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Introduction. In this paper we extend Iwaniec’s results on Rosser’s
sieve to a general number field. The papers [13] and [14] of Iwaniec are long,
but we can only be brief in justification of our extension. There have been
many papers describing extensions of sieve methods to algebraic domains;
Halberstam and Richert ([7], p. 340), give 24 references to such work. We
will discuss briefly the relation of this paper to earlier ones at the end of
Section 4.

As an application of the sieve we examine the distribution, in imaginary
quadratic fields, of prime ideals that lie in sectors. As a corollary of our
main result, we obtain

THEOREM 1. Let Q(z,y) be a positive definite, primitive, binary quad-
ratic form with integer coefficients. Then there exist infinitely many primes
p with

p=Q(m,n) and n<p”l®!
where m,n € Z.

The exponent 0.1631 is an improvement of the results (at least for
Q(x,y) = 22+y?) of various authors. Kubilius, in a series of papers [20]-[22],
proved that 12/29+¢ is allowable, for all ¢ > 0. This was improved to 1/3+¢
by Bulota [2], 1/4+ ¢ by Koval’chik [19] and 1/5+ ¢ by S. Ricci in his Ph.D
thesis, [26]. Conjecturally, assuming that the Riemann hypothesis holds
for all Hecke L-functions with Grossencharaktere, over imaginary quadratic
fields, Kubilius [22] and Ankeny [1] have shown that QQ(m,n) represents in-
finitely many primes p with n < logp. But further, the expectation that
an irreducible polynomial in Z[x] should represent a prime infinitely often
would lead us to conjecture that Q(m,n) represents a prime infinitely often
with n = 1. This problem has also been studied by M. Maknys.

The Rosser sieve with error term as given by Iwaniec has had an impor-
tant impact on the question of bounding the difference between consecutive
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rational primes, i.e. finding 6 such that p’ — p < p? for all consecutive
primes p < p’. This question has been generalized in [3] and [5] as a ques-
tion about the points at which norm-forms associated with number fields are
prime. The details of applications of the sieve to questions of norm-forms
will appear later. But this future application will serve as justification for
presenting here the Rosser—Iwaniec sieve in general number fields.

1. The Rosser—Iwaniec sieve. Let K be an algebraic number field
of degree n, let a,b,c,... denote integral ideals of K and p, q, prime ideals
of K. The combinatorial aspect of a sieve requires some system such as a
Dedekind Domain where we have unique factorization along with an order
on the elements of the Domain. In the case of a number field, where the
integral ideals have unique factorization, the order, <y say, will essentially
be given by the norm Ny /q. That is, Nk g(a) < Ng/g(b) implies a <x b.
For ideals with equal norm the ordering can be arbitrary. The rule chosen
here is that if Na = Nb and a and b are the ideal numbers of a and b
respectively (see [10]), then a <k b iff arga < argb.

We now diverge from the normal set-up of sieves by defining A to be all
the integral ideals of K along with a weight function € on the ideals. We
define the cardinality of A to be

A=) 0(a),
acA
which we assume to be finite. Further, for 0 an ideal we define

Aol = 3 6(a).

acA
ola
Let P be a subset of the prime ideals. Given any integral ideal §h and
z > 2 our problem is to estimate the sifting functions

(1.1) Sk(AP.h)= Y 6@ and SAP2)= >  6a),
acA acA
(a,Pr(h))=1 (a,P(2))=1
where

Pet)= [ » and P = ]] ».

pP<kh Np<z
peP peP

2. Buchstab identities. Though it will be sufficient for applications
to have bounds only for S(A,z) (where the dependence on P has been
dropped) the necessity of looking at both forms of sifting function defined
at (1.1) arises from our analogue of Buchstab’s identity. This states that
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Sk(Ab) = Al = > Sk(Ay,p),

p<ikbh
peP

S(A,2) = 1Al = Y Sk(App)

Np<z
peP

(2.1)

The proof of these identities follows from Legendre’s formula in K,

Sk(Ah) = Z 1(@)[Asl

0| P (h)

as does
LEMMA 1.
Sk(Ab) = 3 p@etl o+ Y u)of Sk(Ae,m(2)),
?| Pk (h) o| Pk (h)

where T(0) is the least (with respect to <) prime factor of 9. The 0T and

UDi can satisfy quite general conditions but here they are defined by

Qﬁ) =1 and a(ji) =0,
and for 0 > (1), with the decomposition 0= pl P P >K - DK P,
+ + +
o = I %o, and oy = )1 )‘pl Py
1<i<r 1<l<r
where

M AE(D) = {0 if p(d) ==+1 and N(x(2)) > (D/No)'/2,
0 ° 1 otherwise.

Here D is a real parameter and we sometimes show the dependence of
ggt on D by writing Qg[(D). There is the obvious analogue of Lemma 1 for
S(A, z).

As in the rational case pu(0d)oy < 0 and u(d)o, > 0 for all 0| Px(h).
So we have upper and lower bounds for Sk (A, h) in terms of 3 5 p, ) #(?)
x 0% (D)|Ay|. To obtain analogues of the results in [13] we could examine
this latter sum, but to incorporate the innovations of [14] we “massage” the
problem slightly.

Let 1/3 > ¢ > 0 be given and p = &%, u = D°". Assume u < z < D'/2,
and given A and P define A* = {a € A: (a,P(u)) =1} (= S(A,u)), and
P*={peP:ptP(u)}. Then S(A,P,z)=S(A* P* z), so by Lemma 1,

(22) > p@)e; (D)S(Ay,u) < S(A, 2)

0| P(z,u)

< > u)eg (D)S(Ay,u),

0| P(z,u)
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where P(z,u) = P(z)/P(u). Denote the bounds in (2.2) by W*(A,u, z) in
the obvious manner. It is upper bounds for W and lower bounds for W~
that are given in [14], where (2.2) is further improved by noting that for any
R >1 and € > 0 sufficiently small the W= (A, D", 2) are bounds for

S(ADE Y ()3 (D)Sk (A7)
ow<r

where 2(9) is the number of prime ideal factors of .

Next, the interval [u, D'/2] is divided, as in [14], p. 315, into subintervals
by points from G = {DEz(H")" :n >0} Ifo=p,...p,, Np, < D2
P, >k ... >k P, and Np, > u, we say that 0 belongs to the sequence
(Dy,...,D;),D; €G,i=1,...,r, iff

Dy <Np, <D*". ..., D,<Np, <DH",

Looking at W (A, u, z), we bound from above by increasing the set of
0 for which u(2)e7 is positive while decreasing the set for which ()7 is
negative. This first set of 9 is contained in
D =D (D) = {0]| P(z,u) : there exists r such that 0 belongs to
(D1,...,Ds.) where Dy > Dy > ... > Dy, and
Di...DyD3 < Dforall0<[<r},

while the second set contains
D3 (D) = {0| P(z,u) : there exists r such that 0 belongs to
(D1,...,Dapq1) where D1 > Dy > ... > Da,yq and
Dy...Dj . < DY forall 0 <1 <7}
So

(2.3) WH(Au,2) < S(Au) = Y S(Ay,u)+ > S(Ay,u).

2Dy} €Dy

We can argue analogously for a lower bound of W~ where we decrease the
set of ® for which p(0)e, is positive (to get D; ), and increase the set of d
when it is negative (to get D5 ), obtaining then an obvious analogue of (2.3).
We denote by Df{iﬂ: the set of 0 that have either been introduced or removed
from W above.

Applying to (2.2) the lower and upper bounds of Sk (A, bh) that follow
from Lemma 1 gives us

(2.4) WH(Au,2) < > p(a)ed (D7) Aql

qlP(u)
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= >0 > u D7)|Ago|

qlP(u) 0eDF

> D e (DY) Al

qlP(u) 0Dy

Now we use the assumption fundamental to this sieve method, namely that
|Ay| can be written in the form

(2.5) |Aa| = L‘;\(TDD)X +r(A,0),

where %DD)X is considered as a main term and 7(A,?) an error. Here,
w(?) should be a multiplicative function and for each prime p € P satisfy
0 < w(p) < Np. It simplifies notation later if we define w(p) =0 if p & P.

Introducing this assumption into (2.4), we obtain

(2.6) WT(Au,z)

S{ > nl@eg (D -3 Y wlwe; (D) ]\(;l']?

q|P(u) qalP(u) veDF

Y u ]éi',?}m > oA

q‘P(u)aED+ qlP(Dsz)
Ng<D*®
+ > Y N D) Y r(Aw),
(D1,..., D,) e 0 belongs to
eniony ]'VZ(st) (Di1sDy)

for some coefficients ¢ (D) and Af (Dy, ..., D), bounded by 1 in absolute
value. The term on the right-hand side containing the factor X will be
considered as the main term.

3. Main term. We first transform the main term by replacing o, (D°)
with ¢f (D?). Then on defining

w
q|P(u)
the main term can be written as

: w(0) w(®)
S+(D ,P,u){l— Z N70+ Z No }+E1>

2Dy} €Dy
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where

We transform once more by replacing the sums over elements of D;” and
Dy with the characteristic function u(2)o7 (D), when we get

(3.1) ST(D®, P, u){ST(D,P*, 2) + Ex} + Ey ,
with
w(0)
E2 = Z TD .
2eDt

diff

It is from [13] that we obtain bounds not only for S*(D, P, z) but also
SE(D,P,b). Define

V() = ][ (1_2;\([;;))7

p| Pk (h)
when
Vi) = Y u) 5
?| Pk (h)
- Dl;h)u@)g?(z})‘j\ﬁ? i p®)0 (D) AV ()

This last line follows in exactly the same way as Lemma 1. The first term
on the right-hand side is Sﬁ (D,P,h), so we have

(32) SK(D,P.h) =Vk(h) £ Y  S5(D),
r=(1F1)/2
where
w(py ... Py,
S:fh (D) = Z MVK(]J%JA) )

N(py.. .Pori1)

Porp1<K.--<kpP1<kb
N(P31+1~-P1)<D7 0<i<r
N(pgr+1“'pl)2D

and similarly for S (D), where the sum is over 2r-tuples, py, <f ... <k
p1 <k b, satisfying N(p3po_q...p1) <D, 0 <1 <rand N(p3.po,_1...P1)
> D. These are analogues of equations (4.1) and (4.2) in [13]. The interest
in the present case will arise from the question of how conditions of the form
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p <k b relate with those of the form Np < z. Defining

log D 3F1
r
log N§ 2 7

R
TE (D)= Y SH(D) fo
r=(1F1)/2
we look for upper bounds as R — oo. It should be noted that analogues of
the above, namely SZ,(D) and T]::EZ(D) are formed by replacing p; <x b
with Np, < z.
We now introduce the assumption that there exists a constant « > 2
such that for all j >x b, Nh > 2 we have

(3.3) 11 (1—%?)_2 (ES%)(”@%;)

h<kp<Kj

In the terminology of sieves, we say we have a “linear sieve”, because the
ratio log Nj/log Nb occurs to the first power. Looking first at R = 0 we
have

(D) = 55,0 = Y “Py(o) = Vie(DV3) — V().

This is zero if there is no prime p such that Np > D3 and p <k b.
Otherwise it equals

1/3
(3.4) VK@){VKV%) ) }

< VK(U){ (i;;gg?g) <1 + 10?D> - 1} (by (3.3))

— VK(h)sl{iS — 5+ 10?1)} ,

on writing s = log D/log Nh. The condition that there exists a prime p
satisfying Np > D'Y3 p <x b implies Nh > D3 ie. s < 3, in which
range the 3 — s occurring in (3.4) equals T, (s) as defined in [13], p. 193.
We can note here a difference between the present situation and Iwaniec’s.
In [13] when s = 3, TOJfZ (y) is necessarily zero, yet for TOJ’rh (D), even if s = 3,
there may exist a prime p such that Np > D3 and p <x b when TJh(D)
would not be zero. So the 3x/log D in (3.4) is necessary. 7

We need to show that a bound such as (3.4) holds for all R. To see
what the error should be in general we look at the limited ranges of D
and s in which TRiJ)(D) can be estimated directly from (3.2). We note that
S: p (D) (respectively S (D)) is zero if there exist no set of primes satisfying
NP3 i1...p1) > D and py,y <k ... <k p; <k b (no set satisfying
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N(p3,...py) > D and py, <k ... <k p; <k h), which is certainly satisfied
if D> Np*"™ ie. s> 2r 43 (s> 2r+2). For the non-zero th(D), use
Vi (p) < 1, drop the conditions on the norms and bound as

1 w(p) 27‘—&-1‘
B (W)

the bound for S (D) having 2r in place of 2r + 1. Next observe that

Z u;\(fi) > log Vi (h) > (2klog Nb) ™,

p<xh
the latter inequality coming from (3.3). But now we have the same bounds

for T;%E,h(D) as Iwaniec has for his Tf{z(s) with N replacing z. Thus we
can follow p. 198 of [13] to deduce

(3.5) Tj (D) < Vic(h)s™ Gy, (s)(log D)~ 1/2,

if K24 > log D or 559 > log D(loglog D)3, where Gﬁb (s) is defined on p. 197
of [13]. The right-hand side of (3.5) will replace the 3x/log D in (3.4) for
general R. To find the replacement for the 3 — s, or 7" (s) in (3.4), look
just at the range of D and s such that k= 2*log D is sufficiently large and
5 < 59 = (log D)/*°(loglog D)3/% and use the equations

w(p) D
(3-6) Tz%,h(D) = T;Dl/SO (D> + Z Np T;%F—1+(1:|:1)/2,p <Np> :

p<kb
Dl/SOSNP

This is valid for T~ when s > 2 and for T if SE)F,J(D) =0, ie. hand D are
such that there does not exist a prime satisfying p <x h and Np > DV/3_ If
such a prime does exist, write

(3.7) TH (D) =T, (D) + T;{’Dm (D).

We have a bound for T(;fh (D) in (3.7), while we will be able to bound the
second term if we have results for T JJ{? (D). Such results will not be given
explicitly, but the bounds for T§7Z(D) will be totally analogous to those of
T}ib(D) on replacing Nh by z in the results. So we can use (3.6) to give

bounds on Tgh(D) for s > 3, and the s = 3 case can be used on the second
term of (3.7).
The sum in (3.6) allows the use of induction, the hypothesis being that

(3.8) Tiy(D) < Vic(h)s™H{Tg (s) + Gy(s)(log D)/},

for some T (s) and Gy (s). All we have so far is that 75 (s) = 3 — s for
s < 3 and 0 for s > 3. But the use of T, (s) in (3.6) will lead to the same



The Rosser—Iwaniec sieve 61

T3 (s) as Twaniec has in [13]. This is because from (3.5) we can deduce an
exact analogue of Lemma 21 of [13], namely:

Let B(x) be a positive, continuous and increasing function in the interval
w <z < Nb. Then

Nb

w(p) Vi (p) log Np B(Nb)
(3.9) w%:vp Np VK(h)logNhB(Np)g wa(t)d(loglogt)Hn o
p<kbh

subject to (3.3). Substituting the first term from (3.8) into the sum in (3.6)
and using (3.9) gives a term

S0 —1
1 dt
f (1 o t> T}il+(1¢1)/2(t -1 t

S

which, when the integral is completed up to infinity, would need to equal
T j{t(s) for the induction to work. This equality is exactly the recursive
definition of T (s) as given in equation (7.3) of [13]. The properties of
TRi(s) and T%(s) = limp_ oo TRi(s) are derived in [13].

Because the T (s) in (3.8) are identical to those in Iwaniec’s work so
are the conditions on Gﬁh(s), necessary for it to satisfy the induction step
as well as (3.5). Thus we can take as Gﬁh(s) in (3.8) the function defined
on p. 197 of [13].

Substituting (3.8) into (3.2), letting R — oo and quoting the properties
of G%h (s) from [13] we have

LEMMA 2. If condition (3.3) holds, then
SE(D,P,b) < Vi (h){F(s)+O(e¥V"*(log D)""/*)} if Np< D,
and
Sx(D,P.h) > Vie(){f(s) + O™ *(1og D)%)}  if Nb < DI/2,

where F(s) = 1+T*(s) = 14+0(e ™) and f(s) = 1-T~(s) = 14+0(™) are
the continuous solutions of the linear difference-differential equations given
as (1.8) and (1.9) of [13].

Lemma 2 and (3.3) are sufficient to deal with all terms in (3.1) apart
from F>. The conditions for inclusion of an ideal into Dg’iﬁc depend on the
norms of the prime divisors of the ideal and not on the position of the primes
in the ordering defined by <x. Thus we can follow Iwaniec [14], pp. 318-319,
by assuming that there exists a constant L > 1 such that

w(p® L
(3.10) Z Z ]\(fi“) = log 3w’

w<Np<z a>2
peP
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for all z > w > 2, and deducing Fy < &3 + ¢ %k3eL(log D)~!. Using this
bound on FE; along with Lemma 2 we obtain from (2.6) (and the correspond-
ing lower bound for W~ (A, u, z))

LEMMA 3 (Rosser’s sieve). Let ¢ > 0, D > 2, z < DY2. [f (3.3) and
(3.10) hold, then

S(A,2) < WT(A, D, 2) < V(2)X{F(s) + E} + Rt (A, D),
S(A,2) > W™ (A,D,2) > V(2)X{f(s) — E} — R~ (A, D),

where s = (logD)/logz, E < &+ e %"+t (log D)~/3 and R*(A, D) de-
notes the last two sums in (2.6), R~ being defined similarly.

In fact, we can only use (2.6) for D < z, but for smaller z we can use
the argument on p. 314 of [14], which depends only on the properties of F'
and f. In applications E is often taken as ce + O((log D)~'/3) for some
c>0.

4. The error terms, R*. The errors in (2.6) are identical in form to
those in Theorem 4 of [14]. In particular, the conditions for the sequence
(D1,...,D,) tooccur in (2.6) are the same as in [14]. So we may use Lemma
1 of [14], simply a result on admissible (Dy,..., D, ), to rewrite the errors
R* as bilinear sums. Lemma 1 of [14] is used to replace the sum over ideals
0 belonging to (D, ..., D,) in (2.6) by sums over ideals a, b whose product
belongs to (D1, ..., D,). The importance of the lemma is that it allows great
freedom in the ranges of a and b, i.e. Na < A, Nb < B for any A,B > 1,
AB = D' Combining the sum over q| P(D%"), Nq < D? in (2.6) with
that over a, we have a bilinear sum for each admissible (Dy,...,D,) of
lengths AD® and B. We can follow p. 312 of [14] in reinterpreting the pa-
rameters so that the sums are of length A and B with AB = D. That the
main terms of Lemma 3 are identical to Iwaniec’s means that the reinter-
pretation leaves them unchanged in form. There is a reduction in the range
of validity of Lemma 3 to z < D/2(4e+m) but this can be dealt with as in
[14] because we have the Buchstab identities in (2.1).

Thus

R*(A,D) = >  Rf
1<l<exp(8e—3)
where
(4.1) Rf= > ) a*(a)b™(b)r(A,ab),

Na<A, Nb<B
ab|P(z)

and the a®(a), b¥(b) depend on A, B, | and ¢ and are bounded by 1 in
absolute value.
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When sieving rational integers in a linear problem, the Rosser sieve gives
the same results as the iterated Selberg sieve (see [7], Theorem 8.3). By way
of two examples, we show this is true also in number fields.

The first time the iterated Selberg sieve appears, along with the asso-
ciated functions f and F, is in Jurkat and Richert, [17]. The sieve and an
application from this paper are generalized by Schaal, [29]. Assume K is a
number field of degree n = r; 4+ 2ry (in the usual notation) with integers
Ok. Let y1,...,yn be positive real numbers and set y = y; ...y,. Define

RzR(yl,...,yn)Z{OAGDK:O<a(i)<yi, i=1,...,7r,
oD <y, i=r +1,...,n}.

Then, for 5 € Ok and integral ideal § with (3, f) = 1, Schaal generalizes the
iterated Selberg sieve to give bounds for

(4.2) Ha € R(yr, .- yn) i =B mod f, (o« — [, Vk(z)) =1}|.

Using a weighted sum due to Kuhn that can be expressed as a linear sum
of terms (4.2) with various y; and f, it can be deduced that given £ > 0,
Nf sufficiently large and any y > Nf25/11+8, there exist ( € Ok with ( =
B modf, ¢ € R(y1,...,yn) and the number of prime factors of ¢ at most
two. No doubt 25/11 can be improved using Richert’s weights (see [27] and
also Theorem 9.6 of [7]). But here we remark that bounds can be given for
(4.2) using Lemma 3. Define

O(a)={a € R(y1,...,yn) :a =P modf, (a—3)=a}.

The main term for }_, , 6(a) is given by Rieger [28], with w(p) = Np/¢(p) if
pt 3, zero otherwise. Then (3.3) follows from Mertens’s Theorem in K (see
(7.2)). Thus we can apply Lemma 3, obtaining the same bounds as Schaal.

As another example we might mention Hinz’s proof ([12]) that in a totally
real algebraic number field, every totally positive even algebraic integer ¢
with sufficiently large norm can be represented as ( = w + Il where w is
prime and 75 has at most two prime factors. (An algebraic integer is even

if it is divisible by all prime ideals that divide 2.) In this case it is necessary
to bound

{w € R(y1,-- - yn) tw =B mod g, (w—0B,Vk(z)) =1}
As for the first problem, define

9((1) = ‘{w ER(y177yn) wEBmOdch (w—ﬂ) :a}‘
Then the main term for Za| . 0(a) is given by the prime number theorem in

Mitsui [23], with w(p) = Np/¢(p) if p{ S, zero otherwise. Thus Lemma 3
can be applied. The errors in Lemma 3 are dealt with in this problem by
Hinz’s extension of Bombieri’s prime number theorem ([11]).
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5. Main result. Let f be an integral ideal in the imaginary quadratic
field k. Let I; be the group of fractional ideals whose prime decomposition
contains no prime factors of f, and let

Pi={(a)elj:ack”, a=1modf}.

A Grossencharaktere on I; has the form A\™, where m € Z and, for
(@) € P;, M()) = (a/|a])*D), with w(f) the number of units ¢ satisfying
e = 1modf. (See [3], Section 2, for further details.) For a € I; define
Y(a) € 10,1) by M(a) = exp(2mitp(a)). Let I be an ideal class mod f, i.e. an
element of I;/P;. Then our main result is

THEOREM 2. For z~1/3 loggm > 1> 17033691 e have

1 2lx
Z 12 500 h(f)logz
=yt () log

[ (p)—vo|<i
< Np<2x

for all g € [0,1), x > xo. Here h(f) is the order of I}/ F;.

To deduce Theorem 1 write Q(x,y) = az?+bry+cy? for some a, b, c € Z,
and note that positive definite implies b — 4ac = df? < 0 where d is the
discriminant of the imaginary quadratic field k. Associated with the form

is a Z-module M = [a, (b — fV/d)/2] C O. So if a(z,y) = ax + (bﬂ;\/a)y,
then Q(z,y) = a '*N(a(z,y)). We are assuming that @ is primitive so it
is, in fact, an example of a value-primitive, full-norm polynomial as defined
n [24]. We now use ideas implicit in Section 5 of [5].

In generality let K be a number field of degree n, M C Ok a full module
and v € Og. Define J to be the largest positive divisor of the rational
integers N(vy 4+ 1), n € M. Then from the proof of Proposition 5 of [5] we
have that there exist integral ideals 9, f and I € I;/P; such that No = J
and if a € I then ad = (y+n) for some n € M. Further, if (9,f) # (1) then,
from the proof of Theorem 6 of [5] we have that there exist integral ideals
e,f satisfying (e,f) = (1) and § |, along with s,t € Ok and I' € I;/ /Py
such that if a € I’ then (t)ea = (s)(y +n) for some n € M. This has the
advantage that if A is a Grossencharaktere modf on I/, then A(e) and A(a)
are well-defined. In this case J = N((t)e/(s)).

In the particular number field k arising from Q(z,y) we have v = 0,
J = a and we can find ¢, f', I’, s and t as above. Apply Theorem 2 with
defined as earlier modf and 1y = ¥(s) — ¥ (t) — ¢ (e). The number of prime
ideals satisfying z < Np < 2z and Np = p? is < /2 so we can assume
Theorem 2 counts only p such that Np = p, prime. For these p € I’ we
have (£)pe = (s)(n) for some 1 € M, 50 (1) -+ (o) + ¥(e) = ¥(s) + ¥(1).
The condition |1(p) — | < [ then becomes [1(n)| < [ which we rewrite
as argn < 27w(f)x™? where z7¢ =1 > 27033691 je 9 < 0.33691. But
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n € M if, and only if, n = a(m,n) for some m,n € Z and so p = Np =
N((s)/(t)e)Nn = a 'N(a(m,n)) = Q(m,n). Also, argn < 2nw(f )z
implies

. Np\ -
n < Ciz ' N(a(m,n))"/? < Cy (2> (aNp)'/? = Cop'/?~?

for some Cy > 0. Combining the intervals (z,2x) we obtain

COROLLARY 4. There exists C = C(Q) such that for all < 0.3369 and
all x > xg the cardinality of
{p<z:p=Q(m,n), mnecZand n < Cp'/?>7%}
is > 2179/ log z.

Theorem 1 follows immediately.

6. Introduction of sieve and asymptotic results. As in [3], Section
4, or [5], Section 3, we start with

(6.1) Y11= g(Np)f — o),

pel pel
< Np<2zx

[ (p)—%ol<!

where f and g are smooth functions with values between 0 and 1, such that
f(t) is periodic mod1 and equals 1 for |t| < — A; and O for 1/2 > |t| > [
while g(t) equals 1 for z(1 + Ag) < t < 2z(1 — As) and 0 for t < = or
t > 2x. We in fact choose Ay =1/logz and Ay = 1/logx, and the required
properties of f and g will be quoted from [3] or [5] as necessary.

Define 0(a) = g(Na)f(y(a) — 1) if a € I, zero otherwise. Then the
lower bound in (6.1) equals

62 T00) =S4 =S4 = 3 SAwa)
2<Nq<zl/2
using Buchstab. Here z is to be chosen. Set
(6.3) S@= > > 0(a)
Q<Ng<2Q »

with the inner sum over prime ideals. If @ > z'/% then this equals
EQSNqQQ S(Agq,q). Now

6.4) S@= ) ZlogNa +E

Q<Ng<2Q a

:<1+o<l();x>> S Wl/M]ZajA(a)e(aqHE.

Q<Ng<2Q




66 M. D. Coleman

Here A is von Mangoldt’s function, so A(a) = log Np if a is a power of the
prime ideal p, 0 otherwise, and

(65) = Y Y Y n

Q<Ng<2Q j>2 3 /Nq<Na’<2z/Nq
| (a’ q)—vo|<l

For j > 3 we can drop the condition on ¢ (a) and the contribution to F
is

1/j
z 1/3,2/3
< E E <Nq) L xR logx .

Q<Nq<2Q 3<jKlogz

For j = 2, split the inner sum in (6.5) into subsums of ideals lying in a
given ideal class H, say, modf. Fixing b € H~!, then ab = ()), for some
A € O for all a in subsum. So this smaller sum is less than the number
of A € © with NA < (z/Nq)'/? and [1)(\?) — 91| < I, for some ;. This
latter condition states that A which, for the imaginary quadratic field k, are
elements of a lattice in the plane, must lie in two cones. Thus the inner
sum in (6.5) is < ((z/Nq)*/* 4+ 1)(I(x/Nq)'/* + 1) and the contribution to
Eis < 1z/2QY2 4 21/4Q3/* + Q. Hence, since Q < z, E < lz'/2QY/2 +
z/3Q?/3 log x.

The inner sum in (6.4) differs from ¥; in (3.6) of [5] only by the occurrence
of gq. The method of [5] replaces f(t) by > °_ _ a, exp(2wimt), which
gives rise to the Grossencharaktere exp(2mima)(a)), while g(y) is replaced
by [, oo g(s)y—* ds, where g is the Mellin transform of g. It can be shown
that both the infinite summation and integration can be cut-off at finite
points with arbitrarily small error. The line of integration can then be
moved, picking up contributions from the poles of the integrand. In this
way we obtain

Goﬁ(l)
h(f)Nq

_hgﬂzxzx([) Y7 apemimie 3 a<gmx>’§@;i?+0<logw>-

|m|<W |'Ym,xl<T

(6.6)

Here x denotes a character on I;/P;, W = [A; ' log®z] = [I"'log® z], T =
[A5 1 log? x] = [log* ] and 0y = By + iYmy are the non-trivial zeros of
the Hecke L-function defined as

(5, XA™) = ZXNaS ’

for Res > 1. The error of logz in (6.6) differs from that in (3.8) in [5]
because we use the fact that here g(o + it) < x°.
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Substitute the second term from (6.6) into (6.4), bounding the resulting

term as
- xA™ (q)
S DID I ML D S

X m|<W |ymy |<T Q<Ng<2Q

having used |a,,| < ag < [ for all m. By partial summation, this is

5_1 / m
(6.7) < lzx ﬂrgzi%x g E E 1S(Q"s XA™, omx )]
X |m|<W, |'me|<T
mx>

for some @ < Q' < 2Q, where
S(Q/,X)\m,s) = Z X)‘m(q)Nq_s'

Q<Ng<Q’

For 1/2 < o <1, define N (o, W, T) to be the number of non-trivial zeros
Omy Of all L(s,A™x) where |m| < W and x is a character on I;/P;, with
Bmx = 0 and |ymy| < T. Bounds for this counting function are given in [3]
but those results are optimal when W and T are of the same magnitude.
Because of the geometry of the region in which we are looking for prime
ideals in Theorem 2, the W and T in (6.6) are not of the same magnitude.
So we quote instead Theorem 3 of [26] as

LEMMA 5.
(6.8) N(o,W,T) <5 TWw2(1-0o) (W2 + T2)2(1—0)/3 log > WT,
or, as appropriate for us,
(6.9) N (o, W,log* z) < W0=9)/316g19 4

In fact, (6.8) is only given in [26] for £ = Q(7) and f = (1). Below I will
sketch how (6.8) can be proven in general. The exponent 10/3 in (6.9) is
better than the 24/5 + ¢ implied by Corollary 8.2 of [3]. The improvement
arises from the mean value result

LEMMA 6.
G1) Y Y[ Y cawr@| < wrx) Y i,
X |m|<W Na<X Na<X

where Cy(a) = > {C(b) : Nb < X,v(b) = ¢(a),b € H(a)}. The sums are
over integral ideals, {C(a)} is a set of complex numbers, >.* denotes that
the sum is over integral ideals a that cannot be written as ma’ with m € Z
and o' an integral ideal, and H(a) is the element of It/ P; containing a.

Proof of Lemma 6. This is Theorem C of [26], but for ease of
reference I will sketch the proof. The characters in the left-hand side of
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(6.10) take a common value for all a« € H, H € I;/P;. Squaring out and
using orthogonality of characters, the left-hand side becomes

(6.11) DY ‘ 3 Cla Je2mimis(a)|”

HEIf/Pf‘m‘<W NG<X

> Y Y awenmef

Hel;/P; l/m|<W Na<X
Ay acH

having replaced A(a) by e*™¥(®) If a),a; € H occur in 3. then t(a;) —
Y(az) # 0. Let ¢ € H™1; then

(6.12)  ¢p(ar) —¢(az) = P(arc) — p(aze) = ¥ (&) — ¥ (E2)

= w(f){arg &y —arg &} = w(f) arg &1,
where &1,& € ¢ and £1,& = 1 mod §. But &€, € O, and in general if a €
O}, then arga = 0 if and only if a € Z, and if a ¢ Z, |arga| > 1/Nal/2.
So if ¥ (ay) # ¢ (az), we have
’1/1((11) — lﬁ(az)‘ >k 1/(N§152)1/2 = 1/(Na1a2)1/2Nc > I/XNC.

But ¢ can be chosen such that N¢ < 1, so |[1)(a1) — ¥(az)| > ¢(f)/X for

some c(f) > 0.
Apply to (6.11) the dual of the large sieve, namely

Z ‘Zar 27r7,nwr << N_|_5 Z|a’7“’2

In|<N reR reR

where the z; are real numbers distinct modulo 1, and § = min,», ||z, —
Zs||, where ||z| denotes the distance from = to the nearest integer. In our
application 0 = ¢(f)/X, thus (6.11) is

< W)Y Y (i),

H Na<X
acH

as required. m

Proof of Lemma 5. Let T > 2, § > 0 and assume for each m, x
there is given Ty, = {tmyi} € [-T +6/2,T — /2], a set of points well-
spaced by 0; that is, |ty — tmyj| > 0 when ¢ # j. Then from Lemma 6 and
Lemma 1.4 of Gallagher [6] we deduce

613) > > 3 | > Clapor @t

X |m|<W timx€Tmyxy Na<X

< TG +log X)W+ X) Y |Ci(a)]?.
Na<X
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For the method of proof of the zero density result (6.8) we quote from
[3]. First, note that with m, x fixed, the number of non-trivial zeros g,
with T' < |ymy| < T +11is < log |m|T, ([22], Lemma 12), so N(o,W,T) <
N*(o,W,T)log®> WT, where, for fixed m, x, the zeros in N*(o,W,T) are
well-spaced by > log WT'. For zeros counted in N*(o, W, T') we have either

(6.14) ‘ 3 A\ (a)Na~om
U<Na<2U

> (logWT)™ !,

or for each 0y, there exists t,,, with |t,, — Ymy| < log WT for which

(6.15)  [L(1/2+ ity xA™) S sy A" (@) Na=H/2itmx
Na<X

> VA =2(5 —1/2).

Here X <Y are to be chosen, X < U < Y log WT, 1 is the M&bius function
and |A(a)| < o(a), the number of divisors of a.

In the first case (6.14), we replace 3, with o using partial summation,
square the result and use (6.13). If a is counted in Y." and (b) = (a)
then, by (6.12), w(f) arg&; /& = 0 for some (£;) = be, (&2) = ac. That is,
there exist m,n € Z and a unit ¢ = 1 mod f{ such that & /s = em/n, or
equivalently (n)b = (m)a. If (n) # Oy then (n)|a because (m,n) = 1, and
so a cannot be counted in Y *. Contradiction, so (n) = O and b = (m)a.
Thus

o= Y Al o s m)

o — o 20
U<N((m)a)<2U N((m)a) Na Ui <m<Us; m
(1—20)/2
o(@) (U 3
— 1
< N <Na) og"U,

(Uy = (U/Na)'/2, Uy = (2U/Na)'/?), and so
CCi@)P < U ot U Y T8) 17120 1g10 7
N%J 1(0)]? < U3 N g
Hence the number of ,,, counted in N*(o,, W, T for which (6.14) holds is
< T(WX'™% + Y272 log" WT.

For the second case (6.15) note first that the final result is trivial for
1/2<0<1/2+1/logWT, so we can assume o > 1/2+1/logWT. Apply
the order result for Hecke L-functions in imaginary quadratic fields due to
Kaufman [18]:

(6.16) L(1/2 4 it, xA™) < (m? + t2)Y5log* (m? + 12) .
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Again square the result and apply (6.13) to see that the number of g,,, for
which (6.15) holds is

L TY22 (W2 £ THY3(W + X) log® WT.
If we choose X = W and Y = W(W + T)?/3 then (6.8) follows. m

We return to (6.7) and ensure the 7,,, are well-spaced by splitting
[-T,T)] into a union of intervals [n,n + 1) and for each n, choosing the
Z€T0 Oy With n <7, < n+1 and |S(Q’, xA™, Omy )| maximum. Splitting
into two cases n even or odd, we see that in each case [Ymy — Ay, | > 1.
Then

DD D IS@A™ omy)l

X m|<W |ymx|<T
Bmx >0

<log? WTY > Y [S(QxXA™, 8my)

X m[<W Ay | <T
Bmx>B

<<log2WT.N1/2(5,W,T)(Z >y |S(Q’,><Am,§mx)!2)l/2

X |m|EW [y | <T
Bmx>B

< W5(175)/3{Q172B(W + Q)}l/z 10g11/2 WT
(using (6.9) and (6.10)),
< WO=B)/3Q1=5 16g11/2 7

for @ > W. If we substitute this bound into (6.7) and demand that, given
£>0,Q < 2'=*W5/3 then (6.7) is < lzlog"/? WT max =<1~ We use
the zero-free region as stated in

LEMMA 7. For all x mod f and all |m| < W, the Hecke L-functions
L(s,x\™) have no zero in the region

o>1—c(f)logWT)™ >, |t|<T
when W2 4+ T? > co(f) for constants c1 and ca and some 0 < o < 1.

See either [21], Lemma 13 or [4], Theorem 2 for details of the proof. The
bound (6.7) is thus seen to be

(6.17) < lptmere/1og® @ 102 Y « g/ log? &

for = > zo(e, §).
If we substitute the first term from (6.6) into (6.4) we obtain

w9 500 0(0m)) T S

Q<Ng<2Q
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having used ag = 201+ 0(A41) =21(1+0(1/logx)) and g(1) = z+O(Azz) =
(14 0(1/logz)). By the prime number theorem for prime ideals the sum
in (6.18) is > 1/log x and so the term above dominates (6.17).

Finally, the error in (6.6) contributes essentially nothing, while in the
range Q < ' W /3 the error F in (6.4) is < 11/6317/2410/951-2¢/3 «
lz/log® z. Hence, on evaluating the sum in (6.18) using partial summation,
we have

PROPOSITION 8. Let € > 0 be given. For W < @Q < 2 EW5/3 we have

s -0()) i

for x > (e, f), where Q1 =logQ/logx and Q2 =log2Q/log x.

The above method gives an asymptotic result for ) 6(p). From (6.3) this
would be the case Q = 1. The only difference in the proof would occur at
(6.7); the summand is now 1 and Lemma 5 can be used directly obtaining
a bound < lz/log?x for (6.7) if W'/3/z < z=¢. Since W = [~'log®z
this condition can be given as | > z=3(1=¢)/10 From (6.1), we have that
> 0(p) is a lower bound for an unweighted sum over prime ideals. As in

[3] an upper bound, > 0(p) say, can be given for the unweighted sum, with
the properties of (p) so similar to those of f(p) that the same asymptotic

results hold for > 6(p). Hence
THEOREM 3. Let € > 0 be given. For 1/2 > 1> x730=)/10 ye hape

> e (1 o(i).

pel
[¥(p)—tol <!

< Np<2x
for all 1o € [0,1), z > xo(e, f).
This is Theorem 2 of [26] generalized to arbitrary quadratic imaginary
fields.

7. Application of sieve results. We can use Proposition 8 to estimate
> eng<z S(Aq q) for 2 =W, Z = ' =eW /3 as long as z > x'/3. For the
remaining terms in (6.2) we apply Lemma 3. Consider }_,  6(a), for 0 an
integral ideal. If (9,f) # (1), there can exist no ideal a in this sum such that
a € I € I;/ P, hence the sum is zero. If (9,f) = (1), then by the argument
preceding (6.6),

(7.1)
c+100 ~

Ze(a):hzﬂzx(n > angs f WL(S,XWMS

m=—00 c—100
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for any ¢ > 1. The integrand has a pole at s = 1, when m = 0, x = xg, of
residue agg(1) Ress—1 L(s, x0)(h(f)N0)~!. In view of (2.5), define

X = apg(1) I;{ZelsL(S, x0)h ()
and
0 if (0,f) # (1).

From (2.3) of [29] we have Mertens’s Theorem for any number field K,
namely

e wers T (10 5) = G o)

Np<z

o) = {1 if (0,f) = (1),

where ag is the residue of (k(s), the Dedekind zeta-function, at s = 1 and
~ denotes Euler’s constant. Also,

w(p)\ "' _ W(ND) ( 1 ))
o 1L <1 N ) = W) (1 TOo\w))
SkP<K)
where the O(1/Nh) term accounts for the prime ideals that are lost or gained
when h <g p <k j is replaced by Nh < Np < Nj. But now (3.3) follows
immediately from (7.2) and (7.3), while (3.10) follows from the prime ideal
theorem.

The application of Lemma 3 will be exactly as in [8]. Consider V(z)X
and for simplicity assume z > Nf. Then since

Res L(s, xo) = [ [(1=1/Np) Res Gi(s) and  V(z) = 1|I<1—1/Np)‘1W<z>
plf plf
we deduce from (7.2) that
V(2)X = aog(1)(h(f)log 2) "1 (1 + O(1/ log 2)) .
Thus for any € > 0 and with D > 22 to be chosen,
apg(1) log D 1 _
w0 5092 gz U (e ) =0 gy ) ) - 40

For the remaining term in (6.2) split the range of the prime q, Z < Nq <
22 into subsums with Q@ < Ngq < 2Q. In each such subsum Nq >
(D/2Q)'/? and so using the observation that S(A,p) < S(A,w) if Np > w
we have

S 5 <Y Y AWS (A (D/2Q)).
Q

lo
Z<Np<xl/2 gQ Q<Na<2Q
1/2

Z<Na<zx
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By Lemma 3, the inner sum on the right-hand side is

aog(1) Afa)
(7.5) < h(f) Z@j\%%% Nalog((D/2Q)/3)

1
P+ e+ 0oy ) )
+ > AR (4, D/2Q).

Q<Na<2Q
Z<Na<z'/?

To the sum over errors we apply the method of Vaughan [31]. This method
has been used in number fields by Hinz [11]. He derives the required
identity by following the original idea of Vaughan, giving an identity for
—(h(s)/Ck(s) and then equating coefficients. Yet it is possible to have
Y. A(a)Na=® = > B(a)Na~* for all s € C, where both sums are over inte-
gral ideals from K, without A(a) = B(a) for all a. The most that can be
deduced is that

Z Aa) = Z B(a), forallneZ.

Na=n Na=n

Here we quote from [9], defining sums X;(Q,u) (0 < j < 5) by

Si(Q.u) = > A(@)u(b) R (Aape, D/2Q),

a,b,c

where u is a real number, a, b and ¢ run through integral ideals of K and
the range of summation is Q < Nabec < 2Q, Z < Nabe < z/2 and if

7=0, Nbc<u,

j=1, Nb<u,

j=2, Nab<u,

7=3, Nab>u, Na<u, Nb < u,
j=4, Na>wu, Nbc>u, Nb<u,
7=5, Nbc<u, Na<u.

Then Vaughan’s identity is
ZO(Qa ’LL) + ZZ(Qa ’LL) + ZS(Q? ’LL) + E4(Qv u) = Z]1(627 U) + ES(Q? U) .

Here u is to be chosen. If we assume that 1 < u < Q2 then, since the
range of summation is empty, X5(Q,u) = 0. On writing ? = be, we see that
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So@u = > @D n)R (A, D/2Q)

Q<Nao<2Q b0

= 3 A@R (Al D/2Q),

Q<Na<2Q

which is what we are estimating. Here the prime denotes Z < Nad < z'/2.
We deal with the other sums in the same way of combining variables.

In Y3 write f = ab, h = ¢ while in Yy, f = a and h = bc. In Y5 we have
u < Nf < u? which is < 2Q/u if u < (2Q)'/? as we now assume. Thus, in
both cases, the sums have the form

Q)= Y. A(RB(B)R"(Am, D/2Q),

Q<NfH<2Q
u<Nf<2Q/u

where from X3,

A(f)= > A(a)u(b) <logNf, B(h) =1
Na<u
Nb<u

and from X4,

A(f) = A(f) < logN§  and  B(h) = Y pu(c) < o(b).

clh
Nc<u

In 2y write f = b, h = ac while in Y5, f = ab and h = ¢. Then both
sums are examples of

u@ =Y, A(MBO)R (Am, D/2Q),

QSNH<2Q
N§<u

and from X'y,
A(f) =pu(f) <1,  B(h) = > Ala)=log Nb
ac=h
and from X5,
A(f) = ) A(a)u(b) < logNf and  B(h) =1.
ab=f

Thus to estimate the error in (7.5) it suffices to bound sums of the form
21, X1 with any coefficients satisfying the bounds above.

Looking first at X1 we split the sum in O(log Q) subsums by restricting
the variables to ranges such as F' < Nf < 2F, H < Nh < 2H where F > u,
H > wu/2and FH < 2Q. For each such subsum the condition @ < Nfh < 2Q
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is removed by using Perron’s Theorem ([30], Lemma 3.12), which allows us
to write the subsum as
iT

1 (2Q)" - Q"
(7.6) e £ e
x Y ANNFTUBH)NG TR (Ag, D/2Q)du + O(1)
F<Nj<2F
H<NH<2H
<logT| Y ANBO)RT (A, D/2Q)|.
F<Nj<2F
H<Nb<2H

Here T is a sufficiently large power of z and A(f) = A(HNf~, B(h) =
B(h)Nh~ for some —T < t < T. Now use (4.1) within (7.6), expressing
RT(Ajp, D/2Q) as a sum of

(7.7) Y > ale)b(a)r(As,eq)

Ne<E Ng<G

with |a(e)] < 1, |b(g)] < 1 and EG = D/2Q. Yet r(Ays,eg) = r(A,efgh)
and so on substituting each sum (7.7) into (7.6) we can combine variables
by defining a = fe and b = gh. The lengths of the resulting bilinear sums are
Na< A, Nb < Bwith A > F, B> H and AB = D, while the coefficients
are essentially divisor functions and so are <., x°* for any €; > 0. There
are <. 1 sums of the form (7.7) so, 21(Q) <., z°'|R(A, B)|, where

R(AB)= > )  A@B(b)r(Aab),
A/2<Na<A B/2<Nb<B

for some AB < D, A,B < 2Q/u and coefficients satisfying |A(a)| < 1,
|B(b)| < 1. Thus for both X1(Q) and the error in the application of the
lower bound sieve, (7.4), the following is relevant.

LEMMA 9. Let n > 0 be given. Let z™/3 < W < 23/3-51/4 A B <
a1 =3MW /3 and AB < z'3". Then
R(A,B) < Iz 7.
Proof. By definition
(7.8) r(A,ab) =) 6(c) — w(ab)X/Nab,
ablc

and in this we use (7.1). As in the proof of (6.6) the properties of a,,
and §(s) allow us to truncate the sum and integral at W = [~!log® z and

= log? z respectively. Moving the line of integration to Res = 1 /2, the
contributions on the horizontal lines are arbitrarily small while the pole at
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s =1 gives the main term in r(4, ab). Summing over a and b gives
1

(7.9)  R(A,B) ~ ST

1/2+4T

<3N Y am [ G AL A Bl A5, xA™) ds

X |m|<W 1/2—iT

where ~ denotes that the two sides differ by an arbitrarily small amount
and A(s, XA™) = 342 na<ca A(@)XA™(a)Na™%, similarly for B(s, xA™).
Using the order result for L(s, xA™), (6.16), and Cauchy—Schwarz followed
by the mean value result, Lemma 6, we can bound the right-hand side as

< 1z PWYBW + A)Y2(W + B)Y?log
for some ¢ > 0 having used g(1/2 +it) < «'/2. If A, B < W this bound is
< 1z PWAB 1ogt & < 12t =53 logC .
If either A>W, B< W or A< W, B> W the bound is
< L2 WO (A3 =53 2 100 1 < 12t T3/ 2 logC

For the final case A, B > W we deal with the m = 0, x = xo term separately,
when

1/2+iT
Q, . C
QWh[Ef)i [ G(s)A(s,x0)B(s, x0)L(s, x0) ds < lz'/*(AB)"/* log” »
1/2—4T

< 1z =32 1ogl x,

having trivially estimated all terms from above. For the remaining terms
return to (7.8), writing ¢ = abd and noting that 6(c) is non-zero only if
x/4AB < No < 2x/AB. Thus the L-function in (7.9) can be replaced by

N(s,x\™) = Z XA\ (a)Na™®  where N = z/4AB.
N<Na<8N
From Perron’s Theorem we have
1 “HT(8N)s — N®
— f ()7[/
211

N(1/2 +it,x\™) = (s +1/2+it,x\™)ds

c—1T

N1/2+77
+0,7< ) ,

T

for any ¢ > 1/2. Move the line of integration to Res = 0; there is no
pole of the integrand in the region 0 < Res < ¢, and it can be shown
that the contribution from the horizontal lines is less than that from the
new vertical line. The integral on Res = 0 is estimated using (6.16) and
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(BN)™ — N'")/t < min(1,1/|¢]). Thus
N(1/2+it, xA™) < (W 4+ 7)3log® & + N2+ /1|
which is < N/2z74/3 if we set 7 = W and demand z™/3 < W <

N3/22=51 This latter upper bound is satisfied in our application where
N = x/4AB > x/4W?2. So our final contribution to R(A4, B) is

1/2
<<l$1/2<“7> / JE
AB

T
x YN [ 1A 2+ it xA™)B(1/2 + it xA™)| dt
X, |m|<w =T
(m,x)#(0,x0)

< '3 )0g¢ z,
on using Lemma 6. In all cases the bound is < lz!~" as required. m
Using Lemma 9 we can set D = (z'73"W~=°/3)2 and u = 2Q/D'/?. Tt is

easily checked that D > 22 and u < (2Q)"/3. We now examine X1;(Q) with
these choices. We will require the following result.

LEMMA 10.

D L(A/2 + v + it xA™) P < (W + [t]) log® (W +t])
|m|<W
(7.10) T

[ IL(/2 4 + it xA™)|? dt < (T + [m]) log®(T + |m]),
-T

for some ¢ > 0 and where t and v are real with |y| < 1/log(W + [t|) and
W +|t| > e say.

The inclusion of v above means that by the use of

@) = == [ F) - a)2dz,

2mi
with the path of integration a circle centre 1/2 + it, radius 1/log(W + |t|),
we can deduce

L (1/2 4 it AP < (W + [t]) Jog (W +t]) ,
|m|<W
and similarly for the integral.
Sketch proof of Lemma 10. We apply the method of Ramachan-
dra, [25]. The Mellin transform gives

12
(7.11)  |L(1/2+ v +it, xA™) P < ’ 3 e NPy N () Na /2
a
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2
+ p~2(y+2/log V)g< — = )

logV
o0 2
x_i F<— ——i—w)‘ Z Nal/QfQ)/\ZgV) 0D dv
+ p2(1/247+2/log V>g< L2 )
2 logV
oo 2
<) F< - % T logV )‘N >P a1+§/);:ng(‘?)i(t+”) dv

+ P12 10g? P,

where the last term occurs only if m = 0 and x = xo. Here V.= W + ||
and P is to be chosen, though we can assume P/ ¢V <« 1 and

(7.12) g(u) = j? I(u+iv)G*(1/2 + v+ u+i(t +v),xA™) dv,

—o0

where G(s, xA™) is the gamma factor in the functional equation L(s, xA™) =
G(s, xA\™)L(1—s,XA™™). A version of (7.11) appears in Johnson [16], p. 199.
Introducing the sum over |m| < W, we make use of Lemma 6 and

(7.13) G(s,x\™) < (m? + (Im 5)%)Y/277

which follows from Stirling’s formula. Note that in the first term in (7.11),
e~No/P ig arbitrarily small if Na > Plog? P say, at which point the sum
can be truncated. Then Lemma 6 will give, as it does for the second term
n (7.11), a bound < (W + P)log® P. Lemma 6 is not directly applicable
to the infinite sum in the third term of (7.11). But using

T[] 2 ()

Na>P 2 P<Na<2)+1P

valid for ¢ > 1, Lemma 6 can be applied to each finite sum and the results
combined to give a contribution < P=2VZ(W + P)log®V, the V? arising
from the gamma factor. Thus

> L1245+t AP < (WHP+P 2V (W+P))log® V < Viog®V
|m|<W

(on choosing P = V), as required. For (7.10), use on (7.11) the classical
mean value result

T . 9
J ™
-T n

in place of Lemma 5. m

dt<<Zai(n+T),
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Returning to X11(Q), we use (4.1) in writing

RY(Ap,D/2Q) < > C(c)r(Ag,c)  for some |C(c)] < o(c).
Ne<D/2Q

Then, just as we obtained (7.9), we have

(7.14)  2n(Q)
1/244T

<13 Y ‘ [ Gs)E(s,xA™)C(s, XA™)L(s, XA™) ds|

X |m|<W  1/2—iT
where
(7.15)  E(s,x\™)

= > AMBO)XA"(fH)N(fh)

Q<NfH<2Q
Ni<u

1 1/241/log z+im
T 1/2+1/log z—its

1/24n
o2

e -Q°
w

T

where 7 = min(7y, 72), having used Perron’s Theorem. Since the coefficients
B(h) are either all 1 or equal to log Nh, B(s, xA\™) is either L(s, xA™) or
L' (s, x\™).

We move the line of integration in (7.15) to Rew = 1/logz and choose
71 and 7 of order W. From (7.10) we have for each |m| < W,

2W
[ 1L(/2+1/logx + it xA™)? dt < W log® W,
w

so there exists 71 € [W,2W] depending on m such that
L(1/2 4 1/logx +it, xA™) < log® W,

for some ¢ > 0, the same conclusion holding for L'(s,xA™). By convexity
this bound holds on the half-line to the right of 1/2 + 1/logx. Similarly,
there is a 7 € [—2W, —W] with this same bound. Thus the contribution
to (7.15) of the horizontal lines is < (u!'/? + Q'/2)W ~!log®z which, since
u < Q'/2, is dominated by the error in (7.15). This in turn is < 1 because
W > 2l/3 > g1/41/2 5 Q1247 Hence the error from (7.15) contributes
in (7.14)
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i 1/2
<12y ( 3 ]C’(l/2+it,x)\m)|2)/

x -T |m|<W
1/2
X ( 3 |L(1/2+z‘t,XX")\2> dt
|m|<W
< 1zV2T(W + DQ™YHY2(W + 1) % log’ x
< 1z 2(W + W2DY2 271 og® & < 12277,

having substituted for D, Z and used z'/% < W < 23/8-51/4,

Substituting the main term, obtained from (7.15) on moving the line of
integration, into (7.14) gives

1/ log 2+2iW
7.16) < lz'/? 20" =Q"
(0 Zx: l/logfcf—ZiW w
1/2+4T
<[ DT A+ w, xA™)B(s + w, xA™)C (s, xA™ ) L(s, xA™) ds] .
1/2—iT  |m|<W

Using the order result (6.16) and Cauchy—Schwarz, the sum in the inner
integral is bound by

W3 A+ o) (X 1B+ wo)?)
|m|<W |m|<W
< WY3(W 4+ w(D/Q)2(W + |Im(s 4+ w)|)/? log® z .
Yet Im(s 4+ w) < W + log* 2 while u(D/Q) < 2D/2 so the bound is
< (W4/3 + W5/6(x1—377W—5/3)1/2) log€ & < /27514 10g¢ 1|

which in (7.16) gives a bound < lz!~". Thus X11(Q) < lz1~".
Combining, within (6.2), these results on the sieve with Proposition 8
gives

2lx 1
> 0(p) > 3 H(2,Z,D) - — e (It e
p (p) > h(f)loga:{ (2,Z,D) 08+O<logm)}+01 n(lx ),

1/2

where

H(z,7Z,D) —e—vlogﬂ:f<logD> - 10%71‘)%95 «

logz” \ log z log 2 log & t(1—1t)
1/2
_ dt
—3e 7F(3) f (gD _ 7
log Z/ log x (logm - )
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having used partial summation in the sum over prime ideals in (7.5). The
above result is, by Proposition 8 and Lemma 9, valid for z73/3t" < | <
x~1/3. Substituting for z, Z and D, writing | = 2~? and using
2¢7
f(u):ilog(u—l), 2<u<d4,
u

and
207
F(u):%, 0<u<3,
gives H(z,Z,D) > ¢(0) — C1e — Con where
R (6 — 130)(9 — 200) (3 —56)(1 — 6)
6(0)—3_5910g< of —log 02 .

It is easily checked that ¢(f) > 0.0021 for 1/3 < 0 < 0.33691 < 3/8, so on
choosing 7, € and & sufficiently small

1 2lx
Zp: blp) 2 500 h(f) log x

for 71/3 > 1 > 270:3369 a5 required.

8. Concluding remarks. The range of validity of Theorem 2 can be
extended to | > z7/31og® z by choosing z = /3, Z = 21 =W /3. It is
easily checked that H(z, Z, D) > 0.

Lemma 6 should be compared with Theorem 6.2 of [3] that states that

T 2
> f ( 3 @A x(@Na | dt < (X + W2 T2 Y Je(a)?.

|m|<W =T Na<X Na<X

From the geometry of the problem considered in [3], W and T are of the
same magnitude and thus W2 +T7? is a fair reflection of the size of the region
|m| < W, |t| < T. In our present problem, where T" is so much smaller
than W, this is not the case and so it is advantageous to use Lemma 6.
Unfortunately, W?2 + T? still occurs, primarily from the order result (6.16)
and the gamma factor (7.13).

Comparing the methods of this paper with those of [15] we see we have
made no use of the Haldsz—Montgomery inequality. Such a result has been
given for a quadratic imaginary number field as Lemma 7.2 of [3]. It is seen
from there that the inequality depends on the order of Hecke L-functions
on various vertical lines, and so will include the factor W2 + T2. Because
of this, the Halasz—Montgomery inequality affords a far smaller advantage
over Lemma 6 than it does in the rational case or even in [3]. But further,
without this inequality we cannot follow [8] in looking at a decomposition
more complicated than (6.2) nor use the observation that Lemma 3 gives
bounds for W+ (A, u, z), not just S(A, 2).
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