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The abc-inequality and the generalized
Fermat equation in function fields

by

JuLiA MUELLER (Bronx, N.Y.)

1. Introduction. Let K = k(t) be a rational function field of one
variable with constant field k algebraically closed of characteristic 0. It is a
classical result that the Fermat equation

21+ 2y =25, r>3,

has no solution in non-constant polynomials in k(¢) with no common factors.
Newman and Slater [N-S] showed that this result also holds for the Euler—
Fermat equation

2 =an, > 8nt.
Let K* = K — {0} and let ¢q,...,¢, be elements in K*. Bounds for the
heights and for the number of solutions of the generalized Fermat equation
(1.1) 1z +...+cepz, =0, ¢ €K,

which depend on r and on the degrees of the coefficients ¢; have been ob-
tained by Silverman [S] and Voloch [V]. They showed that (1.1) has no
non-trivial solutions when the degrees of the ¢;’s are small relative to r. Re-
cently, a result uniform with respect to the coefficients ¢; was obtained by
Bombieri and Mueller [B-M]. They showed that if r > n!(n! —2) and n > 3,
then solutions to (1.1) fall into at most n!™ families, each with explicitly
given simple structure. In the case n = 3 and r > 30 the author [M] has
shown that
c12] +cozh =c3, ¢ €K', 1<i<3,

has at most two distinct solutions in K* x K*, provided either ¢ /cg & (K*)"
or ca/cg & (K*)".

The main objective of this paper is to show that the bound n!™ in
[B-M] can be replaced by 2(n!)2"~!. This result is stated in Theorem 1.
The strategy of our proof, which relies on the abc-inequality, follows the
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8 J. Mueller

lines in [B-M], but we introduce a new idea which allows us a much more
efficient counting of the number of classes of solutions. In Theorems 2 and
3, we have singled out some special cases of our Theorem 1 which are of
independent interest.

I would like to thank Professor Enrico Bombieri for his valuable advice
concerning the final form of this paper, I also wish to thank the referee for
his helpful suggestions.

2. Statement of results. Denote by
(2.1) Flx)=cr1+ ...+ cpxy, =0, c; € K",

the generalized Fermat equation. By a solution of (2.1) we mean a solution
x with every coordinate x; € (K*)". Let X be the set of such solutions
of (2.1). Let I ={1,...,n} and let 7 : I = |J R be a partition of I. We say
x € X is associated with m if

F(:B):ZZC]'J:‘]':O

R jER
where for each R € 7,
(2.2) Fr(zg) =Y cjz;=0.
JER
Define
X(m) ={x € X | x is associated with 7}
and

Xp(m) ={xr | xr = (xj)jcr is a solution of (2.2)}.
Then it is easily seen that
(2.3) X(m)= () Xgr(r) and X=|]X(x).
Rem g
DEFINITION. Let ep be a vector with each e; € (K*)", j € R, and let
xr € Xg(m). We say g is compatible with er if there is w € (K*)" and
v; € k such that
z; = ejvjw, VjeER.
Let us write
Xpg(m,er) ={xr € Xg(7) | g is compatible with er}
and
X(me)= (] Xr(m,er).
Rem

We say Xg(7,er) is a compatible class of solutions of (2.2), and X (7, e) is
a compatible class of solutions of (2.1).
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Our main result is the following

THEOREM 1. Suppose r > nl(n! — 2). Then there are partitions 7 of
I and vectors e € (K*")™ such that X is the union of at most 2(n!)?"~!
compatible classes X(m,e).

The next theorem is a version of Theorem 1 in a special case where the
coefficients ¢; in (2.1) are restricted to be sums of rth power elements in K*.

THEOREM 2. Let I;,1 < i < n, be positive integers and let the coefficients
¢i in (2.1) be given by

l;
(2.4) cizzaij, i=1,...,n,
j=1

where a;; € (K*)", 1 <i<mn,1<j<lI;. Supposer >I(l —2) where

(2.5) I = Zn:zi .

Then X is the union of at most 2(n!)?"~2 compatible classes X(r,e).

Our final result is the following theorem which improves the condition
r > 30 in the Main Theorem in [M] to r > 24.

THEOREM 3. Let ¢; € K*, 1 <1 <3, such that either c1/cs & (K*)" or
ca/es & (K*)", and let r > 24. Then the binomial equation

C1X1 + CaTo = C3

has at most two distinct solutions in (K*)" x (K*)".

3. Proof of Theorem 1. The main tool of our method is the abc-
inequality (Theorem B of [Br-Ma]). In Lemma 1 we state a version of that
inequality which works especially well for homogeneous equations and which
follows from the proof of Lemma 2 of [B-M].

LEMMA 1. Let k and K be as before. Suppose

(3.1) pi+...+p3=0, peK",

and no proper subsum of (3.1) vanishes. If r > d(d — 2), then p;/p; € k.
For a proof of Lemma 1, see the proof of Lemma 2 of [B-M].

Our first step towards proving Theorem 1 is to construct a system of
“rth power” equations. That is, equations whose monomials are rth power
elements in K*. We start by ordering the elements in X so that the first m
elements M, ..., 2™ in X are linearly independent over K where m < n
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goue

m + 1, and let S be the set of all such subsets of I. If x € X, then

T
rank <m(i)>i:1 i =m.

-----

Hence for every J € S,

(3.2) det (m(i)> = Z 5(0)x£,11) ... x((,’z)xgmﬂ =0
mJ i=1 m

where the sum is over the set M(J) of permutations o of J and e(0) = £1

according to the parity of 0. Write
(3.3) me(xy) = E(J)mgll) . .x(m)x,,mH ,

Om

and
Lj(xs) = det (w({)>
Ty

i=1,..., m.
Then (3.3) gives a system of linear forms in x1,...,z,,
(3.4) Ly@s;)= Y. me(x;)=0, VJeS.
ceM(J)

Let x € X. We say L;(x ;) decomposes into components N if

(3.5) Ly(z,y)= Z Z mey(x) =0

N ceN
where M(J) = [JN is a partition and where

(36) Z ma(a:J) =0

oceN
is a vanishing subsum for every component N of M(J), but no proper
subsum of it vanishes.

DEFINITION. Let x,2’ € X. We say x and a’ are proportional (i.e.
x ~ ') if z; /2’ € k for each j.

DEFINITION. Let * € X. We say x is a singular solution if for every
J € S and for every decomposition of L;(x;) = 0, each component N of
M(J) has the property that if 0,0’ € N, then m,/m, € k, where m, and
mes are given by (3.3). We say m, and m, are proportional, and we write
My ~ M.

LEMMA 2. Suppose r > nl(n! — 2). Then every x € X is a singular

solution.

Proof. Suppose x € X is not a singular solution. Then there is a
J € S, a decomposition of L;(x;) = 0 and a component N of M(J) such
that for some 0,0’ € N, my/my & k.



The abc-inequality 11

From Lemma 1 and the fact that Card N < (m + 1)! < nl, we obtain
r < nl(n! —2). This proves Lemma 2.

Our immediate object is to show that each € X is associated with a
partition 7wy which arises in a natural way. First, we define a projection map
p from Z™*1 to Z by

p(U):p(0_17...70'm+1):0—m+1, VUEM*7

M= Jmn = JUN.

Next, for each J € S, let G; be the incidence graph of the sets p(N) C Z.
Thus the vertices of G; are the sets p(N) with A running over all the
components of the decomposition (3.5), and there is an edge connecting
p(N) to p(N”) precisely if p(N) Np(N’) # 0. The graph G splits into the
disjoint union of connected components G ;, and we define

where

(3.7) m o 1= U R,
v=1

where R, = |Jp(WN) with p(N) € G,. Since € X, we have

F(:I:):chxj = Z Z CiTy =0.

Jjel R,€ljeR,
We claim that for v =1,...,s,
(3.8) Fgr, (zg,) = Z cjx; =0.
JER,

To see this, we remark that in Lemma 1 of [B-M] it has been shown that
F(x) is a linear combination of the L;(x); that is, there exist A; € k such

that
Flx) =) ML) =Y A;> > me(x;).
J

J N oceN

cj = Z)\J Z Z s(a)x((,ll) . m((;Z) .

J NCM(J) ceN
jep(N) p(o)=j

Therefore

Since the p(N)’s involved in the middle sum all belong to the same compo-
nent, say Gj,, we then have

(39) FRu(mRu):Z)‘J Z ZmJ(CL'J).

J NCM(J) ceN
p(N)eGJ,l/
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Now (3.9) in conjunction with (3.6) yield (3.8) and our claim is proved. We
remark that « is a singular solution if and only if y, is a singular solution
for each v.

A crucial idea in the proof of Theorem 1 is to show that any singular
solution is compatible with a finite number of vectors which are determined
by the monomials m,, o € M*. Define, for each o € M*,

T(0) = (01,---,0m),  Gr(o) :x((fll) xg";) ,
and
(3.10) E = {aT(U)/aT(Ur) ‘ g, = M*} .

Then my = ar(5)Tp(s), and the set E is what we want. One sees easily that

2
Card F < (m'<n>) < nl?.
m

Proof of Theorem 1. Let my and R, be given by (3.7) and let b, =
Card R,. Our first object is to show that Xz, (m) is the union of at most

(3.11) (b, — 1)!(b,1)?(v=1)

compatible classes X, (7, er, ).

For simplicity we shall set R, = I and adjust our notations accordingly
in what follows. For example, we write I = |Jp(N, ), where the p(N,)’s are
given by (3.7), and we let X (m) stand for X, (m) and X (7o, e) stand for
XRg, (m0,€Rr,)-

We remark that one may pick * € X(m) such that ;1 = 1. To see
this, we write * = zy27 ' = 21(1,...,27 'x,), ©1 € (K*)". Then x is
compatible with (1,..., xl_lxn). We will now construct a sequence of subsets
T, C p(Ng) with the properties

(i) every T, is connected with some T,/, o < a,

(ii) suppose T, and T/, o’ < «a, are connected; then they have exactly
one element in common,

(iii) I = T
We start by setting 77 = p(N7) where A7 may be chosen so that §(1) =

1 € p(N7). To define Ty, we pick p(N2) ¢ Ty and p(N7) Np(N2) # (. Let
§(2) be the least integer in the set {3 | 8 € p(N2) N p(N7) # 0}, and let

T, ={62)} u{B epN2) | B&T1}.

Now suppose for some integer ¢ > 3, T1,...,T,_; have been defined by this
procedure, where T,.1 ¢ T, and Ui_:ll T, & I. To construct Tj, we first
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pick p(N,) ¢ U%_} T, such that
q—1

(3.12) PN N T #0

and let 0(q) be the least integer in the non-empty set (3.12). Set

7, = (@)} 0 {Bepy) 8¢ T}

Then there is a positive integer k such that

k
(3.13) I=|JT..
a=1

Clearly the sets T, in (3.13) satisfy the above stated properties (i)—(iii).
Next, let 1 < j < n be such that j € T;. Since 1 € T, there are
permutations o7 and ¢®™) in A7 such that

ple™) =35 and p(c®W)=1.
Moreover, since x is singular, we have
My,5) ~ M) -
Let 7(-) stand for 7(c()), and let
My = Gr15)T;  and My = Gr(s(1))T1 -
Then we get, since 1 = 1,
(3.14) z; ~e(l, )z =e(l,5),
where
e(l,j) = ari51))/ara5) €L and  jeTr.

From (3.14) and the fact that the cardinality of E is at most n!?, we see
that the number of proportional classes of z;, j € T, is at most n!?. Next,
suppose that the proportional classes of z;, j € T, 1 < a < k — 1, have
been determined and suppose j € Tj. Then since §(k) € Ty, there are
permutations o(%7) and ¢(®(¥)) in A, such that

pe™ D) =g, ple®) =d(k), jET.
Writing
Mmey(k,5) = aT(k’j)SL'j and Mgs(k)) = aT(g(k))l‘(;(k) s
from Mg (k.g) ~ My(sk)) We get
(315) €Lj~ €(5(k‘),])$5(k) )
where
e(6(k),J) = arsk)y/ar k) € E,  j € T,
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and where §(k) € T, NT; for some 1 < j < k — 1. Since by the hy-
pothesis, the proportional classes of zs(;) have already been determined,
each e(d(k), ) in (3.15) then determines a proportional class of x;, j € Tj.
The number of such proportional classes is at most n!2. It follows that
there is a permutation o of {1,...,n} such that ¢(1) = 1 and such that
z(@) = (1,75(2), ..., %s(n)) may fall into not more than (n))2(»=1) propor-
tional classes determined by vectors e with each coordinate e; € E. Since the
number of permutations o is at most (n—1)!, we get at most (n—1)!n!2(»~1)
proportional classes for any € X(my) such that ;1 = 1. Hence we have
shown that X () is the union of at most (n—1)!n!2(»~1) compatible classes
X (mp, e). Since we have set R, = I in the above arguments, it is now clear
that we have proved (3.11).

Finally, from (2.3) and (3.11) we deduce that X is a union of at most p
compatible classes, where

(316)  w<> Y (H ni?bv =2 (p,, — 1)!)1'[sn!b'

s=1 by+...+bs=n  v= y=1 "
blli
n n—1 1
< Z Z (n!)Qn—25+1 < (n!)Zn—l Z <n - >(n!)—25
s=1 bi+...+bs=n s=0 s—1
by >1

< (n)2n1 [1 + ni ns—l(n!)—%]

<2t n>3.

This completes the proof of Theorem 1.

4. Proof of Theorem 2. Let a;; and [; be given by (2.4) and (2.5),
and let

Mo ={(4,5) |1 <j <UL},
Define p : Z> — Z by p(i, j) = i, and
me ) = aijri,  V(i,j) € Mg.
Then (2.1) is a rth power equation

(41)  F@) =Y (Day)ei=Ymay= > > muy=0,
Mo

i=1 j=1 NCMg (i,5)EN

where My = [JN. Since Theorem 2 is a version of Theorem 1 in a special
case we shall use the results in Section 3 to prove Theorem 2 with minor
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changes. First, we replace F in (3.10) by
(4.2) Ey ={a;j/aij | aij,aij are given by (2.4)}.

Then it is easily seen that the cardinality of Ey is at most (2. Next, we
replace the bound in (3.16) by

n S '
4.3) 1202 (b, — 1)) o
( ; b%%fn (11 ) I, b

But (4.3) is
n—1
nl)2n—2 n—1 —2s
< ()1 ;) (8_1>(u)

n—1
< (nl)i2n2 [1 +y ns—l(n!)—%] < 2(n)i2n2,
s=1

where [ > n > 3. This proves Theorem 2.
We remark that for the Euler—Fermat equation
(4.4) r1+...+x, =0

where 7 > n(n — 2), the number of compatible classes of solutions of (4.4)
is bounded by the number of partitions of I and the latter is at most n".

5. Proof of Theorem 3. Theorem 3 is included here mainly as an
example of how the technique of proof of Theorem 1 can be used in prac-
tice. Although our proof of Theorem 3 follows the general lines in [M], the
arguments have been simplified a great deal. In fact, it is easily seen that
Theorem 3 is an immediate consequence of the following lemmas.

LEMMA 3. Suppose ¢; € K*, 1 < i < 3, such that either c¢1/c3 & (K*)"
orcy/cs & (K*). Let &Y and £ be two distinct solutions of

(5.1) caxr+cy+ez3=0.
Then Y and ? are non-proportional (i.e. either x1/xo@k or yi /y2&k).

LEMMA 4. Suppose r > 24. Then any three distinct solutions of (5.1)
are mutually proportional.

It follows from Lemmas 3 and 4 that (5.1) cannot have three distinct
solutions. Therefore Theorem 3 is proved.

Proof of Lemma 3. Suppose V) and 2 are distinct solutions of
(5.1) such that * and £ are proportional (i.e. () ~ ). Writing
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x® = (2;,;,1) with z;, y; € (K*)", there are constants o and 3 in k such
that

(5.2) o =ar; and ys = Byi.
From (5.1) and (5.2) we get ¢1(1 — a)z1 + c2(1 — B)y1 = 0, which gives
-1
a_»bz1n € (K™)".

Co l—ax

Also from (5.1) and (5.2) we get
o\ 11 1\ 1
c|ll-5)—+c|(l-=]—=0,
1< ﬂ)yl 3< ﬁ)yl

C1 ﬁ_l -1 1
—=|——=— € (K")".
c3 (1—046—1>3:1 (K7)
But this contradicts the hypothesis of Lemma 3. Thus Lemma 3 is proved.

Proof of Lemma 4. We remark first that the hypothesis r > 24
implies that every solution of (5.1) is singular (see Lemma 2). Let (1), 2(?)
and £ be three distinct solutions of (5.1). Since the rank of the matrix
((");21 2.3 is at most 2, we have

which gives

' rr oy 1
det(w(z))i:17273 = |2 Y2 1/=0.
x3 ys 1

By expanding the determinant in full, we get
L = x1y2 + w2ys + 2351 — T1y3 — T2y — 23y2 = 0.

In what follows, we will proceed to show that each of the following cases is
either impossible or it leads to three mutually proportional solutions.

Case (i): L has no proper subsum that vanishes. Then, since every
solution of (5.1) is singular, the monomials in L are mutually proportional.
From the following proportional monomials:

T1Y2 ~ T3Y2, T2Yy3 ~ T1Yy3, T2y3 ~ T2y and T3y2 ~ T3Y1,

we get
(5.3) V) ~ 2@ @

Case (ii): L decomposes into three components ¢;, 1 < i < 3, of two
monomials each. Writing ¢; = v + v = 0, we claim that w and v must
be monomials with the same sign. Suppose u = x1y2 and v = —x1ys or
v = —x3Yy2. Then from v+ v = 0 we get yo = y3 or &1 = =3, which together
with (5.1) gives two equal solutions. If v = —zoyy, then z1/y1 = x2/ya,

which together with (5.1) again yields two equal solutions. Thus our claim is



The abc-inequality 17

proved. But this implies that the number of positive and negative monomials
in (5.1) must be even, which is not the case. Therefore, case (ii) is impossible.

Case (iii): L decomposes into two components ¢; and ¢, of four and two
monomials respectively. Then one sees from case (ii) that the two monomials
in co must have the same sign. Up to sign we may represent c¢; and cy by

c1 = Ty + Ty + Thy; — Yk = 0,
co = —xjy; —xxy; =0,

where (i, j, k) is a permutation of (1, 2, 3). From both equations in (5.4) we
get

(5.4)

Yj ~ Yk, Tj ~ T, L= and J:_Jv
Tk Yk T Yi
which yields z; ~ x;, y? ~ y? and hence
(5.5) zi~x; and Y~y

The proportionality relation y; ~ y; is obtained from y? ~ yj2» and the fact
that the constant field k is algebraically closed. Combining (5.4) and (5.5)
we get x; ~ x; ~ xp and y; ~ y; ~ yi, which again gives (5.3).

Case (iv): L decomposes into two components ¢; and ¢z of three mono-
mials each. This is the last and also the most complex of the four cases.
Since each monomial x; or y; may appear at most twice in a component,
it suffices for us to consider components such that in one of them, say cy,
one of the following four cases holds: (a) both x; and y; appear twice, (bl)
x; appears twice but no y; appears twice, (b2) y; appears twice but no z;
appears twice, (c) both x; and y; appear exactly once. To be more explicit,
we have:

(5.6) €1 = Tl Tk~ kb =0 (case (a))
Co = TjYk — Y + Y = 0

1 = TiYj — TiYp +xry; =0
(5.7) e ' (case (b1))
C2 = TjYk — TjYi — TkY; =0

1 =2y — Ty — Ty =0
(5.8) T (case (b2))
Co = —TiYk + Ty + TkYi =0

L =x;Y; + Ty +Try; =0
(5.9) 7o (case (c))

Co = —TiYr — LY — TrY; =0
From both the first and the second equations in (5.6) we get y; ~ v,
Ti ~ Tk, Yk ~ Yi, and x; ~ xp, which clearly yields (5.3). From both the
first and the second equations in (5.7) we get y; ~ yi ~ y;, which then gives
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x; ~ xp ~ x;j and hence (5.3). Similarly, we may obtain (5.3) from (5.8).
Finally, from the first equation in (5.9) we get

(5.10) Y ~ T apd L ,
(Ej yj T
and from the second equation in (5.9) we get
(5.11) g~ Y and S TR
Ty Yj Zj
It is easily seen that (5.10) and (5.11) together give
) 2 2 )
ot L
Yi Zj Yi o T

which yields 23 ~ a:? and y3 ~ ;’ Since k is algebraically closed, we get
(5.12) xi~x; and oy~ Y.

Now, (5.3) follows from (5.9) and (5.12).
This completes the proof of Lemma 4. Thus Theorem 3 is proved.
The idea of the proof of Lemma 4 was inspired by the article [E-G-S-T].

References

[B-M] E.Bombieriand J. Mueller, The generalised Fermat equation in function
fields, J. Number Theory 39 (1991), 339-350.
[Br-Ma] W.D. Brownawell and D. W. Masser, Vanishing sums in function fields,
Math. Proc. Cambridge Philos. Soc. 100 (1986), 427-434.
[E-G-S-T] J.-H. Evertse, K. Gy6ry, C. L. Stewart and R. Tijdeman, On S-unit
equations in two unknowns, Invent. Math. 92 (1988), 461-477.
[M] J. Mueller, Binomial Thue’s equation over function fields, Compositio
Math. 73 (1990), 189-197.
[N-S] D.J.Newman and M. Slater, Waring’s problem for the ring of polynomials,
J. Number Theory 11 (1979), 477-487.
[S] J. H.Silverman, The Catalan equation over function fields, Trans. Amer.
Math. Soc. 273 (1982), 201-205.
[V] J.F.Voloch, Diagonal equations over function fields, Bol. Soc. Brasil. Mat.
16 (1985), 29-39.

DEPARTMENT OF MATHEMATICS
FORDHAM UNIVERSITY

BRONX, NEW YORK 10458

U.S.A.

Received on 13.9.1991
and in revised form on 25.9.1992 (2173)



