (P x P'),d; is its translation along
(u, fu). Suppose that 6, = €01(F) A 01(G). Then 6y = (P x P'),6 =
e[(P X P01 ()] A[(P X P).01(G)] = €0 (F) N6 (G). m
Consider a locally trivial fibre bundle (E, p, B) where all spaces involved
are smooth manifolds. Set
TFE = the tangent bundle to F,

T°FE = the bundle tangent to the fibres,

v(E) = TE/TE = the bundle normal to the fibres.
Then p : F — B induces the vector bundle homomorphism

v(E) 2 TB

E % B
which is an isomorphism on the fibres.

(3.9) LEMMA. Consider a commutative diagram

E 1% p
pl lp’
B L9 p

and suppose that the pairs (f,g), (f,9) and (fs,gs) are transverse for any
be @(f,g). Let xo,x1 € D(f,g) and let u be a path establishing the Nielsen
relation between them. Consider:

(a) the diagram

Top TLTY pop
l l and the path u ,
E .fvg E/
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(b) the diagram

e YT pp
l l and the path w ,
E L4

(c) the diagram
B =4 TB
l l and the path @ .
B

fvg B/
If in any two of the above cases the path considered is graph-orientation-
preserving, then the same s true in the third case.

Proof. We consider the commutative diagram with exact rows

0 — T°F — TE — v(E) — 0
Tfo,TgOl Tf7Tgl Tfl,Tgll
0 — T — TE' — v(E) — 0
By (3.6), u is graph-orientation-preserving with respect to (T'f, T'g) if it is
simultaneously orientation-preserving or orientation-reversing with respect

to (Tf°,T¢") and (T f',Tg"). But by (3.7), u is orientation-preserving with
respect to (T'f*, Tg') iff so is w with respect to (T f, 7). m

(3.10) LEMMA. Consider a homomorphism of vector bundles

v Sy
E 1% p

Let F,G be transverse and let u be a path in E satisfying fu = gu. Then u
18 graph-orientation-preserving.

Proof. For any ¢ € [0, 1] we have
Ir(u(t) © I'e(u(t)) = Vu@y X Vi -

If oy(F) and o4(G) are translations of some orientations of I'r and Ig
along u then a;(F') A ay(G) is the translation of an orientation of the bundle
V xV'— E x E" along (u, fu=gu). =
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(3.11) LEMMA. Consider a commutative diagram

E 1% p
() >
B 1% p

where (E,p, B), (E',p’, B") are locally trivial fibre bundles whose fibres are
smooth closed n-manifolds. Suppose that fy, gy are transverse forb € &(f,q).
Let by, by € (f,q) and let U establish the Nielsen relation between by and
bi. Then there exist decompositions (maybe incomplete) P(fu,, gp,) = Ao U
{wi,...; w0}, B(fo,,90,) = A1 U{w],...,w.} and paths u; in E joining
w; and w} and such that fu; ~ gu;, pu; ~ U and u; is graph-orientation-
preserving with respect to Tf9, Tg° : T°E — T°E" (i=1,...,r).

Proof. Let H be a homotopy between fu and gu. Let K = I x I/~ be
the quotient space obtained by identifying 0 X I and 1 x I to single points.
Then H defines a map H : K — B’. We consider the bundles induced by u
and H:

ﬂ* f7g ﬁ*
v ; H,/
E 2 F
pl lp’
B 1% p
S o 28N
I _en K

where
u" ={(e,t) € ExI:ple) =u(t)},
T = {(¢,[t.5]) € B x K : p/(e) = H(t,5)},
iot) = [£.0], () = [1,1].
First we will prove the lemma for the induced diagram, by = 0, by = 1 and

u = identity on I. Since bundles over contractible spaces are trivial, we get
the diagram

VvxI L9 vikk

| !

I 10,11 K
where V = E;,, V! = E’;
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-~

Now we may write f(’U,t) = (fl (Uat)v [t¢0])? /g\(’U,t) = (gl (U’t)v [ta 1]) and
notice that the pairs (fi(-,0),¢1(-,0)) and (fi(-,1),91(-, 1)) are transverse.
The maps f1,g91 : V x I — V' are homotopic rel V' x {0,1} to a transverse
pair and so we assume they are transverse. Then ®(f1,¢1) is a 1-manifold
and we get

¢(f1()0)7gl(70)) = {J"17y1)' oy Ly Y - W, - "aw'f})
Qs(fl(71)agl(,1)) = {:C/l’yi? .-,$f,yf : wlla ,’U);q},

where {x;,v:}, {z},y.}, {wi,w]} are the ends of connected components of
@(f1,91). The proof of (1.4) in [DJ] implies that z; Ry; as coincidence points
of (f1(0),g1(~0)) and xRy, as comcidence points of (fi(-,1),g1(-1)).
which proves the first part of lemma for the induced diagrams.

Now consider the points w;, w}. Let u = (u1,us2) : I — V x I denote the
component joining them. Then fiu(t) = gyu(t) and hence the paths fu and
gu are homotopic in V’ x K. Now we will show that u is graph-orientation-
preserving on the fibre. We consider the diagram

TV x I 2% 1vix K

() l - l

vxI L% vixk

(here F(Uat) = (Tfl(w,t)(v)v [ta 0])7 G(’U,t) = (Tgl(w,t)(v)a [tv 1})7 v € va)
and the family of diagrams

TV x I 2% v« K

Lo

vxI D% yixk

(here gs(v,t) = (g1(v,1),[t,s]), Gs(v,t) = (Tgl(x,t)(v)v[tas])v v € T,V).
Then (F,G;) is transverse for any s € I. Since G; = G, it remains to show
that u is graph-orientation-preserving for (F,Gy). But fu = gou and we
apply (3.10). This ends the proof in the special case of the induced diagram.
To prove the general case we notice that the diagram (xx) is induced from
() and we apply (3.7). m

For the remainder of this section we will consider a commutative diagram

E 1% @

1l |»

B 1% p
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of locally trivial fibre bundles where all spaces involved are smooth closed
connected manifolds of respectively equal dimensions.

~ (3.12) LEMMA. Let (f,g) and (f,g) be transverse and let A € 9'(f,g),
Aed'(f,g) satisfy pA C A. Let A= AgU{b1,...,bm} be a decomposition.
Then

(i) Anp=Y(Ay) C @(f,g) may be written as a set of pairs of R-related
points.

Now fiz decompositions A N Ey, = A; U {z% ..., 2L} with respect to
(fbw.gbi)~ Then

(ii) any path @ from b; to b; satisfying fu ~ gu gives rise to a bijective

map ¢ : (2h,...,21) — (21,...,2]) such that there exist paths uj, from 2% to

P(z1) satisfying fur ~ guk, pur, >~ U and uy, is graph-orientation-preserving
on the fibre (i,7=1,...,m;k=1,...,s).

Proof. Let A = Ag U {b1,...,by} = {a1,d},...,ar,a} : by,...,bm}.
First we will prove that p~1{a;, a}} splits into pairs of R-related points. Let
u be a graph-orientation-reversing path establishing the Nielsen relation
between a; and a}. Lemma (3.11) gives us decompositions

AﬂEai:{$17y1,-~,$kayk3w1,--~,wr},
o oo /
ANEy ={z1,91,. - Ty W, Wy

It remains to show that w; Rw;. Lemma (3.11) gives us a path w; from w;
to w; satisfying pu; ~ u, fu; ~ gu; and graph-orientation-preserving on the
fibre. Now by (3.9), u; is graph-orientation-reversing on the total space,
which implies w; Rw,.

Now we prove the second part.

Fix i,j =1,...,m and a path @ from b; to b; satisfying fu~gu. Then
(3.11) gives us (incomplete) decompositions ANEy,, = ALU{z1%, ..., 2/}, AN
By, = AU {zij, . ,z;j} and paths u}, from 2}’ to z,;j such that fu), ~ gu},
puy, ~ u and wuj, is graph-orientation-preserving on the fibre. Suppose now
that ANEy, = AYU{21%,...,2."} is a complete decomposition (s < t). Then

by (3.11) the elements {2}’,...,2%7} are also free in a decomposition A N
By, = AT U {#7,...,2/7}. Applying Lemma (1.4) in [DJ] to fbi,gg?i D By, —
E}bi gives us a bijective map between the sets {z},..., 2%} and {z}*,..., 2"}

(we may assume that z} corresponds to z}’) and paths vy, joining these points
in E, satisfying fuvy, ~ gvy and graph-orientation-preserving.

Then we consider the maps fy,, gp; : Ep; — E}b_ and we find paths wy
J

joining z] and z,;j in Fp, with similar properties. Finally, the composition

U = Vi + u;c — wy, satisfies the conditions of our lemma. =

Now we are in a position to prove the main result of this section.
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(3.13) THEOREM. Consider a diagram

E 1%
pl lp’
B L9 p

and let A € &' (f,g), pAC Ae & (f,g). Then
(i) for any b e A
find|(£, 9+ A) < [ind|(F,7: A) [ind|(for 05 : AN E).
(i) (semi-index product formula, SIPF) the equality
find|(f,g : 4) = [ind|(F, 7+ A)ind| (o, g5 : A Ey)
holds iff at least one of the following conditions is satisfied:

() lind|(f,g: A)lind|(fo, 90 : AN Ep) < 1,
(b) the class A is not defective and neither is any class in AN Ep.

Proof. Let A = Ag U {by,...,bn}, Ep, NA = A, U{24,... 21} (i =
1,...,m) be complete decompositions. Then by (3.12), A — {2} : i =
1,...,m;j =1,...,s} splits into pairs of R-related points. So |ind|(f,g: A)
<H#zi=1,...,myj = 1,...,8} = ms = [ind|(f,g : A)|ind|(fp, s :
Ey N A) and equality holds iff no two different points from {z!} are R-
related.

(a) If ms = 0 then there are no free points. If m = s = 1 then there is
exactly one free point and hence also |ind|(f,g: A) = 1.

(b) Assume that (b) holds and z{Rz¥,. This gives us a path u” be-
tween these points satisfying fu” ~ gu” and graph-orientation-reversing.
Since there are no self-reducing points in A and b;, b;s are free, u” is graph-
orientation-preserving on the fibre. On the other hand, (3.12) gives a path v’
from z}, to some z}, satisfying fu’ ~ gu’ and graph-orientation-preserving
on the fibre. We may also assume that pu’ ~ pu”, so p(u’ — ") is null ho-
motopic and hence v’ — " is homotopic to a path lying in Ej,. This path is
also graph-orientation-reversing on the fibre and thus 2% Rz%, as coincidence
points of (fp,, gp;). If k # k" we get two free R-related points and if k = k"
a self-reducing point of (fp,, gs,). In any case we get a contradiction.

Now we assume that SIPF holds, i.e. no two distinct points from {z}}
are R-related. We will show that if (b) does not hold then the class A is
defective. First suppose that xzRx for some 2 € AN E, C ®(fy,g5). Then
xRz as a coincidence point of (f,g) and A C @(f,g) is defective. Now
assume that bRb for some b € pA C &(f,g). Then a loop u based at b
satisfies fu ~ gu and is graph-orientation-reversing. We apply (3.12) to
b =0b; = b; and we get a path u joining some free points zx,2 € AN Ky,
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graph-orientation-preserving on the fibre and such that pu ~ @w. Then, by
(3.10), u is graph-orientation-reversing on the total spaces. Then if k # [
then z; Rz as coincidence points of (f,g), contradicting SIPF. Thus k = [
and the class A C @(f, g) is defective.

In any case A is defective and it is enough to notice that for a defective
class SIPF implies (a). m

4. The Nielsen number product formula. Consider a commutative
diagram

E L% p
(4.1) |
B 1% p

where all spaces involved are smooth closed connected manifolds of respec-
tively equal dimensions. This diagram induces a map pv : V(f,9) — V(f,7)
and similarly for any b € @(f,g) the diagram

f b
Eb b:9b E}Tb

l !

E 14 p

(the vertical arrows are inclusions) induces (iy)v : Vi (fp,90) — V(f,9)
(see [Y] or [Je]). Recall also that the transformation 7' from the end of
Section 1 determines the action of the group C(f, g4 )s on Vi (fi, ) (b€
@(f,9)). It turns out that the orbits of the above action coincide with the
counterimages (i)' A (A € V(f,g),b € pA) (see [Je, (4.11)]). Since T
is semi-index-preserving, |ind|(fp, gs : Ao) = |ind|(fs, g» : A1) for Ag, A1 €
(in)3' A.

(4.2) LEMMA. Let A € &'(f,g) and b € pA. If A is essential then so is
pvA € P'(f,9) and any class in the orbit (iy)g' A. If A satisfies SIPF then
the converse is also true.

Proof. The first part follows from the inequality in (3.13)(i) and the
fact that [ind|(fy,gp : By N A) # 0 iff (i)' A is an essential orbit (which
follows from the additivity of the semi-index (see [DJ, (1.11d)])). The second
part is evident. m

Example (2.4) shows that the converse is not true in general.

Now assume that all the Nielsen classes satisfy SIPF. Let A1,..., A, be
all the essential classes of (f,g). Now (4.2) implies that if A € V(f,g) is
essential then so is pA € &' (f,g). Hence pA = A; for some i = 1,...,s. Set

Ci=#{A € ?(f,9): |ind|(f,g:A) #0, pA= A}
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Then N(f,g) =C1+...+Cs, N(f,9) = s.

Let b; € A;. Then SIPF implies that any essential orbit in Vi (fs,, gs, ) is
of the form (iy,)g' A for an essential class A € ¢/(f,g). Thus C; equals the
number of these orbits. On the other hand (see [Je, (6.3), (6.2)]), the length
of the orbit (ip,)g' A equals the index of the subgroup pg(C(fg,gy)s) in
the group C(f,g4)y (z € Epy N A). Thus we get

(4.3) THEOREM. Assume that in the diagram (4.1) all the classes of
(f,g) satisfy SIPF and N(f,g) # 0. Choose a point in each essential class,
bi S AZ € @(f,§)7 1= 17"'73' Then N(fvg) = Zf:l N(fbmgbi) Z.[f the

following two conditions are satisfied:

(a) N]i(fbmgbi) = N(fbiagbi)7 1=1,...,s,

(b) C(f 4, )b = p#C(f4, g4 )z for any x lying in an essential class of
(f.9), b=pz.

Proof. As we have mentioned N(f,g) = C1 + ...+ Cs. But C; <
Ni(fo;s96;) < N(fp;, gp;) and it is easy to see that C; = Nk (fp,, gp,) iff any
essential orbit consists of one element; but this is equivalent to (b). m

The above theorem may be regarded as a generalization of [Y, (5.6)] and
[Je, (6.5)]. In fact, if we add the assumption that (E’,p’, B") is orientable
in the sense of You ([Y, after (5.5)]) then N(fb,,gs,) does not depend on i
and

ZN(fbwgbi) = SN(flngb) = N(?ag)N(fbvgb) .
=1

(4.4) COROLLARY. If in the diagram (4.1), B = B’ = T™ is the n-
dimensional torus, then the formula of (4.3) holds for any fibre map.

Proof. Let n x n integer matrices A and B represent the homotopy
group homomorphisms induced by the maps f,g: 7™ — T™. Assume first
that det(A—B) = 0. Then (f,g) is homotopic to a coincidence free pair ([Je,
(7.3)(a)]), hence so is (f,g) and N(f,g9) = N(f,g) = 0. Now suppose that
det(A — B) # 0. We will show that the assumptions of (4.3) are satisfied.
We notice that the index of any Reidemeister class of (f,q) equals £1 (see
the proof of [Je, (7.3)]). It was also shown ([Je, (7.6)]) that C'(fx,gx) =0in
this case. On the other hand, the homotopy exact sequence of (E’,p’,T™)
shows that K = 0. Thus it remains to show that any class A € &'(f,g)
satisfies SIPF.

We consider two cases: first we assume that no defective class of (fs, gp)
is contained in A (b € pA). Since T™ is orientable, no class of (f,g) is
defective, hence the assumption (b) of (3.13) is satisfied and SIPF follows.
Now assume that A N Ej, contains a self-reducing point. In general A N E}
is the sum of the classes contained in one orbit of the action of C(f4, g% )s-
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But now C’(?#,ﬁ#) = 0 so this orbit is a class from Vg (fp, g») and since
K =0, ANE, € V(fy,gp) is a Nielsen class of (f3, gp). Since AN E}, contains
a self-reducing point of (fp, gs), it is defective and |ind|(fp, gy : AN Ep) < 1.
But as we have noticed, ind(f,g : pA) = 1, hence the assumption (a) of
(3.13) is satisfied and SIPF follows. m

5. An application. Now we apply the formulae of Section 4 to deter-
mine the Nielsen numbers of maps of some K (7, 1) spaces. The main result
of this section is Corollary (5.5).

(5.1) DEFINITION. Let ¢ : M — M be a diffeomorphism of a smooth
n-manifold. We define S, = M x I/ ~ where ~ identifies the points (m,0)
and (¢(m),1). Then S, is a locally trivial fibre bundle over the circle S* =

[0,1]/{0,1}.
Let ¢’ : M’ — M’ be another diffeomorphism and dim M = dim M’. We
consider a commutative square
I

Sy —— Sy
L
RS CE

Let ind(f,g) = k. If k = 0 then N(f,g) = 0. Now let k& # 0. To simplify
the notation we will assume that & > 0 (otherwise we may consider (g, f)).
Then N(f,7) = k and we may assume that (f,g) has exactly k coincidence
points, @(f,g) = {bo,...,bk—1}. We also fix a path w; from by to b; such
that deg(gu; — fu;) =i (i =1,...,k—1). Then the homotopy commutative
diagram

T fbgsTL
fu,; bg > gﬂigbo

By ———— Fp,

) |
fo; 90,

Ebl K3 K E‘lf—.b7

and (4.4) imply
N(foisg6:) = N(Ta, Foos Ty a,950) = N(Foos (T5.) ™ 75900
= N(fo0s o, — 7, 950) = N (fo0> 9" gy -
Now (4.4) implies

k—1

k-1
N(f,9) = N(foig) = > N(fo, ¢ g0,) -
=0 =0
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The following three lemmas give us criteria to decide whether a given
map is homotopic to a fibre map.

(5.2) LEMMA. Let (E,p, B), (E',p', B") be locally trivial fibre bundles in
which all spaces are K(mw,1)’s. Then a map f : E — E’ is homotopic to
a fibre map iff the composition ply fyiy : mE, —» mE — mE — mB' is
zero.

Proof. The necessity is obvious. Now suppose that p;éﬁ fpiy = 0.
Consider the diagram with exact rows

A P#
0O — mE, — mE — mB — 0

lf#

i3 Py
0 — mE, — mE - mB — 0

Let (a) € m1Eyp. Since ply, fyiy(a) = 0, we have fuiy(a) € kerp, = imil,
and there exists a unique (a’) € m Ej, such that ily(a’) = fyig(a). We
define a homomorphism hg : m £y — w1 Ejp, setting ho(a) = (a’). Now hg
and fx determine a homomorphism h such that the diagram

( P
0 — mE > mE % mB — 0

o el

0 — mE] - mE = mB — 0

is commutative. Since B and B’ are K(m, 1) spaces therefore h = T# for
some f : B — B’. Then f#p# = ply f4 implies that p'f is homotopic to fp.
Let H : E x I — B’ denote this homotopy and consider the diagram

Ex0 — FE

I |
ExI . B
Then H can be lifted to some H : ExI — E'. Weput f; = H(-,1): E — E'
and get the desired fibre map homotopic to H(-,0) = f. m

(5.3) LEMMA. Let (E,p,B), (E',p',B’) be fibre bundles with all spaces
K(m,1)’s. Let w be a loop based at b € B. Assume that whenever the
diagram

E, AT E,
AN S h
B/
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is homotopy commutative then h is homotopic to a constant map. Then any
f: E — E' is homotopic to a fibre map.

Proof. The diagram
E, & E
P fim, ™\ /P fiE,
B/
is homotopy commutative by H(z,t) = p/ frat (z) (here u} is the path given
by ug(s) = u(ts)). Now by our assumption p/ f| g, is homotopic to a constant

map and (5.2) implies our lemma. m

(5.4) LEMMA. Let ¢, ¢’ be diffeomorphisms of a k-dimensional torus and
let C be a k x k matriz representing ¢4 : mT — mT. Let det(I — C) # 0
(i.e. 1 is not an eigenvalue of C'). Then any continuous map f : Sy — S
is homotopic to a fibre map.

Proof. We consider the diagram from (5.3) for w a loop of degree
one:

T = T
P hrN S0 fir
Sl

But (73)# = ¢4 is represented by C and let h be a 1 x k matrix representing
(' fir)# : mT — mS*. Now the above diagram implies hC' = h, so that
h(C —I) = 0 and the assumption det(/ — C) # 0 implies h = 0. Now the
lemma follows from (5.3). m

Finally, we sum up the results of this section in

(5.5) COROLLARY. Let ¢, ¢’ be diffeomorphisms of the k-dimensional
torus. Let k x k matrices C, D represent ¢4, ¢;¢ :mT — mT and suppose
det(I — C) # 0. Then any pair of continuous maps f,g : Sy — Sy is
homotopic to a fibre pair

Sy L5,

pl B lp’
Sl ﬁ) Sl
If ind(f,g) = 0 then (f,g) is homotopic to a coincidence free pair, hence
so is (f,g) and N(f,g) = 0. If ind(f,g) = k # 0 then fix a coincidence
point b € S' and denote by A and B the matrices representing fpy and Gy .
Then
k|—1 |k|—1
N(f,9) =Y N(fos¢''gs) = > |det(A—D'B)|. m

=0 i=0
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(5.6) Remark. (i) If, in (5.5), we have Sy = Sy, f = id then we obtain
a new formula for the fixed point Nielsen number of a map g: Sy — Sp: if
degg =k # 1 then ind(g) = k — 1 and

lk—1|—1 lk—1|—1
N(g)= > N(@'g)= > |det(E—D'B)
i=0 i=0
whereas if degg = 1 then N(g) = 0.

(ii) The assumptions of (5.5) are satisfied for the oriented flat 3-manifolds
Ga,...,Gs of [W, Thm. (3.5.5)]. The projection on the first coordinate makes
these manifolds fiberings over S'. Each of them becomes an Sy for ¢’ a
self-map of the 2-torus such that (25%& is represented by

22 a23

as2 asg
where A = [a;;]:,j=1,2,3 denotes the corresponding orthogonal map from [W,
(3.5.5)].

(iii) Corollary (5.5) generalizes Section 3 in [DJ]: the Klein bottle may
be represented as Sy for ¢ : S — S given by ¢(x,y) = (z, —y).
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