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1. Introduction. A positive integer n is called squarefull if n having
a divisor p implies that n also has a divisor p?. Here p denotes a prime
number. Let Q(z) be the number of squarefull numbers not exceeding x.
Let h = x'/279 0 < 0 < 1/2. Asymptotic formulas (as © — oo) for the
quantity Q(z+h) — Q(z) were first investigated by means of the exponential
sum method in P. Shiu [10] where it was proved that

) Qe+ 1)~ Q(a) = 5 22

2 ((3)
for each number 6 such that
1/6 > 60 > 0.1526.

(Note that for 1/2 > 8 > 1/6, (1) follows at once from the asymptotic
formula for Q(xz), cf. [10].) P. Shiu’s result was improved by P. G. Schmidt
[8], [9] to

1/6 >6>0.1507 and 1/6>6>1/7=0.14285..., resp.

Independently, with the help of a corrected version of Theorem 1 of G. Ko-
lesnik [4] and the exponent pair method, in [5] it was shown that (1) holds
true whenever

2%(1 4 o(1))

1/6 > 60 > 0.14254.
As is well known, we have
(2) Qr+h) —Q@) = >,  |ub),
<a2b3<z+h

where p(-) is the Mobius function. All the above research based on repre-
senting |(b)| by a standard summation, namely,

3) p®) =Y uim).

m2|b



130 H.-Q. Liu

Then, by substituting (3) in (2), after some standard arguments, the problem
is reduced to estimating certain multiple (in fact, triple) exponential sums,
whose estimates are always unsatisfactory.

In this paper, we show that it is actually redundant to use (3), and one
can obtain a far better range if one keeps the original expression (2). Let

WE) =€~[€ -3

where [¢] is the integral part of a real number £, and let

RIX,8)= Y ¢(Xn?), B>0, a=1/(B+1).

n<Xe
A simple argument enables one to deduce the following theorem.
THEOREM 1. If 0 is a number such that for any € >0 and any £ > 1,

(4) R(€'2,3/2) < &7%,  R(€V?,2/3) < €7,
then, for any number 6 with 1/6 > 0 > o + 2¢, one has

ot 2 1/240) _ () = L6B/2) o e/
Qz + )~ Q@) =3 3 (1+0( ) -

Hence, the key to our problem is to find an optimal upper bound for
R(£Y/2,3/2) and R(¢'/3,2/3). The sum R(X,3) was first introduced in
H. E. Richert [7], where it was estimated via the van der Corput—Phillips ex-
ponent pair method solely. In [10], P. Shiu showed that o > 0.1318162 is ad-
missible in (4). P. G. Schmidt [8] refined that to ¢ > 27/205 = 0.13170.. .,
and pointed out that even o > 0.13169. .. is accessible for (4) by using van
der Corput’s method alone.

Note that in treating the error term occurring in the Dirichlet divisor

problem, H. Iwaniec and C. J. Mozzochi [3] indeed found an estimate for
R(X,1):

PROPOSITION 1.
(5) R(X,1) < XT/22+=

The estimate (5) is substantially new as compared with the former de-
velopments. In view of the importance of R(X, ) in various problems, es-
pecially in our current problem, in this paper I shall generalize the estimate
(5) to every sum R(X,f3), # > 0. The following proposition will be proved.

PROPOSITION 2. For any € > 0,
R(X,[) < a7P+e

Here
7 .
w(8) = T3+ 1) rosaEl
max(71(3), 2(8)) if B>1,
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with
o T(A — k)
m(8) = (k}il)feE <22/\ — (158 + Tk +17(3 — 1)) ’
' A+ k
n(f) = of <4A +(I—P)k+38+ 1) ’
where

E=EB) ={(k,\) | (k,\) is an exponent pair such that X > Bk},
and the infima are taken over all exponent pairs belonging to F.

Proposition 2 reveals that the estimate for R(¢'/2,3/2) is rather worse
than that for R(¢'/3,2/3). Nevertheless, in conjunction with a neat ex-
ponent pair (2/7,4/7), it will be clear that Proposition 2 implies (4) with
o = 14/107; thus I obtain the following theorem:

THEOREM 2. For any € > 0, and any 0 in the range
0 >14/107 4+ =0.13084... +¢

we have

r 4+ 2240 _ O :}C(3/2)x9 e/
Qz + /7% — Q(x) 33 (1+0( ) -

I remark here that the number 14/107 is of course not best possible, and
one can slightly reduce it by taking some more cumbersome exponent pairs.

2. The proof of Theorem 1. Put B = z%~¢. We have
(6)  Qz+2'?") ~Q(a)

= > ()] + > |1(0)]

r<a?b? <zptafT1/2 r<a?b?<ptaz0t1/2
b<B b>B

ZZI-FZZ, say .

Clearly, one has

S = S Iu) > 1

b<B (zb=3)1/2<a<((z+h)b=3)1/2
(:L’ + h)1/2 _ ZL’1/2
= S )T o).
b<B

As
(x + h)1/2 _ $1/2 — %CL‘G(l + 0(1‘971/2))
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and
1(0)] _ <~ [p(d)] - | 3/2)
ngB /;3/2 :; /(;L3/2 +O(B 1/2)7 Z b3/2 = ) )
we have
_ 1 C(3/2) —e/2
(") 2., =37 g L+ 0E),

The advantage comes from “abandoning” |(b)| in ) _,. One has

2,5 2 1= ) 2. !

z<a?b3<z+h B<b<(xz4h)1/5 (zb=3)1/2<a<((x+h)b—3)1/2

b>B
+ Y > 1+0(1).

a<(z+h)1/5 (za—2)1/3<b<((z+h)a—2)1/3

> 1

(zb=3)1/2<a<((z+h)b=3)1/2

(33 + h)1/2 — /2 rl/2 (:L‘ + h)1/2
- b/ T\ ) T\ T )

> 1

(2a=2)1/8 <b<((z-+h)a=2)1/3

- 1/3 _ ,1/3
= u((@a™)) — (o + a™) ),

one gets
(8) ZZ < R(z'/?,3/2) — R((z + h)'/?,3/2) + R(x'/3,2/3)
—R((z+ h)Y3,2/3) + O(z779).
From (6)—(8) and the assumption (4), one concludes that
Q(% + $1/2—H9) _ Q(.T) — }C(3/2)

[ —e/2
(14 O(x .
Theorem 1 is proved.

3. The proof of Proposition 2

3.0. Introduction. In analytic number theory, a variety of problems are
reduced to exponential sums which can be effectively estimated by van der
Corput’s method. The exponent pair method was introduced by van der
Corput in order that a better result might be gained for a concrete problem
after a suitable iterative procedure, and it was simplified in E. Phillips [6].
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To enhance the power of the method, a number of refinements have been de-
veloped. For example, the original Weyl inequality has been generalized so
that one can shift several variables simultaneously. The work of E. Bombieri
and H. Iwaniec [1] is somewhat pioneer in the sense that it preludes the pos-
sibility of an alternative approach to problems which formerly could only be
treated via van der Corput’s method or some refinements of it. However,
the method of [1] is not altogether new in the field of trigonometric sums.
In fact, starting with a Weyl shift without using the Cauchy inequality, and
then approximating the Taylor coefficients by fractions, and finally appeal-
ing to some mean value theorems, all these features in [1] are not dissimilar
from those which appear in I. M. Vinogradov’s estimate for (1 4 4t) in [11]
(which has never been improved since its establishment). While the method
in [1] seems to work only for exponential sums of one variable, H. Iwaniec
and C. J. Mozzochi [3] succeeded in a quite analogous manner with the very
special multiple sum R(X, 1), and they got the estimate (5). In February
1989, I generalized their result to all sums R(X, ), § > 0. As my gen-
eralization is useful for the problem of this paper, I present my proof of
Proposition 2 here.

My proof of Proposition 2 mimics closely that of Proposition 1 given
in [3]. A notable difference lies in treating the sum

> min(L, lam P Y ).
mn~ M

In the case § = 1, this sum was estimated by an elementary argument in [3].
However, for 3 # 1, one has to appeal to its Fourier expansion, and employ
the special expressions of its Fourier coefficients. (For more details, see next
subsection.) In fact, the estimate of this sum will constitute just the bulk
of Section 3.

Notations. For a real number &, put
€]} = min |n — £,

where Z is the set of all integers, and e(£) = exp(27mif). C; (i > 1) denote
absolute constants. The constants implied by the “O” or “<” symbols
are absolute. m ~ M means M < m < 2M and m =< M means that
U < m/M <V for some absolute constants U and V. As above, ¢ is a
given small positive number.

3.1. The formulation of the method. We have
RX,0) =) > Xm™?)+0(1),
M m~M

where M takes the form X®277, j = 1,2,... By means of the familiar
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b=y Z(;LZ-?*O(mi“(l’Yﬁ&H»

1<[p|<Y

inequality

and the Fourier expansion

‘ 1 oo
min (1, YH§H> = hz_: a(h)e(h§),

where Y is an arbitrary positive number, and

1 sin 27rh9)

a(h) = 7th df < m <ln(2—|—Y) 1 Y)

Y  |h| R2?
we get
(9) R(X,M,B):= Y »(Xm P

_ < vy e(Xh}T—B)>

1<h<Y m~M

( ST fh) ) e(hXm” )>+O(MY11n(2+Y))

1<h<Y? m~ M

where, for £ # 0,

(10) £(6) = 1 f sin 27r§0) 40+ 2 cos(m€)

ey (m€)?Y
_ Ycos(2m€Y ) 1 e cos(2m&0)
(11) o G Y_fl b

It is easy to verify that, for £ > 1, Y > 1,
(12) F(€) < min(1/€,Y/€%),  f'(§) < 1/€,
(13) 1@ <1/ (YE) +Y/et, (6 < 1/(YEP+Y/E0.

Now it is clear that Proposition 2 is a consequence of the following two
lemmas, which are valid whenever M <« X¢.

LEMMA 1. We have
2 R(X, M, B) < (XM'P)7/22 1 (x3)~1-38)1/4,
LEMMA 2. For an exponent pair (k, ),
T R(X, M, B) < (XFMAPRY 4R
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The proof of Lemma 2 is routine. In fact, from (9) we get
R(X,M,8) < MY™'In24+Y)+ > min (h h2>‘ > e(hxm™
1<h<Y? me~M
If (k, A) is an exponent pair in the sense of [6], then
> e(hXm™P) < (hXM 1M
mn~M
and Lemma 2 follows by taking Y = (X —Fpf1Hk=A+k)1/(14k)

Thus we only need to prove Lemma 1. Let Y = M (XM 8)~7/22,
Obviously we can assume that Y > 100. Let

Ru(X, M, ) = ZZ Xhm

1<h<Y m~M
Ro(X,M,3)= Y f(h) > e(hXm™).
1<h<Y?2 m~M

We shall only estimate Ro (X, M, 3), because Ry(X, M, 3) can be dealt with
similarly and more easily. Let x(-) be a C*° function such that

xX(z)=0 ifz>4, O0<x(z)<1l if2<z<4,
x(z)=1-x(22) ifl<x<2, x(@)=0 ifz<1,
then

T
— =1 f 11 0
;X(H) orall 2> 0,

where H runs through the sequence {27 : j € Z}. Hence one sees that
Ro(X, M, B) < Inz|S(H, M, X)| + (X M*=7)7/%2
for some H = 2/ € [1,Y?], where

S(H, M, X) Zf <>m§N:Me(thﬁ).

Let
Zf ( ) (hXm™7).
Then
S(H,M,X)= > Q(m), Q(m)<min(1,YH™).
mn~ M

For this H, we set the choice
N = max(H, (MHY)Y2 M**28/5(X H)=2/°) |
D = min(H,Y, H ' X1 MP+2)
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(our choice implies that N = O(M X ~¢)). Adopting the arguments in Sec-
tions 5 and 6 of [3], we obtain

X°|S(H, M, X)|

< Z Z B(mo)—i-mgX(gZ ZF(m0)>+N.

1<c<C1G a=xcXM—-B-1 c~C axA
(c,a)=1

Here the maximum is taken over numbers C of the form 27, j € Z, such
that CoG < C < D, and G, myg, A are defined as follows:

25 mom()-[(2]]. a-one

~XND’ c a

B(myg) is a number such that for any integers L; and Ly with |Lq],|Ls| <
MPB+2/(XeD), we have

5, am el <a{n(2)

and F'(my) is as follows:
n
Fmo) = 3 QU+ mlg(n) . gl) =a( 3.
where o(-) is also some C'* function, whose support is contained in an

interval [C3, Cy].

3.2. The estimate for the sum involving B(-). In this subsection, we
prove

LEMMA 3.

2. > Blm)

1<c<C1G axcXM—1-8
<« MY~! 4 Y(XWHON30-198)1/10 (1 =11 104+6)1/10
Proof. From (12) we see that, for any Ly, Lo,

> | <min (L 2) Y| ¥ ()]

L1<r<Lsg h=xH ' Li<r<Ls
Writing
X (o3
(14) m0:<ﬁc ) v, 0<wv<l,
a

it is easy to verify that

hX hX «a
L Yy
ot P~ e T
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where
-8
1 1 hX r or
R(r) = BhrX — — 1+ — ——1].
(r) = B ((mOJFU)B+1 m§+1>+m€<< +m0) "o >

For |r| < MP*2/(X Dc), we have
R(ry<1/e, R'(r)< HXM P2,

Let

w(r) = max(0,1 + min(r — L1, Ly — r,0)).
(We can assume that L; and Lo are integers.) By using the Poisson summa-
tion formula and the familiar estimates for trigonometric integrals, we can
obtain, as in Section 7 of [3],

3 e<(m0hj_(r)ﬂ> - e<h)§> k 3 fw(r)e(R(r) + ’“CT) dr

L1<r<Ls mg =—ah (mod c)
< Y, k),
k=—ah (mod ¢)
where
(HXM—P=2)=1/2 if |k| < CsHD™ .
Hence we can deduce that
. 1 Y
Y amn<un ()Y X W
L1<r<Lo hxH k=—ah (mod c)

< ¢ 'min(1,YH™) Y I(k)
k

I(k) = {min(c]k|1,02k2) if |k| > CsHD™!,

< TIDTYHYRX V2B 2 min (1, YHTY).
Note that the bound given above is independent of L1, Ly. Thus

2. > Blm)

1<e<C1G axeXM—B-1
< min(1,YH Y YN-1HY2)?H6/2x 12 D=2

< min(1,YH YN HY 2?02 X—V2(H=2 4y =2 4 H2X2M 2074
< min(1, YH_I)((X_1H_11M10+5)1/10 + (X—1H9M10+,8y—20)1/10
(X9 M 30-196 f29)1/10)
and Lemma 3 follows.

Note that in the above argument we have assumed that Y2 <« X1 MPA+2
which ensures that D > 1. This assumption is permissible, for otherwise
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one has M**7 < X4 and, by choosing (k,\) = (2/7,4/7) in Lemma 2,
one finds that

X_gR(X7 M, ﬁ) < (XMl—ﬂ)2/9M2/9 < (XMl—,@)IO/?)'E) < (XM1_6)7/22,
hence Lemma 1 trivially holds.

3.3. The contribution from the sum involving F(-). In this section, we
shall prove the following estimate.

LEMMA 4. Let C be any number such that CoG < C < D. Then

X(? >y F(m0)> < (X MIP)T/22

c~C oaxA
(c,a)=1

+ (X3M—1—3,6‘)1/4 + (X2M5—2,8H—3)1/10
FY((H2X3M™38-3)1/4 (g3 X2\ —28)L/5
T (H3XM_2_5)1/2) i (Hgy—5X4M—4ﬁ)1/1o _

It will be clear that Lemma 4 is a consequence of the next two lemmas.

LEMMA 5. Suppose CoG < C < D,c~C,ax A, (¢,a)=1. Then

1
F(mo) = 2(nc)1/2 SO kT Pe(wikr + wor + xark'? + wark™'/?)
r=<L kxK

kal/Q ]{21/2 Tk:fl/Q
XX<2H0wﬂﬂ>”<N0wﬂﬂ>f<2m@v2)

+ O(CH'Y?Y max(Y 52, H=5/?)) + O(min(1,YH )R),

where

K=N?CXM %2 L=HCNXM P2,
cx cx 1 a\'t
N e O
= {ng} n= 50+ 0x( 2
a is the unique solution of the congruence aa =1 (mod ¢) with 1 < a < ¢,
b=[cX/mf], v is as in (14), and
a ab+ v 1 K
T =—, Tp= 3= —7——=75, T4= o —airg
R = CH—3/2N—1X—1/2M1+ﬁ/2 4 N—Q(H—lX—1M2+ﬂ)3/2
+N(HXMP=2)3/2 4 (HXM~4=P)1/2N3

Proof. The arguments in what follows are clear in view of Sections 8
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to 12 of [3]. For n < N < M X ¢, we have the expansion

hX hX
m = m-l—vn—l—&f—l—t(n),
0
where
15 — —n(l D) e = (@
(15) = - (C‘H)ﬁ(ﬁ‘F )<cﬁ> >—_ (c+ U77>7
1+«
(16) o= hﬂ(ﬂ;l) ((;) X~ =hyp= HXM 52,
a 1+« a a\ —fB-—2
t(n)zhnﬂ(ﬁ—i—l)v(cﬂ) X_a<1— (1_U<CBX> ) )
_3— 1 1
+ hnﬂX <(ﬁ + 1)Um0 B-2 —+ (mO n ’U)ﬁ—"l - mg—‘rl)

-8 2
oo () - - ()
0 0 0

+ hn%ﬁ(ﬁ +1)

0\ e a \ ™\ A2
(%) (- 0-GE)) )
From the expression of ¢(n), we can obtain the estimates
t(n) <« HN3XM=P=3  t(n) <« HN?2XMP=3,
Hence, by partial summation, one gets

(17) F(mg) = ;f(h)x<g>e(zjg) znzo<;;b]>e(7n+5n2 +t(n))

0

= %:f(h)x<g>e<:j§) (ZJ(Z)@(’M + 6n?)

0 n

+ O((HXNGM‘5‘4)1/2)>

= Zh:f(h)x<2>e<];j§) znza<;>e(’yn + 6n?)
+ O(min(1, YH Y (HX NS M—A=4)1/2),
From (15), (16), we find that

v=—(ha+o))c, o=—2cv6 < HDXM P2« 1,

MB+2
dcN HXNM—P—2
cN > G > <D

H
HXNM P2 5> 1
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thus, as in Section 9 of [3], we deduce that

(18) En: o <;‘7> e(yn + on?)
(5 2 (s

r=ah (mod c)
|r|<6CN

- O(N—2H—1x—1Mﬂ+2)> .

r+o\ r _1
U<2(5CN)_0<25CN>+O(N )

(r+0?\ _ [ rP+2r0 B2
e( w2 )~ °© 46¢? +OHXM )

On account of

we get

(19) zn:a<;)e(7n+5n2)
“(am) 2 (o) (- 5)

r=ah (mod c)

+O((Hn) Y3 (NT2H X MPY2 4 NH2X2M—2074)).,

We get, by the Poisson summation formula,

soeson(S4(5)_E, (s

07 r=ah (mod c)

2 G WP =) il

r=<L h=ar (mod c)

x(71)e('% ~ 1ia)
*Z < ab+”>§e<ﬂza>m—m,7«),

where the integral J(-,-) is given by

k— 2
= Fermnon(§)e (e 555 )
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If k> CgK or k < C7K, then for r < L, £ < H, one has
r2 B k—k
4nc2&? c
Integration by parts, gives, in view of (12), the estimate
2H-5/2
(k] + K)2 "

1
> ~(Ik| + K).

J(k—r,1T) <

thus

S+ > k- mr) < CCHOPKY,
k>CeK k<CrK
and, consequently, one obtains

(20) zh:h—l/zf(h)x<2>e(i:§>
DY ”<2nZNh>€<_7Z’jC§’7;Q>

r=ah (mod c)

_1 e<r(ab+v+ak)><](k_,€7r)+O(CN—1H—3/2)'
r<L,kxK

C

Put

P© =157 )7 (5o )
By (12) and (13), we find that, for £ < H,

PO < H™,  P(Q) < g (max(LYH))?,

P"(¢) < H§/2 (max(1,YH™1))?.
Thus, by taking
B r? _ k—=&
" =——

in Lemma 11.1 of [3], we get
(21)  J(k—~r,7)

e (1(5) (i) ) s
where

(22)  Rp(a,b) < (b7 a7 V272)(|P"||(|P™]))/?
< H Y} (N2XMP=2y)~3/2(max(1,YH™1))*/2
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Since

@ (i) ) - lG) ) e

the lemma follows from (17) to (23).
Now let

M(a,c) = Z Z k=Y 2e(x1kr 4 zor + 25rkY/? + 24rk~1/?)

r=<L kxK
Tk_1/2 kl/Q Tk_1/2
XX o f .
<2H(n6)1/2) <N(n0)1/2> (2(?76)1/2)

LEMMA 6. For any C in the range CoG < C < D, one has

G
e 2 2 M

c~C axA
(c,a)=1

< Xs((XMl—ﬁ)7/22 + (X3M—1—3,8)1/4
+ Y(H2x3M7373ﬁ)1/4 + (X2M572ﬁH73)1/10) )

Proof. First we assume that Y < H < Y?2. We have

+00 +oo
X© = [ xetd, o= [ Fag ",

where X, o are the Millins transforms of x and o, such that

+oo +oo
[ Radt <1, [ [5@t)dt < 1.

Hence, for some t; and t5, we have

ey 3 Y M@« Y

c~C axA c~C axA
(c,a)=1 (c,a)=1

Z Z k,*%Jr%i(tl*tz)

k=<K r=<L

xr*itle(xlkr T+ gor + $37“k‘1/2 + $4T‘k‘1/2)f<2(ncrk)1/2> ‘ .

By means of the expression (11) for f(-), we get

(25) > > [M(ac)

c~C axA
(c,a)=1

1/2
< CXMM(YSI(CH;/ 1l 82(0,9)93d9),
y-1
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where

= Z Z ‘ Z Z ]{;%+%(t1—t2)r—2—it1

c~C axA r<xL kxK
(c,a)=1

xe(xkr + zor + xark? + 2hrk~1/?)

PSSR

c~C axA rxL kxK

9

(c,a)=1
xe(x1kr + xor + xark? + 2 (0)rk~ V)|,
1 0
f=aut——— al(0) =ag .
Ti= v E e Sl = et or o

We proceed to estimate Sy(C,6) by means of Lemma 2.4 of [1]. We
observe that the quantity x1kr + xor + x3rk™? 4+ 27/(0)rk=1/2 is just the
inner product of the two vectors (z1,z2, 23, % (0)) and (kr,r,rkY/? rk=1/2);
thus Lemma 2.4 of [1] gives

4
(26) 83(C,0) < (CAKL™)* [[(1 + X;Y;)B1 B2,
Jj=1
with
2 Xi=Xo=1, X3=(C3XM 2712,
Xy =X400) = (C3X M~~~ Y2(1 4+ C9),
(28) Yi=KL, Y=L, Yy=LKY?, Y,=LK '?,

By is the number of pairs (a, c), (a’,c'), with a, @’ < A, ¢, ¢ ~ C, such that
the following inequalities hold simultaneously:

1 (a, €) — a1 (a’, )| < (KL)™

|z3(a, ¢) — w3(a’, )| < (K'/2L)7!
or, equivalently,

¢ g(c/a)

¢ g(d/a’)

<<A17

a CL
- = <<A27

where
g(&) = EIFIB Ay = (XPCPNPH) T MO
Ay = (XHN?) 1 MP+2,
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thus, by Lemma 2.4 of [2], By can be estimated as follows:

(29) By < CA+C?A2A A, + ATAXC? + C? + Ay A?
< CPXMPYA1+ X 2PM?PPHPH2N5 4+ MH N ~?)
+ H72N76X72M2ﬂ+6
K C* XM+ H2X 2N~ MPT6
By is the number of 8-tuples (ki,ks,ks,kq,71,72,73,74) such that
kla k27 k37 k4 = K? T1,7T2,73,T4 X L7 and
T+ r2=7r3+714, kiry + kare = kgrs + kara,
kP 4 ke = Ky Py + Ry P+ O(X5 Y 5
Theorem 14.1 of [3] gives
(30) By < (KL)*™(1+HN™' +CH™ ) < (KL)*™*.
From (26) to (30), we obtain (be sure that X;Y; > 1)
X783(C,0) < (CAL™Y) K3 (XCP*M P2~ (1 + C0)
X (C2XM~P=1 4 (HXN3M—P=3)72)
< (CN2XM P34 g2(1 4 C0)
x (C2XM~ P~ 4 (HXN3M—P=3)72)
(31) S2(C,0) < CN2X 1 FeM—B=3/2g=1/2(1 4 CcV/491/%)
% (CQXMfﬁfl + H72X72M2B+6N76)1/4 )
As C < D <Y, by taking § =1/Y in (31), we get

(32)  S&1(C) < ON2XHep—F=3/2g—1/2
% (CQXM—B—l + H—ZX—2M2ﬂ+6N—6)1/4 )

From (25), (31) and (32), we conclude that

G
T ) IM(a,)|
XM_H_ZC?) c~C axA
(c,a)=1
MP+2 1
< XND /XM-B-2C3

% (CQXM—ﬁ—l + H—2X—2M25+6N—6)1/4X5

CQXQM—Q,(B—7/2H—1/2YN2

< XS(X3/4M_(3ﬁ+3)/4YH_1/2N+MI_BH_IYN_l/QD_l/Q),

and the required estimate follows in view of the values for D, N, Y. For the
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case 1 < H <Y, we use the expression (10) for the function f(-) in (24),
and we get

33 3 3 M)

c~C axA
(e.)=1
1/2
<YTH(CXMTPRYE [ 83000720 + CXMTIES(C))
y-1

where

S3(C0) =S ) S Y it mimin

c~C axA r=L kxK
(c,a)=1

)

X e(x1kr + xor + xrk? + 24 (0)rk™Y/?)

SiC) =3 3|30 Y eEHt e

c~C axA r<L k<K

(c,a)=1
X e(x1kr + xor + a3k ? + 2lrk™V?)|

0

/ 9 _ :l: v

24 (0) = x4 2(ne)1/
1

" — :I: -

Ty =14 (o)1

As before, we can deduce that
(34) S5(C,0) < (C3X3 M35 H)Y2N2%(1 + Ch)Y/*
X (C2XM P~ 4 (HX M P=3N3)=2)l/4 xe
and
(35) 84(0) < 05/4N2X1+6M—[3—3/2H—1/2
% (CQXMf,Bfl 4 H72X72M2B+6N76)1/4 ,

and the required estimate follows from (33)—(35). The proof of Lemma 6 is
finished.

Remark. As is clear from the above proof, the idea here is to put (10)
or (11) into (24), so that one can separate the variables ¢ and rk~'/? inside

f(r/(2(nck)'/?)) suitably.

Proof of Lemma 4. By Lemmas 5 and 6, we are left with estimating
the contribution from the sum of the error terms given by Lemma 5. We
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have, for CoG < C < D,

gz > (CYH™?+ CHY?Y ™3 4 min(1,YH ")R)
c~C oaxA

M
< W(DYH—2 + DHY/2y—3/2

+min(1,YH Y)Y (DH3/2N-t X ~1/2pP/2+1
+ N—2<HXM—5—2)—3/2
+ N(HXMP=2)3/2 4 NS(HXM~4F)1/2))

< Y(H73X2M72ﬁ)1/5 + (H9X4M745Y*5)1/10 + (XM*BY)?’/IO
+ M1+35/10(HX)—3/10 + Y(HX3M—4—35)1/2
+Y(H3XM™2P2 (X M—P)Y2

and Lemma 4 follows by considering that H < Y2, M < X%, and M*+7 >
X* (which is permissible, see the end of Section 3.2).

3.4.Proof of Lemma 1. By the arguments in Section 3.1, to prove
Lemma 1, it suffices to establish the following estimate for S(H, M, X).

LEMMA 7. We have
SCH, M, X) < XE((XM=P)712 4 (XP0 1010
Proof. From (12) and the exponent pair (1/2,1/2), we infer that
(36) S(H,M,X) < min(1,Y H ) (HXMP)'/?.

From the starting inequality for S(H, M, X) in Section 3.1, and Lemmas 3
and 4, we get

(37) X °S(H,M,X)
< (XM1—6)7/22 + (XSM—l—Sﬁ)1/4 Y RY(H)+R(H),

where
(38)  RY(H) =Y (XWHYM3-90/10 Ly (g2 X3 —36-3)1/4

+ Y(H3XM—2—ﬂ)l/2 + (Hgy—5X4M—4ﬂ)1/1o
and
(39) R™(H) = (X TH U MIOHAY/I0 4 (X2 5-20 g—3)1/10

+Y(HB3X2M 25
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From (36) and (37), we have
(40) X" S(H,M,X) < (XM'"A)/22 1 (X3M—1-38)1/4 L R L R
where, by (38) and (39),

(41) RY =min(Y(H' XM )2 RY(H)) <> R,
=1
7
(42) R™ =min(HXM °)"/? R™(H)) <Y Ri,

and (provided that (XM'~7)* < M0, see the end of Section 3.2)

(43) Ry = min(Y(H XM P)V2 y(X19H1O p—30-198)1/10y
< Y(H XM P)er/2(x19 19 )y —30-198w1/10
= Y(XM—B)19/24M—5/8 < (XMl—ﬁ)wzz

with (p1,w1) = (19/24,5/24),

(44) o= min(Y (B~ XMP)12, Y (H2 XM 95-9)1/1)
< Y((H*lXM*ﬁ)l/Q)SOQ ((H2X3M73573)1/4)W2
= Y(X5M7375B)1/8 < (Xleﬁ)7/22

with (@g,ws) = (1/2,1/2),

(45)  Re = min(Y(H ' XM~%)/2 Y (HO X M~2-9)1/2)
< Y((HLXMP)Y2)es(H3X M~2P)1/2)ws
= Y(XM*B*l/Q)l/Q < (XM17B)7/22

with (@3, ws) = (3/4,1/4),

(46)  Ra= min(Y(H ' XM P2 (HOY 5 X*M~40)1/10)
< ((Y2H—1XM—6)1/2)¢4((H9y—5X4M_45)1/10)w4
= (XYM PY3/28 < (X M1=F)7/22

with (4, ws) = (9/14,5/14),

(47) Ry = rnin((fIX]w—ﬁ)l/?7 (X—lH—11M10+5)1/10)
< (HXM P /2yes (XL H— 11 pf10+6)1/10)ws
— (XM176)5/16

with (¢s5,ws) = (11/16,5/16),

(48) Re = min((HXM P12 (X2 MO0 g—3)1/10)
< (HXM™P)/2)es (X2 0O~20 [=3)1/10)ws
— (XM1—6)5/16
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with (g, ws) = (3/8,5/8), and

(49)

Ry = min((HXM =2 (YO H=3 X2 M—28)1/5)
< ((HXM76)1/2)907((Y5H*3X2Mf2ﬁ)1/5)w7
= (YXM_ﬁ)5/11 < (XMl_B)7/22,

with (g7, wr) = (6/11,5/11).
Lemma 7 now follows from (40)—(49). The proof of Proposition 2 is
therefore complete.

4. Proof of Theorem 2. By Proposition 2, we find that

(50)

R(¢Y3,2/3) < €7/55Fe

and, by choosing (2/7,4/7) € E(3/2), we can verify that

thus
(51)

m(3/2) < 28/107, 75(3/2) < 28/107;

R(§1/2, 3/2) < 514/1074—8 )

In view of (50), (51) and the fact

7/55 =0.12727..., 14/107 = 0.13084.. .,

(4) holds with o = 14/107, hence Theorem 2 follows from Theorem 1.
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