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1. Introduction. Let « be a non-zero algebraic integer of degree d and
a1 = o, o, ..., 04 its conjugates. Write

d
@ = s o, M(@) = [Jmax(t,fao).

Suppose that « is not a root of unity. In 1933 Lehmer [6] posed the
following question: is it true that there exists an absolute constant § > 0
such that M(«) > 14 67 In 1965 Schinzel and Zassenhaus [8] conjectured
that Tal > 1+ c¢/d, ¢ > 0. It is known (see [9]) that if « is not reciprocal
and 6 is the real zero of the polynomial 2% — 2z — 1, then M(a) > 6. Hence
fal > M(a)% > 14 c¢/d.

Now let a be reciprocal, i.e. d =2m, m € N, a1 = 1/a1, amis =
1/ag,...,a0m = 1/a,,. Various estimates from below for M(«) and lal
were obtained by Blanksby and Montgomery [1], Stewart [10], Dobrowolski
[3]. In 1979 Dobrowolski [4] proved that

loglog d\*
(1) M(a)>1+(1—5)<oig0§>, d>dyi(e).
Since M(a) < Tal %2, (1) implies

loglogd 1
2 > 1+ 2—¢) —=—22) =, d>dae).
@) @ > 1k (PEEN) D as a)

Later, Cantor and Straus [2] replaced the constant 1 —e by 2 — ¢ in (1)
and 2—¢ by 4—¢ in (2) respectively. In 1983 Louboutin [7] obtained § —¢ in
(1). Thus (2) holds with the constant § — ¢ instead of 2 — . In the present
paper the following theorem is proved.

THEOREM. If « is a non-zero algebraic integer of degree d and « is not
a root of unity, then for any € > 0 there exists an effective constant dy(€)
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such that for d > dy(e)

64 loglogd\®1
1 o700 2
3) @l > +(W )( L ) !

We shall need the following lemma.
LEMMA. If
(4) D= \aijx;}l
where a;j, xj € C and |x1]| > |x2] > ... > |x,|, then

5) D] < fos [y 2 T(S Jasy?)
< 71 3| \xn—1|H Z‘a”‘

j=1 i=1

i,7=1,2,....,n

In the case of Vandermonde’s determinant a;; = 1 this lemma was proved
in [5].

2. Proof of the Lemma. If z; =0, where 1 < j <n—1, then z;,; =
Tjy2 = ... =2, = 0and D = 0. Hence, let z; # 0,1 < j <n—1, and
Y1 = x2/T1, Y2 = T3/T2, ..., Yn—1 = Tpn/Tn—_1. We express the determinant
(4) in the form

D:Z(_l)gao’(l),laU@),Z ao’(n),nxtf(l) 1 0'(2) 1 ) xz(n)—l’

where o is a permutation of the set {1,2,...,n}. Since

n

H o(7)—1 ﬁ$;}—jﬁ$?(j)+j—n—l
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- nn+1)—t(t+1)

= > o)+ : (=t +1)
j=t+1
—t —t+1
>1424+...4+(n—1t)— (n )(T; +1) =0,
we obtain
n .
(6) D= H:U?ijP(yl,yg,...,yn_l).
j=1
Here P is a polynomial in y1,y2,...,Yn—1-
On the other hand,
n ) .’L'i»_l
D= H:E?_] Qij i—jl
j=1 n—i+1l4,5=1,2,....;n

i,j=1,2,..,n

n i—1
_ H 2" g <x1y1y2 - -yj1>
- J K .
i=1 T1Yi1yz - .- Yn—i

Using the maximum modulus principle and the inequalities |y;]

= |zj41/z;] <1,j=1,2,...,n—1, we have
(7) |P(y1,y27"'ayn—1)| S |P(y?ayg7ay2—l)|a
where [y?| = |49 = ... = |¥°_;] = 1. From (6), (7) and Hadamard’s

inequality we find

n

n 1/2
’P(y?7yga”'7y2—l)’ < H(Z|aw|2) .
j=1

i=1

Hence the inequality (5) holds.

3. Proof of the Theorem. Define

1
z
ho(2) = h(2) = ?2 ,
Zn—l
0
2k d¥h(z) :
hi(2) = - = _ keN
k' dkz n-2)n=2 |7
(nil) n—1
(")

Consider the determinant
(8) Dy = |y, (7)1,
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where Dy consists of n = (ko + k1 + ...+ ks)d columns, u, = 0,1,..., k. —1;
j=1,2,...,d. Here p, is rth prime number (py =1, py =2, po =3,...),

6 ﬁ logd 2 b 7773 logd 3
~ |16 \loglogd ) |’ %~ |64 \loglogd ’
kr:[scosﬂ(r_l)], 1<r<s.

2s

Recall that « is reciprocal. Therefore the determinant (8) can be ex-
pressed in the form
D, = chofflag? ceapm
(v)
where v; € Z, i =1,2,...,m; m = d/2. Let o = lal. Then 1/p < |a;| < p,
i=1,2,...,m. By the maximum modulus principle we obtain |D;| < |Ds|,
where

Dy=> cBB5* ... Ao = |hu, (8],
(v)

|ﬂj|€{1/97g}7 j:]-a2a"'7ma |Bm+l|:1/|ﬂl‘v ey |ﬂ2m|:1/|ﬁm|
Assume without loss of generality that |81 = |B2| = ... = |Bm] = o,
|Bm+1] = ... = |Bam| = 1/0. Let also x, = oP*~",xp41-0, = 0 P+, where

the indices u are defined as follows:
r—1 r
mZkS,i<u§mst,i, r=0,1,2,...,s.
i=0 i=0

Now using the lemma we find

S dys k2
(9) |D2|§QA<de‘i)2 i=0F3
1=0
Here
s ks—rm r—1
(10) A= Zps—r< <n*mzks—i*j)
=0 j=1 i=0
ks—rm r—1
— Z (mst_i+j—1>)
=1 i=0
s ks—rm r—1
:Zps_r Z (n—ZmZkS_i—Qj—i-l)
r=0 j=1 i=0

ks—rm s—r

_ TZS(:)pH S <2mZki—2j+1>

j:l =
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_ Z Das (2ks_rm2 Z_: ki — /cf_er)
r=0 =0
s s—r 2 S 1
<2m?) porker Y ki= % > pikiy k.
r=0 =0 =0 7=0

Since |D1| > [[_, pFrkod (see [7]), from (9), (10) we get

koikr log pr. < %dloggipikiikj + Llog (di k) Z/&
r=1 1=0 7=0 1=0 1=0

For d tending to infinity the following asymptotic formulas hold:

¢ (logd)”
4096 (loglog d)6

bo > by logpr ~

r=1
1< ! ™ (logd)!
- Ky ki~ ’
2 ;p ]ZO 7™ 1048576 (log log d)?

1 2 2 378 (logd)”
“log (45 k) S k2 ~ .
P Og( ;J ); i ™ 16384 (log log d)°

If d > dy(e), then

4 loglogd\” 1
@ —o>1+logo>1+ (00 ) (loglosd) 1
2 log d d

The proof of the inequality (3) is thus complete.
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