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Algebras of Borel measurable functions
by

Michal Morayne (Wroctaw)

Abstract. We show that, for each 0 < a < wi, in the ath class in the Baire
classification of Borel measurable real functions defined on some uncountable Polish space
there is a function which cannot be expressed as a countable union of functions which
are (on their domains) in the ath class in Sierpiriski’s classification. This, in particular,
solves positively a problem of Kempisty who asked whether for 1 < o < wj the ath Baire
and Sierpinski classes are different. We also show that, for every «, in the ath class of
Sierpiriski’s classification there is a function which cannot be expressed as a countable
union of functions each of which is on its domain in one of the two ath classes of Young’s
classification (we refer here to the classical numbering of Baire’s, Young’s and Sierpinski’s
classes and not to the one used in the paper).

1. Introduction. In [CM] and [CMPS] the following diagram was
considered:
Ua
/ N\
(1) B, L,uU, — B,41,

\ /
L.

where B, is the ath class in the Baire classification of real functions defined
on [0, 1] and L,, and U, are the classes of limits of, respectively, nondecreas-
ing and nonincreasing sequences of functions from B, ; the arrows stand for
proper inclusions. It was shown there that in every class of (1) there is a
function which cannot be expressed as a union of countably many partial
functions from lower classes. In the present paper, considering the algebra
L., + U, of all algebraic sums of functions from L, and U,, we add to
(1) the following diagram (cl stands for closure in the uniform convergence
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topology):
(2) L,UuU, - L,+U, — cl(Ly +U,) =B,t1

(the equality in (2) was proved by Sierpinski in [So] for @« = 0 and the
proof remains the same for all @ < wq). In fact, we consider algebras of
bounded functions and then the diagram (2) gets more subtle (b stands for
the bounded functions in the given class):

(3) bL,UbU, — bL, +bU,,
— cl(bLy +bU,) — b(cl(Ly +Uy)) =bBag -

Again we show that in every class displayed in (3) there exists a function
which cannot be expressed as a sum of countably many partial functions
from lower classes. This, in particular, implies that the second inclusion
from (2), L, + U, C cl(L,y + U,) = Bay1, is proper. This solves a prob-
lem of Kempisty [Ke] (for @ = 0 the inclusion was shown to be proper by
Sierpinski [S1]).

We work in a more general setting enabling us to obtain, for example,
analogous results for functions measurable with respect to the projective
classes X!.

2. Notation, definitions and basic facts. We use standard set-the-
oretical notation. N is the set of positive integers, R the set of reals, and
P(A) the family of all subsets of a set A. If A is fixed and A C P(A)
then A° = {A\ B: B € A}. As will stand for all countable intersections
of elements of A. A family A C P(A) is a partition of A if JA = A
and for all XY € A, X # Y, we have X NY = (. If A C P(A) and
X C A, then AIX ={YNX:Y € A}. We denote by r(A) the ring of
sets generated by A, i.e. the smallest family containing A and closed under
taking complements and finite unions. Suppose that A C P(A) is a family
of sets. We say that A is a o-class if {0, A} C A and A is closed under
finite intersections and countable unions. If A C P(A), then we denote by
A’ the minimal o-class containing r(.4). The symbol y4 will denote the
characteristic function of A. The domain of a function f will be denoted
by dom f and its range by Rg f. If A and B are sets, then 4B is the set
of all functions with domain A and range contained in B. If f € 4B and
C C A, then f|C denotes the restriction of f to C. We write 4B for the

set of all partial functions from A to B, i.e. 4B = {fe®B:C C A}. Let
f be a real function defined on some set A; then inf f = inf{f(z) : z € A},
sup f = sup{f(z) : x € A} and if f is bounded || f|| = sup|f|. If H is any
class of real functions, we denote by bH the class of all bounded functions

from H, and by clH the class of all uniform limits of functions from H. For
QgZRand'HQZRletg—i-'H:{g—l—h:gEQandhEH}. Let A C R.
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We denote by VB(A) the family of all real functions of bounded variation
on A, and by C(A) the continuous functions on A.

We write A/ and C for the spaces "N and {0, 1}, respectively, with the
product topology. The first space is homeomorphic to the irrational numbers
and the second to the Cantor set.

Let Z be any set. Let F C 2R and G C \g]R. We denote by dec(F,G)
the least cardinal k such that for every f € F one can find a family {g, :
a < k} C G such that {dom g, : @ < k} is a partition of Z and f = (J{ga :
a < k}. We shall only use this definition when it makes sense, i.e., when
such subfamilies of G exist.

Suppose A is a o-class. We denote by MLA the family of all functions
f € ZR such that f~!((—oc0,c)) € A for every ¢ € R. Similarly, MA is
the family of all f € R such that f~1((c,00)) € A for every ¢ € R. Note
that f € MA if and only if —f € MA. We put MA = MANMA. We
denote by MpA, M A and MpA the functions from M.A, MA and MA,
respectively, for which Rg f C B. Note that if A is a o-class and B is closed
then MpA, MgA and MpA are complete metric spaces (in the uniform
convergence topology) and the same is true for bM.A, bM.A and bM.A.
Let RMpA = U{Mz(A|X) : X € P(2)}, RMpA = J{Mp(A|X) : X €
P(2)}, ROMg A+ MpA) = {My(A/X) + Mp(AX) : X € P(Z)} and
R(cl(bMgA+bMpA)) = J{cl(bMz(A|X) +bMp(A|X)): X € P(Z)}.

We use standard notation from Descriptive Set Theory. For example, X9
(I1%) denotes the ath additive (multiplicative, resp.) class in the hierarchy
of Borel sets, and X} is the nth projective class in the hierarchy of projective
sets.

For X a Polish space and o < wy, let Bo(X) = {f € *R: f7}Q) €
X9, o (X) for each G open in R}. If X = R we write briefly B, (R) = B,
We have B, (X) = MY}, (X). We also write L, (X) and Uy (X) to denote
MXY. (X)) and MXY,  (X), respectively. For X = R we write L, (R) = L,
and U,(R) = U,. Obviously, Lo(X) and Uy(X) are the classes of lower
and upper semicontinuous functions on X with values in R.

Remark. In the classical notation the class B, for o < w and B, for
« > w is called the ath class in the Baire classification and the classes L,
U, (L, 4+ U,) for a < w have the number o+ 1 and for o« > w the number
a in Young’s (Sierpinski’s, resp.) classification (compare for instance [L]).

We say that a class A has the reduction property if for any A,B € A
there are A*, B* € A such that A* C A and B* C B, A* N B* = () and
A*UB* = AU B. Note that if 1 < a < wy, then X9 has the reduction
property. The same is true of X1 n € N. Moreover, if Z is zero-dimensional,
then X¥(Z) also has the reduction property.

Following the idea used in [Mo] we deal in this paper with a certain fixed
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family 7 of Polish spaces such that:

(i) if X € Z € 7 and X is a closed subset of Z, then also X € 7;
(ii) 7 is closed under finite Cartesian products;
(iii) VR € 7.

As in [Mo] the idea is to include in 7 any Polish space one wants to
consider.

Now assume that to each Z € 7 we have assigned a certain family
A(Z) of subsets of Z. Denote by A the collection of all these families. We
say that A is closed under continuous substitutions if for each XY € T
and for every continuous function f € XY we have f~1(4) € A(X) for
every A € A(Y'). We shall call A a hereditary o-class if A is closed under
continuous substitutions and if for each Z € 7 the following two conditions
are satisfied:

(I) A(Z) is a o-class;
(II) A(Z2)|X = A(X) for each closed X C Z.

Obviously, X9 a < wy, and X!, n € N, are examples of hereditary o-classes.

Let X and Y be any sets. For AC X xY andz € X let A, ={yeY:
(x,y) € A}, TACP(Y),aset AC X xY is called a universal set for A
if A={A;:2 € X}. Recall that if X and Y are Polish spaces and X is
uncountable, then for any « < w; there is a universal set for X%(Y) in the
class X9(X x Y), and the same is true for the classes X} n € N (see [Mo]).

Let F € YR and (z,y) € X x Y. We put F,(y) = F(z,y). A
function F € ¥XYR is called a universal function for a class H C YR if
H={F,:x€ X}.

We shall use the following known facts. Theorems 2.A and 2.B were
formulated in [CMPS, Cor. 2.2 and Cor. 2.4] in a weaker form but, in fact,
they are exactly the theorems proved there.

THEOREM 2.A. If A is a o-class of subsets of Z with the reduction prop-

erty, then for every countable family of functions H C MA there exists
g € MA such that inf |f — g| > 0 for every f € H. m

THEOREM 2.B. If A is a o-class of subsets of Z and f € MA, then the
set {g € MA :inf |f — g| > 0} is open and dense in MLA. mu

THEOREM 2.C ([CM, Th. 2.1]). If Z € T and A is a hereditary o-class
such that A(Z) has a universal set in A(C x Z), then there exists a universal

function for MA(Z) in MA(C x Z). =

THEOREM 2.D (see, for instance, [CM, Prop. 1.1]). If n € N and A is a
o-class then f € RM;_, 1A if and only if there exists f* € M_, 1A such
that f = f*|dom f. A similar result holds for functions from M[_nﬁn]A. n
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Now to formulate Theorem 2.E ([H, XIV, p. 277]) we introduce some
notation used in [H].

A family F of real functions defined on a common domain D will be
called an ordinary function system if

(i) every real function which is constant on D is in F;
(ii) the maximum and minimum of two functions from F is in F;
(iii) the sum, difference, product, and quotient (with nowhere vanishing
denominator) of two functions from F is in F.

An ordinary function system F is called complete if it also satisfies the
following condition:

(iv) the limit of a uniformly convergent sequence of functions from F is
in F.

Let A and B be two families of functions. The function f is said to be
of class (A, B) if for each ¢ € R the set f~((c,o0)) is in A and the set
FY([e,00)) is in B ([H, p. 267]).

Let F be a given family of functions defined on a common domain. Let
f range over F, and let g and h range over all real functions which are
pointwise limits of, respectively, nondecreasing and nonincreasing sequences
of functions from F. Then the sets of the form f~!([c,>)), g7 1((c, <)),
h=1([c,0)) will be called N, P, Q sets, respectively ([H, p. 270]). Countable
intersections of N sets will be called N sets. P and Q will stand for the
families of all P and Q sets respectively.

The functions forming the least complete ordinary function system over
F will be called v functions ([H, VII, p. 272]).

The following theorem was proved in [H, XIV, p. 277].

THEOREM 2.E. Let F be an ordinary function system. If Qg is a Q
set, then each function ¢ : Qo — R which is of class (P|Qo, Q|Qo) can be
extended to a function of class (P, Q), that is (see [H, VII, p. 272]), to a v
function. m

We now derive a corollary we shall use in the sequel.

COROLLARY 2.F. If A is a o-class of subsets of some set Z and if ¢ €
M(A'|S) where S € As, then ¢ can be extended to some ¢* € MA'.

Proof. Notice that all B € A are N sets for the ordinary function
system MA’, because yg € MA’. Thus the sets from As are Nj sets and
therefore Q sets ([H, VI, p. 271]). Thus, by Theorem 2.E, the function ¢
can be extended to a v function ¢*. But, as MA’ is a complete ordinary
function system ([H, III, p. 268]), every v function is in ML.A". m
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3. Algebras of measurable functions

LEMMA 3.1. Let A be a o-class of subsets of Z. Let h € MLA, [Rgh| < R,
v € MA. Then for each € > 0 there exists g € M_; 1A such that |g|| < e
and inf |g + h — v| > 0.

Proof. Let Rgh = {ay,...,an}, a1 < ... < ay. Let A, ={z€ Z:
h(z) = a;}, i < n. Assume ¢ < 1. By Theorem 2.B for each i < n there
exists g; € M|_; 1)(A|A;) with inf |g; +a; —v| > 0 and [|g; —e(n—1)/(2n)|| <
£/(4n). Observe that sup ¢g;11 <infg;, ¢ =1,...,n—1. Define g(z) = ¢;(2)
for z € A;, i < n. To see that g € M;_; ;A we check that g (a,1]) € A
for each a € [0,1]. Assume first that
(1) min g < a < max g,
for some k£ < n. Then

k—1 k—1
1) =JAvg (1) = JA4uBnA)
i=1 i=1
for some B € A. Further, we have

Uavwnan=(Uaju((Ua)na) e

If (1) is not satlsﬁed one can easily see that either

k
)=JAieA

for some k < n, or g~ *((a,1]) =0. =
We now apply Lemma 3.1 to prove the following:

LEMMA 3.2. Let w € MLA. Then the set {(l,u) € M, A X M)A
inf [u 41 — w| > 0} is residual in M;_; JA x M[_11)A, in fact open and
dense.

Proof. Let u € M[,L”A, le M_;;)A ¢ > 0. Let n € N and
n > e~ 1. Define A; = u‘l([(i Dn=tyin™Y) forie {-n+1,...,n— 1},
Ap=u([(n—-1)n"1,1]) and h = Zl_ i1 (i —1)n" xa,. Obviously, h €
M_1 A, |lu—h| < e and [Rgh| < Rg. Let ' = max(min(l,1 —¢), -1 +¢)
and —I' + w = v. The functions h and v satisfy the conditions of the
hypothesis of Lemma 3.1 and, by that lemma, there exists g € M[,L”A
such that [|g|]| < € and § = inf|g + h + 1" —w| > 0. Of course (I' 4+ g,h) €
M, 11]A><M[ 1,1]A and for any pair (I,0) € M, 11A><M[ 1,1]A such

that ||@ — h|| < 6/2 and ||l — (I’ + g)|| < 6/2 we have inf [+ —w| > 0. m
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We also need the following dual lemma.

LEMMA 3.3. Let w € MA. Then the set {(I,u) € M|_; ;A x M_;jA:
inf [u + 1 —w| > 0} is residual in M;_; ;) A x M_1 1A, in fact open and
dense. m

From Lemmas 3.2 and 3.3 and the Baire category theorem we derive the
following corollary.

COROLLARY 3.4. If A is a o-class of subsets of Z, then for every count-
able family H C MAUMA there exists f € M;_; ) A(Z) + M[_1 1jA(Z)
such that f(t) # g(t) for every g € H and everyt € Z. m

We are now able to prove our first decomposition theorem. The scheme
of the proof is, in fact, the same as for Theorem 3.2 of [CMPS].

THEOREM 3.5. Let A be a hereditary o-class, and let Z € T be uncount-
able and such that A(Z) has a universal set in A(C x Z). Then there exists
feM_y yAZ) + M1 1) A(Z) such that there is no countable partition of
Z, Z =\ J{Z, : n € N}, such that f|Z, € M(A(Z)|Z,) UM(A(Z)|Z,) for
every n € N. In other words,

dec(M;_; 1 A(Z) + M[_1 A(Z), RMA(Z) U RMA(Z)) > Ry .

Proof. Let C C Z be homeomorphic to C. Let F' € M_; ; A(C x
Z) and G € M|_1 1)A(C x Z) be universal functions for M, ;JA(Z) and
M[,M]A(Z), respectively. Let m = (71, 72,...) : C — NC be a fixed homeo-
morphism. For every n € N let f, € M;_, ;) A(Z) and g, € M|_; 1} A(Z)
be such that f,(t) = F(m,(t),t) and g,(t) = G(m,(t),t) for every t € C.
By Corollary 3.4 there exists f € M;_; 1;A(Z) + M|_11]A(Z) such that
f(t) # gn(t) and f(t) # fn(t) for each t € Z.

Now assume that f = [J{hx : k € N} and hy, € RMA(Z) U RMA(Z)
for each k € N. Let h} € MA(Z) UMA(Z) be an extension of hy (see
Theorem 2.D). There exists ¢ € C such that for every k € N and for every
t € Z either hj(t) = F(mi(c),t) or hi(t) = G(mi(c),t). Thus f(c) € {fr(c) :
k € N} U{gk(c) : k € N}, which is impossible. m

COROLLARY 3.6. If Z is an uncountable Polish space, then for any o < wq
dec(La(Z) + Uy(Z),RLA(Z)URUL(Z)) > Ny. m

COROLLARY 3.7. If Z is an uncountable Polish space, then for anyn € N
dec(MXL(Z) +MIL(Z), RMEZL(Z) URMEL(Z)) >Ry . =

We shall need the following lemma.
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LEMMA 3.8. If A is a hereditary o-class, Z € T and A(Z) has a universal
set in A(C x Z), then for every n € N the class M_,, JA(Z)+M[_p, o A(Z)
has a universal function in My_,, 1 A(C X Z) +M[_p nJA(C X Z).

Proof. Let ¢ = (¢1,¢2) : C — C? be any homeomorphism. Let F €
M, AC x Z) and G € M[_,, , A(C x Z) be universal functions for
M,_,, ,JA(Z) and M_,, ,,; A(Z), respectively. Then H(c,z) = F(¢1(c),z)+
G(p2(c),z) is a universal function for M;_,, ., A(Z) + M, ,JA(Z). =

LEMMA 3.9. Let A be a o-class of subsets of some set Z. If A € r(A)
then x4 € bMA + bMA.

Proof. The family
S={Aer(A):xa € bMA+bMA}

is obviously closed under finite intersections and taking complements and
at the same time A C S. Thus S =7(A). n

LEMMA 3.10. Let n € N, let A be a o-class of subsets of some set Z and
g €My nA+M_nynA N €N. Then there exists w € bMA + bM.A
such that ||g — w|| < 27! and

2" TN
w= )y i-27"xa,,
i=—2n+1N

where the sets A; are pairwise disjoint and, for each i, A; € r(A) and
therefore x4, € bMLA + bMA.

Proof. Let g =u+1,1 € M_ynA and u € M[,N,N]A. Let B; =
7H(i-27"(i+1)-27"]) and C; = = *([i-27™, (i +1) - 27™)). The sets B;
and C; belong to r(A). Let

2NN 2N N 2’VL+1N
w = E i-27"xB;_, + E i-27"xe, = E J-27"xa,
i=—2"N i=—2"N j=—2n+t1N

where A; = J{B;NCk : i+ k+1=j}. It follows from Lemma 3.9 that w
is the function we need. =

LEMMA 3.11. Let A be a o-class of subsets of some set Z. Let f,g €
bMA +bMA. Let e > 0. Then there exists h € bMA + bMA such that
|h — gl < 3¢ and inf |h — f| > /3.

Proof. By Lemma 3.10 there exist ¢ = Zi\;l cixa, and Y= Zjle dixB,
such that A;, B; € 7(A), i < N, j < M, the sets A; are pairwise disjoint,
the Bj are pairwise disjoint, ||f — ¢|| < ¢/3, and ||g — ¢|| < /3. Taking
appropriate intersections we can assume that for each j < M there exists
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i < N such that B; C A;. Let B; C A;. Then we define h on B; in the
following way:

h‘B-— w‘Bj if’dj—ci’228/37
T\ WIBj +2e if|dj—ci| <2/3. m

LEMMA 3.12. If A is a o-class of subsets of Z then for every countable
family G C cl(bMA + bMA) there exists g € cl(bMA + bM.A) such that
inf |f —g| > 0 for every f € G.

Proof. By Lemma 3.11 for any f € G the family {h € cl(bM.A+bMA) :
inf |f — h| > 0} is residual in cl(bM.A + bM.A). As the latter space is
complete, the lemma follows by the Baire category theorem. m

THEOREM 3.13. Let A be a hereditary o-class on T. Let A(Z), for some
uncountable Z € T, have a universal set in A(C x Z). Then there exists
a function f € cl(bMA(Z) + bMA(Z)) for which there is no countable
partition Z = \J{Zmn : m € N} such that f|Z,, € MA(Z)|Z, + MA(Z)| Z,,

for each m € N. In other words,
dec(cl(bMA(Z) +bMA(Z)), RIMA(Z) + MA(Z))) > Xg .

Proof. Let C' C Z be homeomorphic to C. By Lemma 3.8 for eachn € N
there exists G, € M[_,, 1 A(C X Z) +M[_,, ] A(C x Z) which is a universal
function for My_,, .1 A(Z) + M|_ ) A(Z). Let m = (m1,7m2,...) : C = C
be a fixed homeomorphism. Let g,(t) = G, (7, (t),t) for every ¢t € C. It is
easy to see that g, € M;_, 2 A(Z) + M[_, »A(Z). By Lemma 3.12 there
exists f € cl(bMLA(Z) + bMA(Z)) such that f(t) # gn(t) for each t € Z
and for each n € N.

Assume there is a partition Z = |J{Z,, : m € N} such that f|Z,, €
M(A(Z2)|Zm) + M(A(Z)|Z,,) for each m € N. Let f|Zy, = lyn + un
where 1, € MA(Z)|Z,, and u,, € MA(Z)|Z,,. Let Zpy, = {x € Zy, :
|l (x)] < n and |upy(x)] < n}. Of course | J{Zmnn : n € N} = Z,,,. Let
lmn € M_,, ,JA(Z) and upm,n € M|_,,.,]A(Z) be extensions of Iy, | Zy, » and
U | Zim ., respectively (see Theorem 2.D). There exists ¢ € C' such that for
each pair m,n € N there exists i(m,n) € N such that l,, ,,(t) + umn(t) =
Gi(m,n) (Ti(m,n)(c), t) for each t € N. Let ¢ € Zy,, ,, for some m,n € N. Then
f(e) = lnn(c) + Umn(€) = Gitm,n)(c), which is a contradiction. m

COROLLARY 3.14. If Z is an uncountable Polish space, then for any
o < wip

dec(cl(bLo(Z) + bUW(2)), R(La(Z) + Uys(Z))) >Ny . =
COROLLARY 3.15. If Z is an uncountable Polish space, then for anyn € N
dec(cl(bM X} (Z) +bMX} (Z)), RME(Z) + ME}(Z))) > RNy =
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LEMMA 3.16. Let A be a o-class of subsets of some set Z. If f € cl(bML.A
+ bMA), then for given n € N and § > 0 there erists v € bML.A + bM.A
such that ||f —v| < 27"t Rgv C {i-27" :i € Z} and v(z) < v(y) implies
flx) < f(y)+ 9 forallz,y € Z.

Proof. Let m € N, m >n+ 1 and 2712 < §. Let ¢ € bM.A + bM.A
and || f — g|| < 27™. By Lemma 3.10 there exists

M

w = Z i 2_m_1XAi ;

i=—M

where M €N, ||g—w]| <27™, the sets A; are pairwise disjoint and, for
each i, A;€7(A) and thus x4, EbMA+bMA. Then ||w — f||<27™F. Let
v(z) = [2"w(x)]-27". Obviously RgvC{i-27" :i€Z} and || f —v| <27 "L
If v(x) <v(y) then w(x)<w(y), whence f(z) < f(y) +2 " 2 < f(y)+6.m

THEOREM 3.17. Let A be a o-class of subsets of some set Z. Then each
f € cl(bMA+bMA) can be expressed as the superposition f = goh where
h e bM[fl,l]A+ bM[_l,l]A and g < C([—2, 2}) N VB([—2, 2])

Proof. Let f € cI(bMA +bMA). Let ||f|| < N € N. The function f
is the uniform limit f = lim,_ o v, of functions v,, € bM.A + bM.A. By
Lemma 3.16 we can assume that Rgv, C {i/2" :i € Z}, || f — vn|| < 277 F!
and that

(%) vn(x) <vn(y) implies f(z) < f(y) + 6n,
where 0, = (N +1)"t.2727=2 Let v, = l,, + up, where [, € bM.A and
u, € bMA. Let v(z) = (vi1(z),v2(x),...). Let s be the function defined on
Rgv as s(vi(z),v2(x),...) = lim,_ o v, (x). Of course f = sov.

Now, let au,, n € N, satisfy the following conditions:

1°a, >0,neN;
2° apsup [l,| < 27" and ap, sup |u,| <277
3% 27" > 23, ag(sup |1 + sup |ug).

Let
d(v(z)) = Z apvn(x) = Z aply () + Z anun ().

The convergence of the series follows from 2°. From 3° it follows that ¢ is 1-1.
We have f = sov = (so¢~1)o(pov). Of course gpov € M[,L”A—FM[,M]A
and we put h = ¢pov.

Now we show that ¢ = s o0 ¢! can be extended to a function g €
VB([-2,2]) N C([—2,2]). To this end it is enough to show that ¢ can be
extended to a continuous function ¢ on cl(dom ¢) and that ¢ is of bounded
variation on its domain.
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Let s, = > o anvp(zg) and ty = Y o0 apv,(z)) and s,/ q ./ ty.
We shall show that the sequences ¢(sj) and ¢(t)) converge to the same limit
©(q). For each n € N there is some k(n) such that v, (z) = v, (z},) for k >
k(n). Indeed, as ¢ preserves the lexicographic order on v(Z) the sequence
v1 () is nondecreasing and, as [Rgwvy| < Vg, it is constant for k > nq, for
some 1y € N. Then for £ > ny the sequence vy (z) is nondecreasing and is
constant for k > no for some ny > ny. Inductively we prove that for each
m € N the sequence v,,(z) is constant for k > n,, for some n,, > n,_1.
Similarly, putting n{, = 0, by induction we show that for each m € N the
sequence v, () is nonincreasing for k > n),_, and constant for k > n/ for
some n,, >nl. .

Ifvi(xn,) < v (x;,l) then for all £ > max(ni,n}) we would have v, (z},) =
Ul(x;ﬁl) > v1(zp,) = vi(z) and by 3°, tx — s > e for some fixed ¢ > 0,
which is a contradiction. Inductively vy, (zy,,) = vm(z], ) for each m € N.

As the sequence v, is uniformly convergent to f and for any m € N we
have vy, (zx) = vm(2},) for & > max(n,,,n,,), the sequences f(xr) = ¢(sk)
and f(x}) = ¢(tx) are convergent and f(zx) — f(z},) — 0. Thus ¢ can be
extended to a continuous function ¢ defined on cl(dom ¢).

Now we show that ¢ is of bounded variation on its domain. Let t; < ...
< tm, where t; = Y 2 apvn(z;) = ¢ o v(z;), i < m. We shall estimate
the sum ), 7 (¢(ti) — ¢(tiz1)), where T C {1,...,m — 1} is the set of all 4
for which ¢(t;) — ¢(tit1) > 0. Let A,, = {i € Z : min{j : v;(z;) < vj(zi}1)}
=n}. We have

Z(@(ti) —p(tit1)) = Z Z (p(ti) — o(tit1)) -

ieT n=1i€A,NI
For i € A, we have, by (%), o(t;) — ¢(ti+1) = f(zi) = f(@i41) < 0n, whence

D (p(t) = pltizn)) < > 2N +1)-2"6, < 1.

€L n=1

Thus ¢ is of bounded variation. m
By [Ma, Th. 2] we have the following converse theorem:

THEOREM 3.18. If R is any algebra of functions such that cIR = R
then for any f € bR and any function g continuous on a closed interval
containing Rg f we have gof € R. m

Remark. Corollary 3.14 and Theorem 3.17 show that Theorem 14 in
[L] is false. That there was a mistake in its proof in [L] was already noticed
by A. Lindenbaum himself in [L, corr.].

LEMMA 3.19. Let A be a o-class of subsets of some set Z. Let XCZ. Then
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every f € cl(bM(A(Z)|X) +bM(A(Z)|X)) can be extended to a function
f* € cA(bMA(Z) + bMA(Z)).

Proof. By Theorem 3.17, f = hog where h € C(R) and g €
bM(A(Z)|X) + bM(A(Z)|X). The function g can be extended to some
g* € bMA(Z) +bMA(Z). Then f* = hog* € cl(bMA(Z) + bMA(Z)) by
Theorem 3.18. m

THEOREM 3.20. Let A be a hereditary o-class on T and suppose X9 (X) C
A(X) for every X € T. Let Z € T and suppose A(Z) has a universal set in
A(C x Z). Then there is an F € MA (N x Z) which is a universal function
for cl(bMLA(Z) + bMA(Z)).

Proof. By Lemma 3.8 there is a function H € M;_, JA(C x Z) +
M|_1,1JA(C x Z) universal for M|, jJA(Z) + M|_1 1) A(Z). Let ¢ N —C
be a continuous surjection ([Ku, 37, I, Th. 1]). Let G(w,z) = H(¢(w), x)
for w € N and x € Z. Then G € MA'(N x Z) because H € MA'(C x Z)
and, as is easy to see, A’ is closed under continuous substitutions. Let
Y N — C(]-2,2]) be a continuous surjection ([Ku, 37, I, Th. 1]). We
write ¥, () for ¢(w) in the sequel. Let £ = (£1,&2) be any homeomorphism
from N onto V2. Let F(w,z) = ¢, (u)(G(&(w),z)). By Theorems 3.17
and 3.18, F is universal for cl(bMLA(Z) + bMLA(Z)).

We show that ' € MA'(N x Z). Let ¥(w,s) = ¢ (w)(s), w € N,
s € [-2,2], G(w,z) = G(&(w),z) and &(w,z) = (w,G(w,z)). We have
F(w,z) = (®(w,x)). Then G € MA' (N x Z) because A’ is closed under
continuous substitutions. An easy argument shows that ¥ is continuous.
Finally, #~1(U) € A'(N x Z) for any open set U C N x R: indeed, as
U = ;2 Vi x W;, where the V; are open in A and W; are open in R, we

have
o0

o U) = JVix 2) NG (W) e AN x Z).
i=1
In the next theorem we add new assumptions on the hereditary o-class A
and the family 7. Namely, we assume that 7 satisfies the following stronger
form of (i):

(i*) if X € Z € T and X, as a subspace of Z, is completely metrizable
by some metric p, then (X, p) € 7.

We then assume that A satisfies for any Z € 7 and X C Z:

(I*) A(Z)|X = A(X) where X is considered with any metric p such
that (X, p) € 7 is topologically a subspace of Z.

Assume also X9 C A.
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However, the conditions imposed on A are not very restrictive as the
classes X0, 39 still satisfy them.

THEOREM 3.21. Let A be a hereditary o-class satisfying (1I*). Let Z € T
be uncountable and suppose A(Z) has a universal set in A(C x Z). Then
there exists g € MA'(Z) for which there is no countable partition Z =
U{Z. : n € N} such that g|Z, € cl(bM(A(Z)|Z,) + bM(A(Z)|Z,)) for
each n € N. In other words,

dec(MA'(Z), R(cl(bMA(Z) + bMA(Z))) > X .

Proof. Let N’ be any subset of Z homeomorphic to N ([Ku, 36, IV,
Cor. 2]). Let ¢ = (p1,¢2,...) : NV — YA be any homeomorphism. By
Theorem 3.20 there exists a universal function FF € MA' (N x Z). Let
F.(s,x) = F(pn(s),x) for s € N and x € Z. Then F, € MA' (N’ x Z)
and thus f, : NV — R defined as f,(s) = F,(s,s) belongs to MA'(N”)
because, by our assumption on A, A'(N' x N') = AN x Z)|(N" x N).
By Corollary 2.F and the fact that A'(N') = A (Z)|N" and N” € (A(Z))s,
fn can be extended to a function ff € MA'(Z). By Theorem 2.A there
exists g € MA'(Z) such that g(x) # f}(z) for each x € Z and n € N.

Now assume that ¢ = (J{g, : n € N} and for each n € N, g, €
cl(bM(A(Z)|dom g,) + bM(A(Z)|domg,)). By Lemma 3.19 each g, has
an extension g € cl(bMLA(Z)+bM.A(Z)) for all n € N. There is an s € N’
such that F,,(s,z) = gi(x) for each n € N. But then f,(s) = gn(s) for each
n € N and, as g(s) € {gn(s) : n € N}, we obtain g(s) = f,,(s) for some
ng € N, which is a contradiction. =

For any uncountable Polish space Z we derive from Theorem 3.21 the
following immediate corollaries.

COROLLARY 3.22.
dec(Bo+1(Z2), R(cl(bLo(Z) +bUy(Z))) > Ng. =
COROLLARY 3.23.
dec(MX} (Z), R(cI(bMX} (Z) + bMX,(Z))) > Ro. =
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