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Notation. In additive number theory an increasing sequence of natural
numbers is called an asymptotic basis of order h of N if every sufficiently
large n € N can be written as the sum of h elements of A.

Let 7, (h, A) denote the number of representations of n asn = a1 +...+ap
with a1,...,ap € Aand a1 < ... < ay.

If A satisfies r,(h, A) < g Vn € N, where ¢ is a natural constant, then A
is called a By[g]-sequence (and in the special case g = 1 a Bj-sequence).

Furthermore, for any given sequence A of natural numbers and any m €
N we define

0a(m) = [{(as,a;) : aj,a; € A, m=a; —a;},
and for a given N € N,
ha(m) := |{(ai,a;) : ai,a; € AN[1,N?], m = a; — a;}|.

Introduction. A famous conjecture of Erdés and Turén [2] asserts that
there exists no asymptotic basis of order 2 of N that is a Bs[g]-sequence
at the same time. Erdds shows (see [4]) that if A is an arbitrary sequence
of natural numbers satisfying liminf, .., A(n)/v/n > 0 and N is a given
natural number then

N
(1) HA(N) = Z ha(m) > Nlog N,

which proves the above hypothesis in the special case g = 1.

Almost all known results on By [g]-sequences are based on considerations
concerning the representation of certain natural numbers as a difference of
elements of a given sequence A.

Therefore for a further proof of the Erdés—Turdn conjecture it is very
interesting to decide whether Erdés’ estimate (1) is sharp with respect to
magnitude. Here we prove by means of an explicit construction that (1) is
indeed sharp in the above sense.



374 M. Helm

Furthermore, (1) unfortunately does not render possible an estimation
of ha(m) for any specific m € [1, N] but only provides some average in-
formation; in particular, it is not possible to decide whether any specific
m € [1, N] for a given N satisfies e.g. ha(m) > clog N or not, where c is
a constant. Here we prove — again by means of an explicit construction
— the existence of two increasing sequences of natural numbers B and M

satisfying
B
lim inf (n) > 0, lim inf

n— o0 \/ﬁ n— oo

M
ﬂ >0
gn
and
op(m;) =1 Vj = jo.

THEOREM. There exists an infinite sequence of natural numbers A sat-
isfying

o An)
(2) l%nll@gf NG >0
and
N
(3) Hao(N) =) ha(m) < NlogN .

m=1

Proof. We will prove the above theorem by constructing an infinite
sequence A of natural numbers as an infinite countable union of finite Bs-
sets (also called Sidon sets).

Let p and v be arbitrary natural numbers satisfying

v>2 and p>1.
Now a sequence (n;);en is defined inductively as follows:
ny = 1,

Noj = pngj—1, JjEN,

Noj41 1= VNaj , 7 €N.

Therefore
Na; =, jEN,
n2j+1:,ujuj, j€eNp.

We define

Ik ::]nk_l,nk[ VkZQ.
A well-known result of Erdés and Chowla [1], [2] states that

F
(4) lim inf f/(f) >1,
n—oo n
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where F5(n) denotes the maximum number of elements that can be selected
from the set 1,2,...,n to form a Bs-sequence. Since the “Bs-property” of
a finite set is invariant under translations, for any j € N (4) proves the
existence of a Sidon set Sa; C Io; = |ngj_1, ng;[ such that

(5) [S24] > \/naj —mngj1 = /p—1yng—1 (j — o0).

We define
A= U Szj
j=1

and have to show that A satisfies the conditions (2) and (3).
Proof of (2). For any m € N with m > u there exists a jo € N with
Naj, <M < Ngjo42 -

Therefore

\/TTL < \/n2j0+2 < \/nzjo—l s
and on the other hand,
A(m) = A(nzjy) — A(nzjo—1) = [S2jo| > \/M2jo-1-
Thus liminf, . A(n)/y/n > 0 and (2) holds.

Proof of (3). For a given N € N with N > p there exists a j; € N
such that
ngj—2 < N <ngj
and for any m € [1, N] we define
hly(m) = [{(a;,ar) : ai,ax € [1,n25,] N A and m = ay, — a;}|,
h%(m) == |{(a;,ax) : a; € [1, N*] N A, ay, € |ngj,, N?| and m = ay, — a;}|,

N N
HA(N):= ) hy(m), HE(N):=) hi(m).

Consequently,
ha(m) = hiy(m)+h%(m),  Ha(N) = Hy(N)+ H;(N).
Estimation of H}(N). Obviously
HA(N) < (A(ngjl))z < ngjy K N.

Estimation of H%(N). Since v > 2, for any j > j; the length of
the gap between two consecutive Sidon sets Sy;yo and Sy; is bigger than
N2jy+1 — Nojy > Ngj, > N.

Therefore a number m € [1, N] can be represented as a difference of two

elements a;, ar of A with ap > ngj;, only if ar and a; are elements of the
same Sidon subset of A.
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Let ©y2 be the number of Sidon subsets Sy, of A satisfying
Soj M1, N?]#0.
Then the Bs-property of all Sidon subsets of A leads to
h%(m) < On2  V¥m € [1,N]

and consequently,

N
(6) H3(N) =Y h%(m) < NOye.
m=1
Estimation of ©Op2. For given N € N with N > pu, there exists a
j2 € N so that

Noj,—2 < N? < noj, = ,ujrlz/jr2 <N? = Jo K log N
and as On2 < jo
(7) = On2 < logN.
Thus (6) and (7) imply H3(N) < Nlog N and
Ha(N)=H}(N)+ H3(N) < Nlog N,
which completes the proof.

COROLLARY. There exist two infinite increasing sequences B and M of
natural numbers satisfying

B
(8) hnnlio%f \;g) >0,
M
9) lim inf M(n) >0
n—oo logn
and
(10) dp(m)=1 Vme M.

Proof. Let A be the infinite sequence of natural numbers generated by
the construction of the above theorem in the special case yp = 7/4 and v = 4
(where the inductive definition of the sequence (n;), ey is supplemented by
the definition no := 2 which does not restrict at all the applicability of the
proof).

Consequently, in this special case we define

ny =1, ngjp1 = vngj, 7 €N,
ng 1= 2, Noj 1= pnoj_1, Jj = 2.
Thus
noj =271 ngi =871 jeN,
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For any j € N we define

Dyj :={m € N:3a;,a; € Sy and m =a; —a;}.

Since So; is a Sidon set and

S,

lim %
N =

there exists a jo € N so that

So; .

|Daj| = (’ §J|> >ngj—2  Vj2>Jo-

Since, on the other hand,

=1

m € D2]' = m<ngj —Ngj—1 = 3712]'_2 VJ €N,
for any j > jo there exists at least one m; € Dy; satisfying
Noj—2 <My < 377,2]‘,2 .

Let M be defined as the sequence my,, mj, 1, M j,+2, - - - Now we will con-
struct a subsequence B of A by eliminating a negligible number of elements
of A so that B will still satisfy

lim inf
n—oo
and 0g(m;) =1 will hold for all j > jo.

Since, according to the definition,

B(n) >0

ngj—2 <mj  Vj = jo,
we have
m; = ax — a; = Qg > Ngj—2 .
Therefore, since AN Jng;j_2,n9;—1[ =0, a, satisfies
j—1
(11) ar > ngj—1 and ap & U Sop, .
h=1
On the other hand, for h > j the length of the gap between two consecutive
Sidon subsets Sap—2, Sap is bigger than ngj_1 —ngj_o = 3ng;_2. Therefore
as according to the definition m; < 3ng;_s for any j > jo, m; can occur as
a difference ap — a;, a;,ar € A, only if both ax and a; are elements of the
same Sidon subset Sap, h > j.
Therefore the By-property of the sets Sy; implies that
Dy AM|<j Vj€eN,
Thus Vj > jg it is possible to construct a new Sidon set Séj from Sy; by
eliminating less than j elements of Sy; so that

DéjﬂM:{m]}’
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where
Déj :={m e N:3(a;,a) € Séj, m=ar—a;}.
We define

B:= LJSé].7 where Sy, := So;5, 1<j<Jjo.
j=1

Obviously ép(m;) =1 Vj > jo and
B
™ 0.
NLD
Furthermore, ©,, > logn (n — oo), where ©,, is the number of Sidon
subsets S5, of B satisfying S5, N [1,n] # (. Consequently

lim inf M{n)
n—oo logn

‘Séj’ > |S2;] = liminf
n—oo

>0,

which completes the proof.
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