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Some refinements of a selection theorem
with 0-dimensional domain

by

E. Mi cha e l (Seattle, Wash.)

Abstract. The following known selection theorem is sharpened, primarily, by weak-
ening the hypothesis that all the sets ϕ(x) are closed in Y : Let X be paracompact with
dim X = 0, let Y be completely metrizable and let ϕ : X → F(Y ) be l.s.c. Then ϕ has a
selection.

1. Introduction. The purpose of this note is to sharpen the follow-
ing selection theorem, primarily by weakening the assumption that the sets
ϕ(x) are all closed in the complete metric space Y . Our study grew out of
some valuable conversations with Roman Pol while he was a visitor at the
University of Washington, and Corollary 1.6 answers a question which he
asked.

Theorem 1.1 [M2, Theorem 2]. Let X be paracompact with dimX = 0,
let Y be completely metrizable, and let ϕ : X → F(Y ) be l.s.c. Then ϕ has
a selection.

In the above result, F(Y ) denotes {E ∈ 2Y : E closed in Y }, where
2Y = {E ⊂ Y : E 6= ∅}. A function ϕ : X → 2Y is l.s.c. (= lower semi-
continuous) if {x ∈ X : ϕ(x) ∩ V 6= ∅} is open in X for every open V in Y ,
and a selection for ϕ is a continuous f : X → Y such that f(x) ∈ ϕ(x) for
every x ∈ X.

The requirement in Theorem 1.1 that each ϕ(x) be closed in Y cannot be
omitted (see [M6, Example 9.1]). Before examining how it can be relaxed,
we pause to record a generalization of Theorem 1.1 in a different direction
which will form the basis for our subsequent results. If A ⊂ X is closed,
we say that ϕ : X → 2Y has the SEP (= selection extension property) at A
if every selection for ϕ|A extends to a selection for ϕ; if ϕ has the SEP at
every closed A ⊂ X, then we simply say that ϕ has the SEP (see [M6, p. 1]).

The following result reduces to Theorem 1.1 when A = ∅.
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Theorem 1.2 [M4, Theorem 1.2]. Let X be paracompact , Y completely
metrizable, A ⊂ X closed with dimX X\A = 0 (1), and ϕ : X → F(Y ) l.s.c.
Then ϕ has the SEP at A.

We now turn to refinements of Theorem 1.2 which do not require that
every ϕ(x) be closed in Y . The simplest of these is the following result,
which reduces to Theorem 1.2 when C = ∅.

Theorem 1.3 [M6, Theorem 1.3]. Let X, Y and A ⊂ X be as in The-
orem 1.2. Let C ⊂ X be countable, and let ϕ : X → 2Y be l.s.c. with
ϕ(x) ∈ F(Y ) for x 6∈ C. Then ϕ has the SEP at A.

It was observed in [M6, Section 8] that Theorem 1.3 remains valid if C
is only assumed to be a countable union of closed, discrete subsets of X.
Proceeding further in this direction, we obtain the following generalization
of Theorem 1.3. We say that ϕ : X → 2Y has the SNEP (= selection
neighborhood extension property) at a closed set A ⊂ X if every selection for
ϕ|A extends to a selection for ϕ|U for some open U ⊃ A; if ϕ has the SNEP
at every closed (resp. singleton) A ⊂ X, then we say that ϕ has the SNEP
(resp. pointwise SNEP).

Theorem 1.4. Let X, Y and A ⊂ X be as in Theorem 1.2. Let C =⋃
n Cn with each Cn closed in X, and let ϕ : X → 2Y be l.s.c. with ϕ(x) ∈

F(Y ) for x 6∈ C and with ϕ|Cn having the SNEP for all n. Then ϕ has the
SEP at A.

R e m a r k. Theorem 1.4 is of some interest even when C = X. In that
case, Y need only be metrizable (rather than completely metrizable), since
we can then simply replace Y by a completely metrizable space containing it.

We now come to the principal results of this paper. Theorem 1.5 sharp-
ens Theorem 1.4 in a new direction, under the mild restriction that A and
the Cn’s areGδ-subsets ofX (2). We adopt the notation that, if ϕ : X → 2Y ,
then ϕ : X → F(Y ) is defined by ϕ(x) = ϕ(x). As observed in [M1, Propo-
sition 2.3], ϕ is l.s.c. if and only ϕ is l.s.c.

Theorem 1.5. Let X, Y , A ⊂ X and C =
⋃

n Cn be as in Theorem 1.4,
and assume that A and the Cn’s are Gδ-subsets of X. Let Z be a Gδ in Y ,
and let ϕ : X → 2Y be l.s.c. with ϕ(x) ∈ F(Z) for x 6∈ C, with ϕ(x) ∩ Z
dense in ϕ(x) for x ∈ C (3), and with ϕ|Cn having the pointwise SNEP for
all n. Then ϕ has the SEP at A.

(1) This means that X\A is non-empty and dim S ≤ 0 for all closed (in X) S ⊂ X\A.
If X is metrizable (more generally, if A is a Gδ in X), this is equivalent to dim X\A = 0.

(2) Examples 6.1 and 6.2 show that this restriction cannot omitted.

(3) Example 6.3 shows that this assumption, which is automatically satisfied when
Z = Y , cannot be omitted.
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While the statement of Theorem 1.5 is somewhat involved, it has the
following easily stated corollary which answers a question raised by R. Pol.

Corollary 1.6. Let X be metrizable with dimX = 0, let Y be completely
metrizable, Z ⊂ Y a dense Gδ, C ⊂ X countable, and ϕ : X → 2Y with
ϕ(x) = Z for x 6∈ C and with ϕ(x) = Y all x ∈ X. Then ϕ has the SEP.

We conclude this introduction with one more result. It was proved in
[M7, Theorem 1.2(b)] that Theorem 1.2 remains valid if the assumption that
ϕ(x) is closed in Y for every x ∈ X is weakened to assuming only that there
exists a Gδ-subset Z of X × Y such that ϕ(x) is relatively closed in Z(x)
for every x ∈ X (4). Similarly, Theorem 1.5 can be generalized as follows.

Theorem 1.7. Let X, Y , A ⊂ X and C =
⋃

n Cn be as in Theorem 1.5.
Let Z be a Gδ in X × Y , and let ϕ : X → 2Y be l.s.c. with ϕ(x) ∈ F(Z(x))
for x 6∈ C, with ϕ(x)∩Z(x) dense in ϕ(x) for x ∈ C, and with ϕ|Cn having
the pointwise SNEP for all n. Then ϕ has the SEP at A.

After establishing some lemmas in Section 2, Theorem 1.4 will be proved
in Section 3, Theorem 1.5 in Section 4, and Theorem 1.7 in Section 5. Section
6 is devoted to examples.

2. Some lemmas. Lemmas 2.1 and 2.2 are simple observations, stated
without proof. Lemma 2.3 will be applied in the proof of Theorem 1.4, and
Lemma 2.5 and Corollary 2.6 in the proof of Theorem 1.5.

Lemma 2.1. If ϕ : X → 2Y has the pointwise SNEP , so does ϕ|E for
every E ⊂ X.

Lemma 2.2. Let ϕ : X → 2Y , let W ⊂ X × Y be open with ϕ(x)∩W (x)
6= ∅ for all x ∈ X, and define α : X → 2Y by α(x) = ϕ(x) ∩W (x). If ϕ is
l.s.c. or has the SNEP at A ⊂ X, then α has the same property.

Lemma 2.3. Let X be paracompact , A ⊂ X closed with dimX X\A = 0,
and let ϕ : X → 2Y have the SNEP at A and at every x ∈ X\A. Then ϕ
has the SEP at A.

P r o o f. Let g be a selection for ϕ|A. We must extend g to a selection
for ϕ.

C a s e 1: dimX = 0. Extend g to a selection h for ϕ|U for some open
U ⊃ A. Choose an open cover (Uλ) of X\A such that ϕ|Uλ has a selection
fλ for each λ. The open cover {U}∪(Uλ) of X has a disjoint open refinement
{U ′} ∪ (U ′

λ). Define f : X → Y by f |U ′ = h|U ′ and f |U ′
λ = fλ|U ′

λ. This f
is a selection for ϕ which extends g.

(4) For E ⊂ X × Y and x ∈ X, we define E(x) = {y ∈ Y : (x, y) ∈ E}.
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C a s e 2: dimX X\A = 0. As in Case 1, extend g to selection h for ϕ|U
for some open U ⊃ A. Pick V open in X with A ⊂ V ⊂ V ⊂ U , and let
X∗ = X\V and A∗ = V \V . Now X∗ is closed in X and X∗ ⊂ X\A, so
dimX∗ ≤ 0. By Case 1 applied to X∗ and A∗, the selection h|A∗ for ϕ|A∗

extends to a selection k for ϕ|X∗. Define f : X → Y by f |V = h|V and
f |X∗ = k. This f is a selection for ϕ extending g.

Corollary 2.4. If X is paracompact with dimX = 0, then ϕ : X → 2Y

has the (pointwise) SEP if and only if it has the (pointwise) SNEP.

P r o o f. This follows immediately from the special case of Lemma 2.3
where dimX = 0.

Lemma 2.5. Let X be paracompact , A ⊂ X a closed Gδ with dimX X\A
= 0, Y metrizable, and let ϕ : X\A→ 2Y have the pointwise SNEP. Suppose
that g : A → Y and that g extends to a continuous f : X → Y such that
f(x) ∈ ϕ(x) for x ∈ X\A. Then g extends to a continuous h : X → Y such
that h(x) ∈ ϕ(x) for x ∈ X\A.

P r o o f. Since A is a closed Gδ in the normal space X, there is a contin-
uous u : X → [0, 1] such that A = u−1(0). Let % be a compatible metric on
Y , and let

V = {(x, y) ∈ (X\A)× Y : %(y, f(x)) < u(x)}.
Then V is open in (X\A) ×Y and ϕ(x)∩V (x) 6= ∅ for all x ∈ X\A. Define
α : X\A→ 2Y by α(x) = ϕ(x)∩ V (x). Then α has the pointwise SNEP by
Lemmas 2.1 and 2.2.

Since X\A is an Fσ in X, we have X\A paracompact (by [M1, Proposi-
tion 3]) and dimX\A = 0. Hence α has a selection k by Case 1 of Lemma
2.3 (with X replaced by X\A and ϕ by α). Define h : X → Y by h|A = g
and h|(X\A) = k. This h satisfies all our requirements.

The following corollary should be compared to Lemma 2.3.

Corollary 2.6. Let X be paracompact , A ⊂ X a closed Gδ with
dimX X\A = 0, and let ϕ : X → 2Y be l.s.c. and have the SNEP at ev-
ery x ∈ X\A. Then ϕ has the SEP at A. More generally , every selection g
for ϕ|A extends to a continuous k : X → Y such that k(x) ∈ ϕ(x) for every
x ∈ X\A.

P r o o f. We may clearly suppose that Y is completely metrizable. Since
ϕ is also l.s.c., g extends to a selection f for ϕ by Theorem 1.2. Hence, by
Lemma 2.5, g extends to a continuous k : X → Y such that k(x) ∈ ϕ(x) for
every x ∈ X\A.

3. Proof of Theorem 1.4. Let g be a selection for ϕ|A. We must
extend g to a selection f for ϕ.
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Let B0 = A and let Bn = A∪
⋃n

i=1 Ci for n > 0. Let % be a compatible,
complete metric on Y . By induction, we will construct selections fn for ϕ
such that:

(a) f0|A = g,
(b) fn+1(x) = fn(x) ∈ ϕ(x) for x ∈ Bn,
(c) %(fn+1(x), fn(x)) ≤ 2−n for all x ∈ X.

Suppose that we had such functions fn. Then (fn) converges uniformly
to a selection f for ϕ by (c). Clearly f extends g by (a) and (b). Also
f(x) ∈ ϕ(x) for x ∈

⋃
nBn by (b), and f(x) ∈ ϕ(x) for x 6∈

⋃
nBn because

ϕ(x) = ϕ(x) for such x by our hypotheses. Hence f is a selection for ϕ
which extends g.

It remains to construct the sequence (fn). Since ϕ is l.s.c., so is ϕ,
and hence g extends to a selection f0 for ϕ by Theorem 1.2. Now suppose
f0, . . . , fn have been chosen, and let us choose fn+1. Let

W = {(x, y) ∈ X × Y : %(y, fn(x)) < 2−n}
ThenW is open inX×Y and ϕ(x)∩W (x) 6= ∅ for all x ∈ X. Define α : X →
2Y by α(x) = ϕ(x)∩W (x). Since ϕ|Cn+1 has the SNEP, so does α|Cn+1 by
Lemma 2.2. Also dimCn+1 Cn+1\(Cn+1 ∩ Bn) ≤ 0 because dimX X\A = 0
and Bn ⊃ A. Hence, by Lemma 2.3, the selection fn|(Cn+1 ∩ Bn) for
α|(Cn+1 ∩ Bn) extends to a selection h for α|Cn+1. Define k : Bn+1 → Y
by k|Bn = fn|Bn and k|Cn+1 = h. This k is a selection for α|Bn+1. Now
α : X → 2Y is l.s.c. by Lemma 2.2, and hence so is α : X → F(Y ). Since
dimX X\Bn+1 ≤ 0 (because Bn+1 ⊃ A), k extends to a selection fn+1 for
α by Theorem 1.2. This fn+1 has all required properties.

4. Proof of Theorem 1.5. The proof proceeds along the same lines
as the proof of Theorem 1.4, but the details are more complicated.

Let g be a selection for ϕ|A. We must extend g to a selection f for ϕ.
Let B0 = A and let Bn = A ∪

⋃n
i=1 Ci for n > 0. Then Bn is a Gδ in X

for all n. Let % be a compatible, complete metric on Y . Since Z is a Gδ in
Y , it is completely metrizable; let d be a compatible, complete metric on Z.
Finally, define ψ : X → F(Z) by ψ(x) = ϕ(x) ∩ Z. Our assumptions imply
that ψ(x) = ϕ(x) for x 6∈ C and that ψ(x) = ϕ(x) for all x ∈ X. Thus ψ is
l.s.c., and hence so is ψ.

By induction, we will construct selections fn for ϕ such that:

(a) f0|A = g,
(b) fn+1(x) = fn(x) ∈ ϕ(x) for x ∈ Bn,
(c) %(fn+1(x), fn(x)) < 2−n for all x ∈ X,
(d) fn(x) ∈ ψ(x) for x 6∈ Bn,
(e) d(fn+1(x), fn(x)) < 2−n for x 6∈ Bn+1.
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Suppose that we had such functions fn. Then (fn) converges %-uniformly to
a continuous f : X → Y by (c), and f extends g by (a) and (b). Finally, if
x 6∈

⋃
nBn then f(x) ∈ ψ(x) = ϕ(x) by (d) and (e), and if x ∈

⋃
nBn then

f(x) ∈ ϕ(x) by (a) and (b). Thus f is a selection for ϕ which extends g.
It remains to construct the sequence (fn). Since ϕ is l.s.c., g extends

to a selection g′ for ϕ = ψ by Theorem 1.2. Also X\A is an Fσ in X, so
X\A is paracompact (by [M1, Proposition 3]) and dimX\A = 0. Hence
ψ|(X\A) : X\A → F(Z) has the SEP by Theorem 1.2. By Lemma 2.5, g
therefore extends to a continuous f0 : X → Y such that f0(x) ∈ ψ(x) for
x ∈ X\A.

Suppose now that we have f0, . . . , fn. To construct fn+1, we will first
extend fn|Bn to a suitable selection h for ϕ|Bn+1 and will then extend h to
obtain fn+1.

Since fn(x) ∈ ψ(x) ⊂ Z for all x ∈ X\Bn, we can define

V = {(x, y) ∈ (X\Bn)× Z : d(y, fn(x)) < 2−n} .

Then V is relatively open in X × Z, so V = Ṽ ∩ (X × Z) for some open Ṽ
in X × Y . Define

W = Ṽ ∩ {(x, y) ∈ X × Y : %(y, fn(x)) < 2−n} ,

so W is open in X × Y .
For all x ∈ X\Bn we have fn(x) ∈ ψ(x) ⊂ ϕ(x) and fn(x) ∈ W (x);

we can thus define α : X\Bn → 2Y by α(x) = ϕ(x) ∩W (x), and we note
that fn(x) ∈ α(x) for all x ∈ X\Bn. Since ϕ|Cn+1 has the pointwise SNEP,
so does ϕ|(Bn+1\Bn) by Lemma 2.1, and hence so does α|(Bn+1\Bn) by
Lemma 2.2. Also Bn is a Gδ in X, and dimBn+1Bn+1\Bn ≤ 0 because
dimXX\A = 0 and Bn ⊃ A. Thus, by Lemma 2.5, fn|Bn extends to a
continuous h : Bn+1 → Y such that h(x) ∈ α(x) for every x ∈ Bn+1\Bn.

Define β : X → 2Y by

β(x) =
{
{fn(x)} if x ∈ Bn ,
ψ(x) ∩W (x) if x ∈ X\Bn .

Using Corollary 2.6, we will extend h to a continuous fn+1 : X → Y such
that fn+1(x) ∈ β(x) for every x ∈ X\Bn+1.

To apply Corollary 2.6, recall that Bn+1 is a Gδ in X, and note that
β is l.s.c. because β|(X\Bn+1) is l.s.c. (by Lemma 2.2) and fn(x) ∈ β(x)
for all x ∈ X. Next, every closed (in X) E ⊂ X\A is paracompact and
0-dimensional, so ψ|E : E → F(Z) has the SEP by Theorem 1.2; it follows
that ψ has the SNEP at every x ∈ X\A, and hence so does β. Finally,
h is a selection for β|Bn+1, because if x ∈ Bn then h(x) = fn(x) ∈ β(x),
and if x ∈ Bn+1\Bn then h(x) ∈ ϕ(x) ∩W (x) ⊂ ψ(x) ∩W (x) ⊂ β(x). By
Corollary 2.6, we can therefore extend h to a continuous fn+1 : X → Y such
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that fn+1(x) ∈ β(x) for every x ∈ X\Bn+1, and this fn+1 satisfies all our
requirements.

5. Proof of Theorem 1.7. The proof of Theorem 1.7 is similar to
the proof of Theorem 1.5, with two principal modifications. The first of
these, which is easy, replaces references to Theorem 1.2 by references to the
following generalization of Theorem 1.2.

Theorem 5.1 [M7, Theorem 1.2(b)]. Let X, Y and A ⊂ X be as in
Theorem 1.2, let Z ⊂ X × Y be a Gδ, and let ϕ : X → 2Y be l.s.c. with
ϕ(x) ∈ F(Z(x)) for every x ∈ X. Then ϕ has the SEP at A.

The second modification in the proof of Theorem 1.5 is more technical,
and concerns condition (e) on the sequence (fn). That condition depends on
the existence of a compatible, complete metric d on Z ⊂ Y , and no analogue
of such a metric appears to be available for Z ⊂ X×Y in Theorem 1.7. We
now indicate how that difficulty can be circumvented.

Since Theorem 1.7 assumes that Z is a Gδ-subset of X × Y , we can
write Z =

⋂
nGn with each Gn open in X × Y . Now inductively construct

two sequences, a sequence (fn) of selections for ϕ and a sequence (Hn) of
open subsets of X ×Y , satisfying conditions (a)–(d) for (fn) in the proof of
Theorem 1.5 as well as the following replacement for condition (e):

(e′) fn+1(x) ∈ Hn+1(x) ⊂ Hn+1(x) ⊂ Hn(x) ∩Gn+1 for x 6∈ Bn.

This guarantees that f = limn fn satisfies all our requirements.
To construct the sequences (fn) and (Hn), we begin by setting G0 =

H0 = X × Y and choosing f0 as in the proof of Theorem 1.5 (but invok-
ing Theorem 5.1 instead of Theorem 1.2). Once we have f0, . . . , fn and
H0, . . . , Hn, we note that fn(x) ∈ Hn(x)∩Gn+1 for x 6∈ Bn, and we choose
an open Hn+1 in (X\Bn)× Y such that

fn(x) ∈ Hn+1(x) ⊂ Hn+1(x) ⊂ Hn(x) ∩Gn+1 for x 6∈ Bn .

(The existence of such anHn+1 follows easily from the fact thatX\Bn, being
an Fσ in X, is paracompact.) Having chosen Hn+1, we now construct fn+1

as in the proof of Theorem 1.5, with Ṽ replaced by Hn+1 in the definition
of W and with the reference to Theorem 1.2 replaced by a reference to
Theorem 5.1.

6. Examples. Our first example shows that the requirement in Theo-
rem 1.5 that the Cn’s are all Gδ-subsets of X cannot be omitted. As usual,
R denotes the reals, Q the rationals, and P the irrationals.

Example 6.1. Let X be the one-point compactification of an uncount-
able discrete space, and let x∗ ∈ X be the point at infinity. Let Y = R,
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and define ϕ : X → 2Y by ϕ(x∗) = Q and ϕ(x) = P if x 6= x∗. Then all
assumptions of Theorem 1.5 are satisfied, with C1 = {x∗} and with A and
the other Cn’s all empty, except that C1 is not a Gδ in X. Nevertheless, ϕ
has no selection.

P r o o f. Suppose f were a selection for ϕ, and let y∗ = f(x∗). Then
{x∗} = f−1(y∗), so {x∗} is a Gδ in X, which is impossible.

Our next example shows that the requirement in Theorem 1.5 that A is
a Gδ in X cannot be omitted.

Example 6.2. Let X be a first-countable, paracompact space with
dimX = 0 which has a countable, closed, non-Gδ subsetA = {x1, x2, . . .}(5).
Let Y = R, and define ϕ : X → 2Y by ϕ(x) = Q if x ∈ A and ϕ(x) = P if
x 6∈ A. Then all assumptions of Theorem 1.5 are satisfied with Cn = {xn},
except that A is not a Gδ in X. However, ϕ does not have the SEP at A.

P r o o f. Let g be the selection for ϕ|A defined by g(x) = 0 for x ∈ A. If
g extended to a selection f for ϕ, then A = f−1(0) would be a Gδ in X, a
contradiction.

Our last example, which was kindly provided by Roman Pol, shows that
Theorem 1.5 becomes false if the requirement that ϕ(x)∩Z is dense in ϕ(x)
for x ∈ C is omitted.

Example 6.3. Let X be a non-empty, completely metrizable space with-
out isolated points, let Y = [0, 1] and let Z = (0, 1]. Then there exists a
countable C ⊂ X, and a l.s.c. ϕ : X → 2Y with ϕ(x) = Z for x 6∈ C and
with ϕ(x) ∈ F(Y ) for x ∈ C, such that ϕ has no selection.

P r o o f. Let x0 ∈ X. Since no x ∈ X has a countable neighborhood, we
can choose disjoint countable sets C0, C1, . . . in X, with C0 = {x0}, such
that each C0 ∪ . . .∪Cn is closed in X and is the set of accumulation points
of Cn+1. Let C = C0 ∪ C1 ∪ . . . , and define ϕ : X → 2Y by

ϕ(x) =

 {0} if x = x0 ,
{0} ∪ [1/n, 1] if x ∈ Cn ,
(0, 1] if x 6∈ C .

It is easily checked that ϕ is l.s.c., so it remains to show that ϕ has no
selection.

Suppose f were a selection for ϕ. Let D = f−1(0). Then x0 ∈ D ⊂ C
and D is closed in X. Also D has no isolated points, for if x ∈ D ∩ Cn,
there is a sequence xi → x with xi ∈ Cn+1; since f(x) = 0 and f(xi) ∈

(5) One can, for example, take X to be the set R, topologized by {U∪S : U open in R,
S ⊂ P} (this X is sometimes called the Michael line), and take A to be the rationals in
X. See [M5] or [B, pp. 390–391].
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{0} ∪ [1/(n+ 1), 1] for all i, it follows that f(xi) = 0 (and hence x ∈ D) for
almost all i. Thus D is a non-empty, closed, countable subset of X without
isolated points, and that is impossible.
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