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On weakly infinite-dimensional subspaces
by

Piet Borst (Amsterdam)

Abstract. We will construct weakly infinite-dimensional (in the sense of Y. Smirnov)
spaces X and Y such that Y contains X topologically and dimY = wg and dim X = wg+1.
Consequently, the subspace theorem does not hold for the transfinite dimension dim for
weakly infinite-dimensional spaces.

Preliminaries. All the spaces considered are separable and metrizable.
Let us first establish some notational conventions. As far as standard notions
from general topology and dimension theory are concerned we mostly follow
[E1] and [E2].

In particular, we note that the boundary of a subset A of a space X is
denoted by Fr A. We denote by C the Cantor set, and by w the collection
of natural numbers. The first infinite ordinal is denoted by wy.

1. Definitions. Let us start with some fundamental definitions.

1.1. DEFINITION. A sequence {(4;, B;)}I, of pairs of disjoint closed
sets in a space X is called inessential (resp. inessential on a subspace F') if
we can find open sets O; (resp. O; open in F), i =1,...,n, such that

AZ‘COZ'CUZ'CX—BZ' and mFI‘OZ‘:@
i=1
(resp. (N~ FrO;)NF = 0). Otherwise it is called essential (resp. essential
on F).

1.2. DEFINITION. A space X is called weakly infinite-dimensional in the
sense of Smirnov, abbreviated S-w.i.d., if for every sequence {(A4;, B;)}2,
of pairs of disjoint closed sets in X there exist open sets O;, i = 1,2,...,
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such that

n
A, CcO,cO,Cc X—B,; and ﬂFrOi = () for some n .
i=1
In [B1] and [B2] we developed a transfinite extension of the covering
dimension, dim. This dimension function classifies all weakly infinite-di-
mensional spaces. We also saw that the classification resulting from R. Pol’s
index [P] is equivalent and that the essential mappings defined by D. W. Hen-
derson [He] give a classification which differs by at most 1 class from the one
resulting from dim. We will see that the subspace theorem does not hold for
the dimension dim. We prove this by constructing spaces X and Y such that
Y contains X topologically and moreover dim X = wg + 1 and dimY = wy.
We also see that this result is relevant to the characterization theorem.
To define the transfinite dimension function dim, we need the following
notions:
Let L be an arbitrary set. Fin L denotes the collection of all finite,
non-empty subsets of L. Let M be a subset of Fin L.
For each o € {0} UFin L we put

M° ={reFinL:cUr e M and oNt=0}.
M1e} is abbreviated as M®.
1.3. DEFINITION. Define the ordinal Ord M as follows:
OrdM =0 iff M =0,
OrdM <« iff foreverya€e L,OrdM® < a,
OrdM =« iff OrdM < a and Ord M < « is not true, and
OrdM =00 iff OrdM > « for every ordinal .
Let X be a normal space. Then we define
L(X)={(A,B): AnNB =1, A and B are closed in X}.
Moreover, let
Mpxy = {0 € Fin L(X) : o is essential} .
We have the following equality:
1.4. THEOREM. Let X be a space. Then
OrdMpxy<n iff dmX<n.m=
This inspired our definition of transfinite dimension dim.
1.5. DEFINITION. Let X be a space. Then dim X = Ord M (x).

We have seen in [B1] that
1.6. THEOREM. For a space X, dim X exists iff X is S-w.i.d. m
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2. The subspace theorem. In [Bl] we have proved the following
subspace theorem on dim.

2.1. THEOREM [B1, 3.1.6]. Let F be a closed subset of a space X. Then
dimF <dimX. m

We also obtained the next result on open subspaces.

2.2. PROPOSITION [B1, 3.5.5]. Let Y be a space and let X be an open

subspace of Y such that wy < dim X < co. Moreover, assume dim(Y — X)
is finite. Then dim X =dimY. =

2.3. EXAMPLE. Let us define Smirnov’s spaces S, for a < wy:

— Sp = {0},
— Sa+1 = Sa X [_17 1]7
— if o is a limit then S, = w(Pjs_, Sp) (one-point compactification).

It is well known that each S, is S-w.i.d. Moreover, dim S, = «. The proof
is completely analogous to [B2; 4.1.11].

The discrete sum Z = @, <wo On 18 mot S-w.i.d. but it is topologically
contained in S,,,. Therefore we see that a subspace X of an S-w.i.d. space
Y need not be S-w.i.d. itself.

So we have Z C S,,,, dim Z = oo and dim S, = wp. =

The natural question arises whether for every S-w.i.d. space Y and every
S-w.i.d. subspace X of Y we have dim X < dimY.

2.4. Remark. For the transfinite dimension function Ind, which has
very similar properties to dim and classifies a similar category of infinite-
dimensional spaces, L. A. Lyuksemburg proved

2.5. THEOREM [L]. Let Y be a metric space and let X be a subspace of
Y such that both Ind X and IndY exist. Then Ind X <IndY. =

Thus for Ind the subspace theorem holds.
We will answer our question in the negative by constructing a counterex-
ample.

3. The counterexample. We will define S-w.i.d. spaces X and Y such
that X CY C S,p41, dim X =wp + 1 and dimY = wy.
Put T,, =S, x I forn=1,2,... and let

Swot1 = Suy x I ={p} x TU @ (Su x I) = {p} x IU P T,..

n<wo n<wo
For the construction of Y, for each n = 1,2,... express the interval
I'=1[-1,1]a I =U__,.1 Knm where Ky, = [(m — 1)/n,m/n]. Fix
some n and some m € {—n +1,...,n}. We may define O? ,i=1,2,...,
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as open intervals in I within K,,, such that O NOJ. =0 for i # j and
1,7 =1,2,... Let us also define

n

Fl= X [-1/(i+1),1/(i +1)] C S,

j=1
foreach n =1,2,... and i = 1,2, ... For each n let
Vi = {(@,9) € S x Ty ¢ Ol
for every m=—-n+1,...,n and every i = 1,2,...}
U{(z,y) €S, xT:ycO! andzc F!
for some m = —n+1,...,n and some i = 1,2,...}.

Clearly, Y,, C T,,.
We define Y = {p} x TUD,, .,
and hence a compact metric space.
Now let us construct the subspace X of Y. Set

Y,,. Then Y is closed subspace of S, +1

I(n) = ( X{O}> xICT, forn=12...
i=1
Note that also I(n) C Y,, for each n = 1,2,... Define X,, =Y,, — I(n) and
X ={p} x1UD,,, Xn- Clearly we have X CY C Sy, 1.
We will prove that dimY = wg but its subspace X is S-w.i.d. and has
dimension dim X > wy.

3.1. CrAaM. dimY = wy.

Clearly, dimY > wq since Y contains closed subspaces of arbitrary large
finite dimension. To show dimY < wyg, let (Ag, By) be a pair of disjoint
closed subsets in Y (in other words, (Ao, By) € L(Y)). We prove that there
exists some finite n; such that

(3.1.1) Ord My 733%™ <ny .

Consider {p} x I in Y as the unit interval [—1,1]. There exists some k
such that for all the subintervals Ky, = [(m—1)/k,m/k], m = —k+1,... k,
we have

if KgmNAg#0 then (Kgm—1UKkm UKy mi1)NBy=0.
For each m we can find some n(m) such that for each n > n(m) we have
(3.1.2) if KpmNAg=10 then (S, X Kgm)NAg=0 and
if KpnNBy=0 then (S, X Kgm)NByg=10.

Put ny = max{2k,n(m) : m = —k+1,...,k}. We prove that ny is as
required. Take {(A4;, B;)}, € Fin L(Y). If we prove

(3.1.3) {(A;,B;)}2, s inessential
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we are done. Let G= @"1_1 Y,,. Then dim G<ny; hence by the theorem on

n=0

partitions [E2; 3.2.6] we can find open sets U; in G, i =0, ...,ny, such that

ni
(314) AZ‘QGCUZ‘CUZ'CG—BZ‘ and ﬂFI‘Ulz(Z)

i=0
Now consider F' =Y — G = {p} x IUD,, <., Yn- Since dim{p} x I =1
we can find open sets V/ in F', i =0,...,n1, such that

n1
ANFCV/cV,CF-B; and ﬂFrVi'ﬁ{p}XI:@.
i=0
There is some ny > ny such that

7rﬁFrI/;-'ﬁ({p}xIU EB Yn) =0.
i=0

no<n<wo
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Fori=0,...,n,let V; =V/ N ({p} x TUD,,, cpcw, Yn)- Then

ni
(3.1.5) PV, =0.

i=0
For each n = ny,...,ny consider the set Y,, and {(4;, B;)};"}, restricted to
the subspace Y,,. The space Y, is compact, (A1, By) is a pair of disjoint
closed sets and for every m = —n+1,...,n we have

lim diam(F}, x O;,,,,) = 0.

Since n > ny > 2k, for every | = —k + 1,...,k there exists an m(l) €

{—n+1,...,n} such that K,,,;) C K.
We can find some iy such that for each m(l), where | = -k +1,...,k,
we have

(3.1.6) (F2x O )NAi=0 or (FPxO0p ,)NB=0.
Let ly,...,l, bealll, —k+1 <1 <k, such that K;; N Ay =0 and Kj; N By
= (). Then by our choice of n; we have for n =ny,...,ns, j=1,...,p

(Sn X chlj) NAg= 0 and (Sn X Kklj) N By = 0.

Since O° . C Kpmay C K, (3.1.2) and the construction of Y;, show
nm(ly) (45)
that the set

p .
; —
Py=JEFEP x 00,
j=1
forms a partition of Y,, between Ay NY, and ByNY,. Consequently, we can
find some open set V' in Y,, such that

(3.1.7) AgNY, CVyrCcVyCY,—By and FrVj'CP,.

By virtue of (3.1.6) and the normality of ¥ we can find an open set V{* such
that

(3.1.8) ANy, cvicVycY,—B and BV'NP,=0.

Then, by (3.1.7), also Fr Vj* N Fr V{* = ().
Now for i =2,...,n; let V" be an open subset of Y,, such that

(3.1.9) ANY,cvrcvrcy, - B;.
Then also (2 Fr V;* = 0. For i =0,...,n; let

Oi:UiUViU< O V">

n=mni
Then each O;, i = 0,...,n1, is an open set in Y such that according to
(3.1.4), (3.1.5) and (3.1.9) we have

(3.1.10) A;CO;,CO;CY — B;.
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Then also (N2, Fr O; = 0. Consequently, we have proven (3.1.3) and we are
done. m

3.2. CLAIM. dim X > wq + 1.

For this, consider A = S,,, x [-1,—1/2] and B = S,,, x [1/2,1]. Clearly,
(A, B) forms a pair of disjoint closed sets in Sy, +1 = Sw, X I. Let Ag = ANX
and By = BN X. We will prove our claim by showing that

Ord Mé’?)o(’)BO) >n for each n < wq.

For this, fix some finite n and consider the subspace T),+1 = Sp41 X

within Sy, 4+1. Observe that C = S,, 11 x{-1} C Aand D = S,,1; x{1} C B
can be considered as opposite faces of the cube T, 1. We have

Spr1={x=(r1,...,xp1) ;€ [-1,1],i=1,...,n+ 1}.

Fori=1,....n+1put C; ={x € Spq1 :x; = -1} and D; = {x € S;41 :
x; = 1}. The pairs (C; x I, D; x I) also form pairs of opposite faces of the
cube T, 41.

In addition, define

F,={x€S,41:2; <0and z; >z, for j #1i},
Gi={r € Spt1:2;, >0and z; <z, for j #1}.
Clearly, C; C F; and D; C G; for i = 1,...,n+ 1. Observe that F; N G; =
{(0,...,0)}. Consequently, F; x ING; x I ={(0,...,0)} x I =I(n+1), so
that by the construction of X we have F; x ING; x INX = (.
Put A, =F,xINXand B; =G, xINXfori=1,...,n+ 1. Itis
sufficient to prove that

(3.2.1) {(A;, Bi)}1— s essential on the subspace X1 .

Assume the contrary. Then there are open sets U;, i =0,...,n, in X,,+1
such that
(3.2.2) A;NX, CU; C UZ CXpy1—B; fori=0,....,n
and (o FrU; = 0. According to [E2; 1.2.9], we can extend the U, to open
sets V; in T}, 41, for ¢ = 0,...,n, such that

(32.3) [(F;—{(0,....,.00 ) x I|NT,.1 CV; CV;
CTht1—[(Gi —{(0,...,0)}) xI] fori=1,...,n
and
CcVycCcVoCTpy1—D, BV,NX,1=FU fori=0,...,n
so that (), Fr V; N X,,41 = 0. For brevity we put £ = (), Fr V; so that
(3.2.4) ENXpe1 =0.
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Let O ={z € S;41: xpy1 < —3/4}. Then
Chy1COCOCSy41—Dpyr.
Thus O x I is an open set in S, +1 X I =T, 41 such that
Chi1xICOXICOXICTpi1—Dpyr x1.
According to the construction of Y and X and the definition of O we have

OxI)-X=0OxI)-Y=0x U o

nm *
i=1,2,...
m=—n+1,....n

Statement (3.2.4) then yields
(OxI)NECO x U o,

i=1,2,...
m=—n-+1,...n

By the compactness of F we may assume

(3.2.5) OxI)NECO x U Ot -
j=1

Moreover, by (3.2.3) we have

(3.2.6) EcC [(sn+1 - CJ(FZ- U Gi)> u{(,... ,0)}} 1.

i=1
For j =1,...,k define

(3.2.7) W, = Spi1 — << Uru Gi> UGpit U Fﬁ/’) .
i=1

Then (3.2.6), ONGpi1 =0, ONEFY =0 and (0,...,0) ¢ O yield
EN(OxI)cW;xI foreachj=1,... k.
Combining this and (3.2.5) we obtain

k
(3.2.8) U W, x Ol
From the definition (3.2.7) it is clear that for j =1,...,k
FI'W]‘ C U(Fl UGZ) UF%J' .
i=1

Together with (3.2.4) and (3.2.6) this gives us
(3.2.9) EN(FrW; x 0%, )=10.
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| 1

I(n)

Now put

Vair = (JW; x 035, ) U (O x I).
j=1

Then according to (3.2.8) and (3.2.9)

n n+1

V=FrVopNE=FV,un[|FV,= )RV

i=0 i=0
By the definition of O and since W; N D, 41 = 0 (since Dy1 C Gpy1) we
have

Cn+1 x I C Vn+1 C Vn+1 C Tn+1 — Dn+1 x 1.

We have already seen that C' C Vy C Vo C T},+1—D. However, the sequence
{(C,D),(Cy x I,Dy x I),...,(Cpy1 X I,Dyyq1 x I)} contains the pairs of
opposite faces of the (n + 2)-dimensional cube T, 1 and hence is essential
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[E2; 1.8.1]. We reach a contradiction. Therefore assertion (3.2.1) is proven
and we are done. m

For the proof of our next claim we need the following proposition [B1;
5.3.2).

3.3. PROPOSITION. Suppose that for a space X there exists a closed
subspace G such that dim G is finite and for each F closed in X such that
GNF =0, dimF is finite. Then dimX < wy+dimG. =

3.4. CLAaM. dim X < wg + 1 and consequently, X is S-w.i.d.

Indeed, we apply Proposition 3.3. Let G = {p} x I. Then dimG = 1.
Moreover, for each F' closed in X and disjoint from G we have F C
@"mzo X,, for some n so that dimF < n + 1 < wqg. Hence dimX <
wg +dim G = wg + 1. By Theorem 1.6 we see that X is S-w.i.d. m

We conclude that X C Y and dimY = wq, but for X we have dim X =

wo + 1.

4. Relation with the characterization theorem. In [B2] we proved
the following theorem:

4.1. THEOREM [B2; 4.2.1]. Let X be a locally compact space and o < wy.
Then dim X > « iff X x C admits an essential map onto J. m

The transfinite cubes J and the concept of essential mappings to J<
are defined by D. W. Henderson [He]. The local compactness restriction
follows from the use of the following product theorem in the proof.

4.2. THEOREM [B1; 3.5.7]. Let X be a locally compact space. Then
dimX =dimX xC. =

In [Ch] V. A. Chatyrko proved the following compactification theorem.
4.3. THEOREM [Ch]. Let X be an S-w.i.d. space. Then:

(1) dim X =dim(X.
(2) We can find a compact metric space Y such that Y contains X topo-
logically and dimY < dim X. m

Combining results 2.1, 4.2 and 4.3 he observes that using the compact-
ification Y of X we can almost prove dimX = dim X x C without the
requirement of local compactness:

: ST SO ' ) ?
dimX xC > dimX > dimY ="dimY xC >dimX x C.

We only need the subspace theorem and we are done.
In this regard, but also considering the general requirements for a di-
mension function, it is a pity the subspace theorem does not generally hold.
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The following question remains unanswered.

4.4. QUESTION. Can Theorems 4.1 and 4.2 be extended beyond the

class of locally compact spaces?

The author is indebted to V. A. Chatyrko and J. van Mill for their

encouragement and advice.
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