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1. Introduction. The aim of this paper is to supply a still better result
for the problem considered in [2]. Let A(z) denote the number of distinct
abelian groups (up to isomorphism) of orders not exceeding xz. We shall
prove

THEOREM 1. For any € > 0,
A(x) = Crx + Cox/?  Cya/? 4 O(259/199+¢),
where Cy, Cy and C3 are constants given on page 261 of [2].

Note that 50/199 = 0.25125. .., thus improving our previous exponent
40/159 = 0.25157 ... obtained in [2].

To prove Theorem 1, we shall proceed along the line of approach pre-
sented in [2]. The new tool here is an improved version of a result about
enumerating certain lattice points due to E. Fouvry and H. Iwaniec (Propo-
sition 2 of [1], which was listed as Lemma 6 in [2]).

2. A result about enumerating certain lattice points. In this
section we prove the following improved version of Proposition 2 of [1].

THEOREM 2. Let Q > 1, m ~ M, g~ @, let a (£ 0,1) be a real number,
tm,q) = (m+q)* — (m — q)*, T = M*~'Q, and let B(M,Q, A) be the
number of lattice points (m,m1,q,q1) such that

|t(m7q) - t(mla q1)| < AT.
If Q < eM3/*, where ¢ is a sufficiently small positive number, we have
B(M,Q,A) < (MQ + AM*Q® + Q%?)(log2M)*,

where the < constant depends at most on a and €.
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It is obvious that Theorem 2 follows from the next two lemmas.

LEMMA 1. Let B1(M,Q, Aq) be the number of lattice points (m1,q,q1)
such that mi ~ M, q,q1 ~ Q and

B
H (qql) ma+dimy ' f(g,q1) +myPg(q )| < e Ay
where
1
lo| =minjn— 2|, Ay =AM+QM™5,  f=—
neZ o

B B
2 L) _ 2
Jaa) = <q1> q1<q> ’
36 s B 38

and dy, do are the constants given by the Taylor expansion

B
L+u)® — (1 —w)*
<( +U)2au( . ) =1+div’ +dou*+..., O0<u<lL

Then, for Q < M>/6—<
B(M7Q>A> <<B1(M7Q1A1)‘

Proof. We assume that AM is small, for otherwise Theorem 2 follows
immediately from the inequality

(1) [t(m, q) —t(m1,q1)| < AT.

From (1) it is easy to see that the Taylor expansion implies
q ? q !
@ wea(F) +a (7))
m m
B 2 q 4
—((]1> mi <1+d1 ((h) +d2<1> ) <K Aq.
q my mq

3) m= (qql)ﬁmlu LO(A+ QPM)),

From (2) we get

and

B8 B8
@ m= (2) s (@t = gt (D)) = ocan + Qi)
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By substituting (3) into (4), we get a more precise expansion
q1 7 q1 g q g

(5) m=m <> +dymit <q% <> s <> > +O(AM +Q*M™3).
q q a1

We now use (3) to expand dag*m =3 and use (5) to expand dig>m ™!, thereby

obtaining, in view of (2), the estimate

8
(6) m— ((2) my + dimy ! f(g,q1) + mi’g(q, ¢1) < A

Lemma 1 follows from (6) and the fact that A; is small.

LEMMA 2. Let B1(M,Q, A1) be defined in Lemma 1 and @ < eM3/4,
Then

By(M,Q, A1) < (MQ+ AM*Q* + Q*/*)(log 2M)*.
Proof. Let Ay = AM + M~1Q?/3. Clearly,
BI(M7 Qa Al) S BI(M7 Q7 AQ)
For fixed (q,q1), the number of lattice points counted in By (M, @, Az) is
(with S = (445)71)
(7) < 8! Z ‘ Z e(Asm + Bsm™* + C’sm_g)‘ + As M,
1<s<S m~M
by virtue of the identity
B 1—{S} (sinwz[S]\*  {S} [sin7wz][S +1]\>

12! — :
Z ( S e(s2) S sin Tz LG sin Tz ’
|s|<S
in (7), A, B and C are given by

! ? _ _
A= ) B=dif(qg,q1), C=g(q,q).

Under our assumption, the innermost sum in (7) is

2M
®) [ e(x|As|é+ Bs¢™ + Cse7)de+ O(1) = T+ 0(1),  say,
M

by using the truncated Poisson’s summation formula.
If |As|| > 3s|B|M~2, then by partial integration,

(9) I < |sAll™Y

and if ||As|| < 3s|B|M 2, then we apply the well-known second derivative
estimate to get

(10) I < (s|B))"Y2M3?  for B#0,
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where we have used the fact that |C| < |B|Q?. From (7)—(10) we conclude
that

(11> Bl (Mv Q: A2> < AQMQz + El (Ma Q7 AQ) + E2(M7 Q7 A2)7
where

Ei(M,Q,A) = Ay Y > min(M, 1/ As),

1<s5<S q,q1~Q

By(M,Q, A7) =24y, > > min(M,(s|B|)"/2M3?).

1<s<S q,q1~Q
||As||<3s|B|M—2

E;(M,Q,As) (i = 1,2) can be estimated just as D;(M,Q, A) on page 320
of [1], and we have

(12) E1(M,Q. Az) < MQ(log2M)°,

(13) B>(M,Q, A2) < (MQ + (A M)™'/2Q%)(log 2M)*.
Lemma 2 follows from (11)—(13).

3. A bound for a kind of triple exponential sums. By means of
Theorem 2, we can sharpen Lemma A of [2] as follows. We have

THEOREM 3. Let H > 1, X > 1, Y > 1000; let o, B and v be real
numbers such that ay(y—1)(—1) # 0, and A > C(a, 8,7) > 0, f(h,z,y) =
Ah®xPyY. Define

S(HvXa Y) = Z Cl(ha :E)CQ(y)e(f(haxay))a
(h,z,y)eD
where D is a region contained in the rectangle
{(h,:n,y) | h~H, r~X, yNY}

such that for any fized pair (ho, zg), the intersection DO{(ho, xo,y) | y ~ Y}
has at most O(1) segments. Also, suppose |Ci(h,z)| < 1, |Ca(y)| < 1,
F=AH*XPYY > Y. Then

(14)  L73S(H,X,Y)< V(HX)OYBF 4+ HXY>/3(1+ Y F~*)1/16
+ Y HX)PYBF2M + V(HX)PY*M
= FEy,
where L =1log(AHXY +2), M = max(1, FY ~2).
Proof. We have

HXY<<ZZ’ > Caly) hﬂcy))’

h~H o~ X yel(h,z)
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where I(h, ) is some subinterval of (Y,2Y]. From Lemma 1 of [2], we get

L_IS(H, X, Y) <K Z Z Z C(y79>e(f(h7x7y)) s

h~H x~X y~Y

where C(y,0) = Cs(y)e(fy) for some real number 6 (0 is independent of h,
x, and y). We consider the expression

(15)  Rlg) = (HXY)%q~" + (HX)2(Y°P~ Mg ~h)!/2
+ V(HX)Y F " + (HX)*Y¢'/? + /(HX)Y*M.

By Lemma 2 of [2], we can choose a Q € (0,eY3/4] such that

(16) R(Q) < V(HX)PYSF® 4+ (HX)?YS* + (HX)X(F~* MY 17V
+ (HX)2(Y8F_1M)1/5 + 1S/(HX)29Y28F_2M5
+VHX)?PYVIM <« E?

(see (14)). If @ < 100, then we trivially have

L7'S(H,X,Y) < HXYQ '/? < \/R(Q) < E1.

Now we assume that Q > 100. By Cauchy’s inequality and Lemma 3 of [2],
we get

(17) L73IS(H, X, Y)|? < (HXY)?Q ™' + (HXY)Q'[S4],
where
Si= Y. Cly+4¢,0)Cy—q,0)e(Ah*a"t(y,q)),
(quyzhzm)eDl

ty,q)=w+aq)" - (v—q7,

Dlle(Ql):{(Q7y7h7x)|y+Q7y_qNY7 qNle hNH, ]INX}

for some @7 with 1 < 2@Q; < @/2. By Lemma 4 of [2] we have (note that
F >Y by our assumption)

(18) 19117 < FY 'Q14; 4s,
where A; is the number of lattice points (h,x, hy,z1) such that
|heal® — hgal| < AQTY Y
with h,hy ~ H, x,21 ~ X, which is estimated by Lemma 5 of [2] as
(19) Ay < (HX + H?X?YQ{'F~H L%
and A, stands for the number of lattice points (q, ¥, ¢1,y1) such that
6y, 0) — ty1,01)] < (AH®XP)~1
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with Y/2 < y,51 < 3Y, ¢,q1 ~ Q1. Recall that Q; < Q/4 < Y3/
Theorem 2 gives (with A = Q'Y F~!)

(20) Ay < (Q1Y + Q1Y3F 1 4+ QY314

From (17)-(20), we deduce that (see (15))

(21)  L7SS(H,X,Y)? < (HXY)*Q~!

+HXYQ YFHXQ(Q+HXYF H)(14+Y?F '+ QY 1)2 <« R(Q).
Theorem 3 follows from (21) and (16).

4. The proof of Theorem 1. Put
0=50/199, Sioz= Y  Plmn¥), P(u) =u-—[u-1/2

mn§z1/3

m>n

By Lemmas 7, 8 and Theorems 1, 2 of [2], to prove Theorem 1 it is sufficient
to establish the following lemma.

LEMMA B.
5172,3 < x207te.

Obviously, we have
(22) S1,23= Z S123(M,N) + O(z77¢),
(M,N)

where M and N run through the sequences {277z'/3 | j = 0,1,...} and
{27 k213 |k =0,1,...} respectively, such that

(23) MN >z, 2M >N, MN <z'/?,
and
51’2’3(M,N) = Z W(xm_2n_3)7
(m,n)eD
(24) D =D(M,N)={(m,n) | m~DM, n~N, mn<az'/3 m>n}.

By means of the standard expansion for the function ¥(-), we get, for any
parameter K, K € [100, M N], the inequality

(log K)~'S12,5(M, N)
1 K
< .2\4]\][(_1 + Z min (h’ h2) ‘ Z e(f(h7m7n)) ’
1<h<K? (m,n)eD
where f(h,m,n) = hxm=2n=3. Thus, for some H € [1, K?], we have

(25) 2781 93(M,N) < MNK™* +min(1, K/H)®, » 3(H, M, N),
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where

(26) By 5(H,M,N) = 12‘ S e(f(hm,n))

h~H (m,n)€D

(we have adopted the notations on pp. 266-267 of [2]). We now use our
Theorem 3 three times to estimate the sum S 23(M,N). Lemma B will
then be proved by invoking (49) of [2].

LEMMA 3.
$_8517273(M, N) < 310/1,11M—11N—12 + 112/x4M—4N—3

+ 4{/%16]\4—16]\7—17+ §/$2M—2N—3+$1/4 —E

Proof. We use Lemma 10 of [2] to the summation over m, and obtain,
in view of (23),

@7 > e(f(h,m,n))
(m,n)eD
= (ha)/ N () Ye(g(h,n ) + O(a/Y),

(n,u)€D,
where
g(h,n,u) = co(zhn3u?)/3,
Dy = {(n,u) | un® < esha, h < cqu, n~ N, 5 < ha/(n*uM®) < ¢},

with ¢; (1 < i < 6) being some absolute constants. From (26) and (27), we
find that

(28)  z7/%®, 23(H M,N)
< M(HG) 2y } S Cm)Clue(g(h,n,w))| + 2/,

h~H (n,u)€D;

where |C(n)] < 1, |C(u)| < 1, and G = zM~2N~3. We apply Theorem 3
with (H,X,Y) ~ (H,GH/M,N) to get (note that (n,u) € D; implies
u~GH/M)

(29) x—e/QZ‘ 3 C’(n)é(u)e(g(h,n,u))‘

h~H (n,u)€Dq

< 2€/H41(;22]\4—19]\713%_15126;]\4—1]\75/8+ 1{5/H28G12M—16N11

+ 3\2/H56G27M—29N28 + 3€/H61 G329 N8

+ VHG3MAN* + VH G*M3N?.
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From (25), (26), (28) and (29), we obtain

(30) 27 °S8123(M,N) < MNK~' + ¥/ K8z A9 N 20
+ €/K4x4M*8N*7 + 1{5/K4x4M*8N*1
L RS IO NS | /18,16 ) /=20 \r—30
+ VE2M 3N 4 g1/
= Ey(K) + 't say.
By Lemma 2 of [2], there exists a Ky € [0, M N] such that
(31) Ey(Ko) < Es.

If Ko > 100, we put K = Ky in (30), and Lemma 3 follows from (30) and
(31); if Ky < 100, we trivially get

(32) S123(M,N) < MNK;' < Ey(Ky),
and Lemma 3 follows from (32) and (31).
LEMMA 4. For K = MNz27% 1< H < K2, we have
a0y 0 5(H, M,N) < Va3 MTNY + NM5/® 4 WV H 42~ N2
+ 3\2/H_5x_2M32N35 + 3\2/333M12N20
+ VH TMAN? 4 g/4,

Proof. Applying Theorem 3 to the sum H®4 2 3(H, M, N) directly, with
(H,X,Y)~ (H,N, M), we get the required estimate.

LEMMA 5. For K = MNz~?, 1 < H < K?, we have
x° min(l,K/H)Sp17273(H, M, N)
< WP MNS + VO MENS + /252 MONTS 1 X/ 2 MO NS

+ 52 x8M12N20+min(€/x279M73N72, 22 x3M7N10) 4+ 20,

Proof. Applying Theorem 3 to the triple exponential sum of (28), with
(H,X,Y)~(H,N,GH/M), we get

(33) x—s/QZ\ S C’(n)é(u)e(g(h,n,u))‘

h~H (n,u)€D;

< 26/1'1735G16M_13N19 + S/H13G5M—5N8 + 1{5/H29G13]\4—17N16

+ 3</H55G26M—28N29 + 3€/H50G21M—18N29

+ <‘/H7G4M74N3 + %/H6G3M72N73 +$1/4'
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From (28) and (33), we obtain

@By 5 3(H, M,N) < ¥ H2° M 'N*+ VHzMN® + VH°2" M~ ' N
+ 3\2/H7$10M716N71 + 3\2/H2x5M4N14
+ VH22M N3 4 g1/4,

which, in conjunction with Lemma 4 and (23), gives
(34) 2 °min(l, K/H)®123(H,M,N)
< 2€/x5—20MN6 + §/x1—0M2N6 + %Y/ 526 376 16

+min(Va?HM N3, VH ' MPN%)

+ min(V22HM N3, ¥/ H 52" 2M32N%)

+ min(V22HM N3, V H M*N3)

+min(V22 O M3N"2, /23 MTND)
+min(V22 ' M—3N~2 NM>/?)

+ min(Vz2 O M—3N"2, ¥/23M12ZN0) 4 20,

Obviously,
(35)  min(Va?HM*N3, VH 42 *M>N%) < V2 MON'C,

(36)  min(Va2HM N3, ¥/ H 5z 2M2N%) < V1S M2N,

(37) min({l/xQHM*‘lN*?” €/H71M4N3) < x1/4;
and, in view of (23),
(38)  min(Vz2 ' M3N"2, NM>/3)
< min(f/m7 (M3N2)13/40) < 2(26-180)/92 _ 0

(39)  min(V22 M 3N"2, V2P MEN)
< min(f/xQ*QM*3N*2, 3€/x3(M3N2)32/5) < 5(79-320)/288 _ .0
From (34) to (39), Lemma 5 follows.
Proof of Lemma B. By (49) of [2], we have

(40) r 81 23(M,N) < ValMN~!
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By (25), Lemma 5 and (40), we get
2581 23(M,N) < 2€/x5—29MN6 + §/x1—eM2N6 + 3\2/x5—29M6N16
+ Y MON + ¥/28M2N 4 Ry (M, N) + 27,

where
Ry(M,N) = min( Va3 M NY® /22 M 3N2 V22 MN 1)

<( 2\2/w3M7N10)a1 ( €/x2_9M_3N_2)ﬂ1 ( f/szN—l)wl
_ ,(81-176)/306

< a2,

with (a1, B1,71) = (110/306, 68/306, 128/306); thus

(41) 27581 05(M,N) < V2" 2 MNC + /20 M2N®
+ 3\2/x5—29M6N16 + 3\2/:64M9N16
+ VaSMPN? 4 4.

If MN < 293, then (41) gives

(42) 2781 93(M,N) < Va® 2 MNC® + 2.
From Lemma 3, (40) and (42), we deduce that
5
(43) 27S123(M,N) <> Ri(M,N)+a’,
i=2
where

(44) Ro(M,N) = min( VXM= 1IN"12 /2520 0/ NS /2 MN~L)
< SQ/ng—nN—lz)m( 2€/x5—20MN6)[32(,8/1,2MN—1)72

_ (150-230)/574 _ ;.0

with (az, B2, 72) = (105/574, 253 /574, 216 /574);
(45)  R3(M,N) =min( Va*M*N3, V252 M NF)

< ( 1‘2/954M_4N_3)12/34( 2‘2/955_20M4N3)22/34

_ p(9-20)/34 40,

(46) R4(M, N) = min( V'S M—16N-17 X/25-20 )1 NO)
< ( 4’5/.’1}16M_16N_17)105/347( 2€/I5—29 (M16N17)7/33)242/347

_ (277-660)/1041 _ 20

(47) Rs(M,N)
= min(V22M 2N, ¥/ 252 MNS, /22 MN1)
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< (W)%/m?( Qm)llo/m’i( 8 z2]\4]\]—1)72/217
_ p(67-100)/217 _ .6

From (43) to (47), we have

(48) 2781 23(M,N) < 2.

If MN > 293, from Lemma 3 we find

(49)  27S125(M,N) < V"M UINT2 4 /22 M2N"3 4 2f
From (40), (41) and (49), we deduce that

15
(50) 27 °S123(M,N) <> Ri(M,N) + 2’

=6
where, by (44) and (47),
(51)  Re(M,N)= Ry(M,N) <z’  R;y(M,N)=Rs(M,N)<a’,
(52) Rg(M,N) = min( ¥z 'M~UIN12, V/21=0 A2 N6)

< ( S'O/xllM_llN_12)30/53(f/xl_e(MllN12)8/23)23/53

_ (111-230)/424

< 939;

(53) Ro(M, N) = min(Vz*M 2N~3, /2!~ M2N®)

< (W)1/2(\8/x1_9(M2N3)8/5)1/2

_ (21-50)/80 _ 0.

(54)  Ryo(M,N)
— min( 3€/x11M711N712 3€/x5726M6N16>
< ( 3<0/$11M—11N—12)165/349( 3\2/x5_29(M11N12)22/23)184/349

< :69;

_ (357-466)/1396

(55) Ry (M,N)=min(V22M2N-3, /5206 N16)
< ( '5/:1:2M_2N_3)22/54( 3\2/:1:5_29(M2N3)22/5)32/54

— £(69-100)/270 - 0.

(56) Ryia(M,N) = min( Vz''M~1IN"12, ¥/ MO N16)
< (( 310/x11M—11N—12)750( 3€/x4(M11N12)25/23)736)1/1486

—_ x367/1486;
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(57)  Ri3(M,N) = min(V2>M 2N -3, ¥/2* MO NF)
< ((i/sz_QN_?’)%( 3€/x4(M2N3)5)32)1/57 _ 1,14/57;

(58) Ryy(M,N) =min( Vz'M~UN"12 /4 0N1)

< (( 3W)240< lg/xz(M11N12)8/23>299)1/539

_ x134/539;

(59) Ris(M, N) = min(V22M2N3, V22 M3N?)
< (V22 M2N=3)20( {/22(M2N?)3/5)65)1/105 _ ;:26/105
From (50) to (59), we have
(60) 2781 23(M,N) < 2.
Lemma B follows from (48) and (60).

5. Concluding remarks. It is clear that our result 50/199 is closely
connected with the term @8/ in Theorem 2. This term actually comes from
the method given in Lemmas 3 and 4 of [1]. The fraction 50/199 can be
reduced whenever Q%3 can be reduced in our Theorem 2. If, for example,
Q%3 could be “omitted”, then one may attain the expected exponent 1 /4,
in place of 50/199.
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