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Introduction. Let P(z) denote the greatest prime factor of

I »

r<n<z+xl/2

where z is a large positive number. To estimate the lower bound of P(x)
is one of the “greatest prime factor” problems to which the Chebyshev—
Hooley’s machinery can be applied. Chronologically Ramachandra [11], [12],
Graham [4], Baker [1], and Jia [7] have contributed to the topic. In partic-
ular, Baker [1] proved

P(z) > 2°7.

Jia [7] improved the above result. But as [7] contained a substantial mistake
concerning a multiple exponential sum (which was already picked out by the
present author in 1987), the announced estimate P(x) > 297! was actually
not attainable there.

We prove the following better estimate.
THEOREM.

P(x) > 2%,
We begin with

22 Inz + O(xl/z) = Z N(p)lnp, p primes,
p<P(x)

Np)= > 1.

z<pn<ztzl/2

where

Thus to prove the Theorem we need to show

(1) Z:: Z N(p)lnp < (1—¢e)zt?lnz, >0.

p<g0-723



302 H.-Q. Liu

For a suitable number o, 1/2 < o < 0.723, we write
Y =2 Npwp, Y = > Nphp.
p<a 2o <p<z0-723

We need to establish an asymptotic formula for ), with o as large as
possible, and to estimate ), via the sieve.

The proof, as usual, depends mainly on treating some exponential sums,
in particular we can prove an asymptotic formula for ), with ¢ = 0.6 —
€. We also make an innovation in the sieve part. To save space we do
not analyze the method term by term; the interested reader can find the
advantages by himself.

Notations. e(§) = exp(2mi&). [£] is the integer part of &, and {&} =

&~ () gl = min({€}, 1 - {€}).
2

(:E1,z2,...)€D
means summation over all lattice points (z1,z2,...) inside a domain D.
f(z,y)Ag(z,y) means that
fa:iyj (l’, y) = Ggiyi (ZL‘, y) + O(Agziyj (ZL‘, y))
whenever both sides make sense. x ~ X means X <z < 2X, r = X means

C1 X <z < (C9X for some constants C7 and Co. The meaning of x = O(X)
or x < X is as usual. ¢, of course, is a sufficiently small number.

1. An asymptotic formula. In this section, we prove

PRroPOSITION 1. For o = 0.6 — &, we have

(2) Zl = (0.6 — &)z Inz + O(z*/?).
As
x1/2 P $1/2 T
N =" (T ) - u(2) v =5 -6,

in view of the Prime Number Theorem, to prove (2) it remains to show that
(with A(n) being the von Mangoldt function)

z+ z'/? T 1/2
x1/2<nz<m0»65/1(n)<¢< n >—¢<n>> s

We split the range /2 < n < 20-6-¢ into ranges of the form v < n < v/,
v’ < 2v. Then we need to show that

(0 Y A <t = TS ) (1),

n n
v<n<v’
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In view of [1], (x) holds for /2 < v < 2'3/227¢ thus we only need to
consider the range %% < v < 2967, We appeal to the following decom-
position.

LEMMA 1.1. Let 3 < u < w < z < 2v, suppose that z—1/2 is an integer,
and z > 4u?, v > 322%u, w? > 64v. Set

U= max z_:l dg(m)‘ Z f(mn)

)

z<n<B
v<mn<v’
oo
W=sup Y dim)| Y g(m)f(mn),
9 m=1 u<n<w
v<mn<v’

where the supremum is taken over all arithmetic functions g(n) such that
lg(n)| < ds(n). Then

(3) U< z/?(Inz)™°  and W < z'/?(Inz)1°

imply the estimate

Z A(n)f(n) < z'/2(Inz)~t.

v<n<o!
Proof. See [5].
Choose
w= g VI = 2y =3 10n o [pl/4=100]

2
in Lemma 1.1, where n = €2, 2% <« v < 2967¢, Then it is easy to
verify that Lemma 1.1 is applicable. As in [1], by a reduction using the
Fourier expansion of the function (&), in order to show (3) it suffices to
demonstrate, with H = vz—/21" the following estimates:

(W > Y am e

0<h<H'm~M n~N

whenever v = MN, N > z, |a(m)| < z", v = 2/; and

6 ZH\ 5 alm) 3 vioje( 1)

mn~ M n~N
whenever v 2 M N, u < N < w, |a(m)|,|b(n)| < 2", z = 2.

< vz "

Lwvz™"

LEMMA 1.2. (5) holds for v in the (larger) range v < x°/37¢.
Proof. This is Lemma 9 of [1].
Now it remains to show

LEMMA 1. (4) holds.
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We cite three lemmata of basic importance.

LEMMA 1.3. Let I be a subinterval of [X,2X], Q be a positive number,
and z, (X <n <2X) be complex numbers. Then

Yalcarxe) Y- Y Fer

nel lg|<Q n,n+q€l

Proof. This is Weyl’s inequality. Cf. [1].

LEMMA 1.4. Let f(x) and g(x) be algebraic functions in the interval [a, b],
and

|f' (@) =R, |f"(z)| < (RU)TT,
lg(x)| < H, |¢(=)|<HU', UU >1.
Then

n)e(f(n)) = buMe n(u)) —un(u 1/8
a;ﬂgbg( Je(f(n)) agzugﬁ () (f(n(w)) (u) +1/8)

+OHMB-a+2)+Hb—a+R)(U+UY)
+O(H min(R"?, max(1/(a),1/(5)))) ,

where [a, 8] is the image of [a,b] under the mapping y = f'(x), n(u) is
determined by the equation f'(n(u)) = u, b, = 1/2 or 1 according as u is
one of a and B or not, and (x) is defined as follows:

(z) = 1| if x is not an integer,
08— a if x is an integer.
Moreover, /f" >0 if f"" >0, V" =1i/|f"| if "' <O.

Proof. This is Theorem 2.2 of S. H. Min [10].

LEMMA 1.5. Let f(x,y) be an~algebmz'c function in the rectangle Dy =
{(z,y) | # ~ X,y ~ Y}, f(x,y)AAx?y® hold throughout Dy, and D be a
subdomain of Do bounded by O(1) algebraic curves. Suppose that X >Y,
N=XY,A>0 F=AXY? aBla+B—-1)(a+B-2)#0,0< A < g,
where g¢g is a small number depending at most on o and 3. Then

> e(f(z,y) Keanp (VFAN3 + N3/6 4 VALY 4F2N5
(x,y)€ED
+VF-1X-IN8 4 NF~1/4
+ VAX-IN* + NYY2)(NF)".

Proof. This is Lemma 1 of [9].
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We also need the following auxiliary lemma.

LEMMA 1.6. Let M < N < Ny < My, and a,, (M <n < M) be complex
numbers. Then

Z an| < joK(Q)’ Z ame(ﬁm)‘de,
N<n<N; —00 M<m<M;

with K(0) = min(My — M + 1, (x|0])~*, (70)2), and

[ K(©)do <32+ M, - M).

Proof. This is Lemma 2.2 of [2].

Proof of Lemma 1. For notational simplicity, we let 2’ = x in (4).

For 1< h < H, let
shy=3 am) 3 e(:;)

m~ M n~N
By Lemma 1.4, after a partial summation, we obtain
3 2

(6) 2 "S(h) < <”]‘i\f>1/2 3 ‘ 3 e(F(u,m))‘—l—(]iC)lm%—Zm—kM,

m~M  u€el(m)

where I(m) is a subinterval of [C1U,CoU], U = hzv N7l F(u,m) =
Cs(hzum=1)Y/2 (for i > 1, C; denotes a constant). By Lemma 1.6 we get

x " Z ’ Z e(F(u,m))’ < Z ‘ Z e(G(u,m))‘ =S'(h), say,
m~M  uel(m) m~M u=2U
where G(u, m) = F(u,m)+6u, 0 is independent of v and m, and 0 < 0 < 1.
Let
Q = min(VhaMPN—5 ha M~ TN~z ",
If @ <100, then we get, trivially,
UN2 1/2
(h:v) S'(h) < (thN’lQ’1)1/2 < (MNl/2 + Y/ (hx)TM3N—3)z"
< (1)1'71/8 + (U5x)1/8)x10n < x1/2710n )
If @ > 100, by Cauchy’s inequality, Lemma 1.3, and partial summation, we
get, with some @1, 1 < @1 < @, the inequality

() 1S WP < (MUPQ 4M*20Q | 3 3 m el f(uq.m))|.
(u,q)€D m~M

where D = {(u,q) | ¢ ~ Qr,u = Uu+q = U} and f(u,q,m) =
Cs(ham™1)Y2(u'/? — (u 4+ q)'/?) — gf. We apply Lemma 1.4 to transform
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the sum over m to a sum over w, where w =2 W = NQ:M~'. Then we
change the order of summation, and estimate the sum over w trivially, to
get, with some w, the estimate

(8) MUQT| S S m M 2e(f(u,q,m))]

(u,q)€D m~M

<haN=32QT| 3 e(g(u.q))]

(u,q)€D1
+ (h$)2Q_1/2N_9/2 + (h$)2Q_1N_5 + (hCL‘)QM_lN_4,
where

Dy = D0 {(u.q) | 1< [Ca(2w) ™ (ha)2M 3> (!> — (u+ q)"/2)| < V).
g(u, q) = Ca(hzw(u’? — (u+q)H)2)V3 —¢0.

It is easy to verify that
g(u, q) ACs (haw) Pu= 3?3 A= QU™

Choosing X =U,Y =Q,, F 2 NQ;, A = Q,U! in Lemma 1.5, we find
that

(9) haNTPQTV2| S eglua)

(w,q)€D1
< (S/(hx)QQQMf?)Nfl?; + s/(hx)llQ2M75N719
+ 1{)/(h:r)11Q10M—1N—15 + f/(hx)15Q3M—7N—27
+ V/(ha)?QM AN 15 + {/(hz)5Q3 M 2N 10
+/(hx)AM—2N-7)z*1
From (6)—(9), we deduce that

vN? 1/2
10) (505) 80 < (YRPINQE + T MV G

+ Q{J/(ha:)M9N15Q10 + I\G/(hx)7MN—3Q3
+ ¥/ (hx)AN-3Q + ¥/(ha)202Q3 + /(hx)2N-1
+ V/(ha)2M2N—-3Q1 + /ha MN—1Q~1)z'".

As we have already seen,
hetMN-1Q1 < o'/27201
thus
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(11) V/(hz)2M2N-3Q-! < /(hz)MN 22 < Vo3 N6
< (V3a3) /165101 o g1/2-200

From (9)—(11), we get

2\ 1/2
<v}i\;) S'(h) < ( 4f/(hac)BM”Nw + 4{/(}”)21]\49]\[—9

+ /(hx)Y MOIN35 + '%/(ha)9 M23N—39
+ Gf/(hx)33M5N—29 + 6{‘/(hx)19M31N
4+ 3 (hx)QN_l)l,lon _1_1,1/2—1077
< ( V6018 N—4 4 /60421 N =36 1 '0/q)1404,9 N —52
4 2%/p164459 N —124 | '3Y/,,76 1,33 N 68
+ /w1001 N =60 4 /925 N—1)g20m 4 51/2=10m
< ( Vb0g12 1 /1404 4 1R/82414 1 G/4y384:8
+ Vud0z2 4 Vosz3)z30m 4 g1/27100  51/2-10n
From (6), (7) and the above estimate, we get

S(h) <K <<hg}> + % + ’1133‘1/4> xQO" + xl/g,gn7

hence
Z |S(h)| < (V2323 4 vr™ < vz,
1<h<H
The proof of Lemma 1 is finished.

Remark. The proof of Lemma 6 of [7] is false. On p. 191 we find the
equality E1 = FEs, where

S /
B = e e(w(h_h»,
1 ;(h,n;epq (h/vmz’)epq h<h T;V n\m m’
EQ:ZZEhgh/ Z Z Ze< kx/ ),
h~J h!/~J 0<k<Mhh'(JQ)~Y m~M,m'~M n~N mm'n
m’'h—mh’=k

and

M(g—1) _m _ Mg
Py {(h,m) | h~ J,m~ M, 0 %70

But we observe that

0<k<Mh(IJQ)™ and m'h—mh =k
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cannot imply that there is a ¢, 1 < ¢ < @, such that both (h,m) € P,
and (h',m’) € P,; this means that there is no one-to-one correspondence

between the summation variables of F; and those of Fs, thus in general
E, # Es.

2. Multiple exponential sums. Here we give several results on expo-
nential sums, thus preparing an application of the sieve.

LEMMA 2. For v & MN, H = va V21 206 « uppf <« 22/3,
la(n)|, [b(m)| < 27, and va~ /230 < N < (v2'/2)Y 7739 we have

RIS a(n)b(m)e(:;) < vz,

1<h<H n~N m~M
To prove Lemma 2, we need two lemmata.

LEMMA 2.1. Let Hy > H{ > 1, Hy > H, > 1, ny and ny be positive
integers with (n1,n2) = 1. Then

1
w(ny,ne;r) = Z 1= f@(nl,ng;e)e(tgr) de

h1n17h2n2=r 0
and
1

[ 1B(n1,m2;0)| df < (1 + HyHang 'ny ')/ (In(2H, Hy))?,
0

where x means the condition Hi < hy < Hy, H) < hy < Hs.
Proof. This is Lemma 8 of [3].

LEMMA 2.2. Suppose a = a/q+ 0/q>, (a,q) =1, ¢ > 1, |0] < 1. Then
for any B, U >0, P > 1, we have

I o et

Proof. This is Lemma 6 of Chapter 5 of [8].

Proof of Lemma 2. We assume that x is irrational. Pick an integer
j such that M ~ M; = 27. We denote the triple exponential sum of Lemma, 2
by S(M,N). By Cauchy’s inequality, we have (m ~ M; means M; < m
< 4My)

2 S(M, NP < MP2 " m 2

m~ M

i 5w 5 (- 2)2)

h,h1,n,m1 mNMl m

EH: 3 a(n)e<::;’;> ‘2

h=1n~N
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The terms with hin = hn; contribute at most O(M2HNz"). We classify
the remaining terms according to the value of (n,n1). After a familiar
argument, we get

(2.1)  273|S(M, N)?

<Ry Y

d~D n,ni~N;y
(n,n1)=1

for some D, 1 < D < N, N; = N/d, and some R, 1 < R < HN/D. By
Lemma 1.4, the innermost sum is equal to

1/2
—1/2 urxe
(22) Z u e<06<dnn1> >C7

a<u<p
M3N?\ '/ 11
N (C SR )
RDz lee” 11811

M3/2 N2
n M—Y2,.m
+o< E x)—i—O( 2"y,

+ M?HN

. —Trxr _1/2
Zw(n,nl,r) Z e(dmnn;l)m

r~R mo>~ My

where
rT rT

“= (4M7)2dnny ’ b= MZdnn,

We consider the sum

M3N2 1/2 1
S*(D,R) =M w(n,ny;r) min e s — |
(A=, 2, 2wl ((%or) 131
(n,n1)=1

a similar sum with § being replaced by « can be treated analogously.
We shall prove the following estimate for S*(D, R):

(2.3) S*(D,R) < v2x10  if N < g!/4720m
IftD> (MN)QZ‘{*”, then we trivially get
M3N2\
S (D R) < < RDzx ) Z

|[nh1—n1h|<2R
h,h1<H,n,n1<2N/D

< (MN)>2H3/25=2 D= 1gm
< TVE(MN)YY2HB/2p20 « 2= 1/44200
If D < (MN)?2717" then we see that
g 1

9
—=-+—, withg= [dnni M2z~ > 1and |0 <1,
r qa g



310 H.-Q. Liu

hence by Lemmata 2.1 and 2.2, we have the estimate
N? DH MB3N2\'? 1
*(D MD— 1+ —— i —_— —
$0. < Mo (1457 )ﬂ“i‘i;mm«fzm) 1)

2273\ 1/2 20712
<<MN2<RDx +1><(N M > +N M )x”

M2N?2 RDzx Dx
< (vN:cl/4 L2 V2N2 4 S/2NL/2,-1/2 4 v3Nx71)x10’7
< p2gtom

provided only N < z'/4=29% Thus anyhow (2.3) holds. By inserting (2.2)
n (2.1), and taking into account (2.3), we get, after changing the order of
summation, the following estimate (with U = RDxv~?):

x=3S(M, N)|?
NM5/2 ury 1/2
<Gaoayn 3, 3, B[ Setmmne(ca(GiT) )

d~D n,ni~Ni u=2U

+ v ton ,

where I is some subinterval of [R, 2R], which may depend on the variables
outside the absolute value symbol. By Lemma 1.6 we get

(2.4)  z~*1|S(M,N)|?
N M5/ wre \ M2
<o 5 Z, Bl geemon(a () +0)

d~D n,ni~Ny u=U

+ 210

with some 6, which is independent of the variables r, u, n, n; and d. Now
we have arrived at (6.1) of [3], p. 325. The argument in what follows is
exactly the same as in [3], and we get (cf. p. 329 of [3]), by the assumption
of Lemma 2,

Hz 1/2
10| S(M, N)|* <« v? ( () H2N*
v

1/2
4 <H37>H3/2N7/2 <H$> / N3 2 L/2
v v

n <Hﬂ3>H4/3M1/3N8/3> i (U2$—10n)2
v
< vixT20m,

Lemma 2 is proven.
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LEMMA 3. For v & MN, H = vz~ V21 206 <« paf <« 23/4,
la(n)]|, |b(m)| < x", (k,\) an exponent pair, and
vz /2100 < N < min((vl—)\+kx—k+>\/2—1/4)1/(1—k+)\)7x1/4)x—20n7

we have

¥ XY atmpme( ) < v

1<h<H m~M n~N
Proof. Note that (2.4) holds provided that
(2.5) v<a?iE N < gl/4720m
In view of Lemma 2.1, (2.4) and (2.5), we get

M3/2
(2.6) a7*S(M,N)* < (RD)172 ‘ Z (7, d,n,nl,u))’ + 2107

where F(r,d,n,ny,u) = C’G(ur:ﬁ/(dnnl))l/2 + Or, for certain d, n, ni, u
and 0 with 0| < 1. Tt is easy to see that F/(r,d,n,ni,u) =2 xD/(vN) > 1,
thus

(2.7) > e(F(r,d,n,ny,u) < B> (f;)

r~R
Lemma 3 follows from (2.6), (2.7) and the fact that R < HN.
The last result of the section is

LEMMA 4. Forv = MN, H = vz~ 1/2+71 206 <« vaf < 2%/4, |a(n)] < 2"
and N < z3/87¢ we have

> X X a8 ) <u.

1<h<H m~M n~N

To prove Lemma 4 we need again two lemmata.

LEMMA 2.3. Let «, 3, v be real constants such that (o — 1)y # 0. Let
M,R,S,x > 1 and let ¢, and .5 be compler numbers with modulus not
exceeding 1. Then

xm@rP s
> 2> qzsmmse(MaRﬁSV)

m~M r~R s~S
< (24 MY2(RS)3/* + MT/YORS + M(RS)%/*
+ 2~ VAMM /O RS) (In(10MRS))® .
Proof. This is Theorem 3 of [3].

LEMMA 2.4. Let X > 100, Y > 100, A > 0, f(z,y) = Ax*y®, F =
AX°YPB a and 3 being rational numbers (not positive integers). Suppose
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F72X* <Y3N~", and for a, and b, being complex numbers with modulus
not exceeding 1, define

S(Xv Y) = Z axbye(f(x,y)),
(z,y)eD

where D is some region contained in the rectangle {(x,y) | v ~ X,y ~ Y}
such that for a fivred T, T ~ X, the intersection D N {(Z,y) | y ~ Y} has at
most O(1) segments. Then, for W = X + Y5,

(2.8) S(X,Y) < ( VF8X2Y2TW + VF-4XBY3W 4 VF-1X3Y5
+ VFXBY9 L VEX2Y3 + YV F3X1AYT
+ VF-3X16y18 4 VF-83X6YB)(FXY) = E.
Proof. Put § = n?. By Lemma 1.6, we have (with N = FXY)

NS Y < Y| Y Cwlelf ()|

z~ X y~Y

where C(y) = bye(fy) with some real number 6 (which is independent of x
and y). We choose

Q= (F'X?%)?/5<YN~° (by assumption).
If @ < N, then we trivially get
IS(X,Y)| < N"2XYQ '? « N">(VFX3Y*) < E.

Assume that Q > N". By Cauchy’s inequality and Lemma 1.3, we get
(2.9) N7|S(X,Y)|?

2

(ng/) + Xg Y Cy)Cly+a) Y e(Az®t(y,q)),
(y,9)€D1 z~X
where Dy = {(y,q) | y,y + g~ Y,q ~ @1} for some @1, 1 < Q1 < Q, and
t(y,q) = (y + q)® — y®. Applying Lemma 1.4 to the innermost sum, we get
(

(210) > e(Ax"t)

r~X

<

=) Crl(At) w2 e(Cs (AP u 727)

uel

of X2y \ /2 1 1
" (mm ((@m) Mool ugz<y,q>\)

+1nN + R(y,q)) ,

n XY

Q1 F

where I = (CoAX 7 Ht|,CroAX 7 t|), v = 1/(2(1 — ), g1 = aAX*t,
g2 = aA(2X)*'t, and R(y,q) = 0 or O((X?YQ;*F~1)/2) according as



Greatest prime factor 313

none of the end points of I is an integer or otherwise. For each fixed g,
q ~ @1, we consider the sum

&= min((X2Y Q' F~)2, 1/llgw))),
y~Y

where g(y) is either g1(y, q) or g2(y,q). As both g(y) and ¢'(y) are mono-
tonic, and ¢'(y) = FQ1X 'Y =2, we can classify y according to the integer
part of g(y), and it is easy to get

< (14+FQ X'y H)(X2YQ ' F H)Y2+ F1Q'XY2InN),
which contributes to the RHS of (2.9) at most

(2.11) < VF-3X16y18 ¢ YVF-3X6Y13 1 VE3X14YT L V/XY?2
< E2N—2n
and similarly for the contribution of R(y,q). From (2.9)—(2.11), after chang-

ing the order of summation, and estimating the sum over v trivially, we get,
with some u, |u| = FQ1X 'Y ™! the estimate

(2.12) N9|S(X,Y)[?

XY F Xy \"H/2
< 0 <1+X§)AW(FQ1> |Si| + N""E?,

Si=51u)= Y CCy+qtreCsAt)u'">),
(y,9)€D2

Dy = DiN{(y,q) | (C1oAX*"H[t] > u > (CoAX7H)[t]} .
If Q1 < N, then we trivially have

XY FQ Xy \ /2
5 <1+Xy>A7(FQ1> 14|

Xy FQ
= (1 % XY3/2F_1/2N1/2
<5 (1+ %)

< VF-1x12y2l ¢ \/EXx2Yy3

< VF-1X3Y5 + VFX1BY19 1 VFX2Y3 <« N"E?.
Assume that ()1 > N"7. By Lemma 1.6 we get
(213)  NOSI< 3| Y Cl+ aelpate(CalanTul =)
y~Y q~Q1

with some real number ¢, independent of y and ¢. Assume that ¢(y,q) > 0
(otherwise we consider —t). Applying Cauchy’s inequality and Lemma 1.3
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to (2.13), we get, with Q2 = }/2N—5’ G = (Q,YP 1),

| g e VQG? Y@ )
(2.14) N8P < =+ 1S|q§1:|§Q2\ 2(q1)|
So(q) = > Cly+9Cly+a+a)taly.¢.a)e(t2(y,q.q1))

(y,9)€D3
D3 ={(y,q9) |ly~Y,q,q+q ~Q1},
tl (y7 q, QI) = (t(y7 q)t(ya q + QI))V )

AN
) = Gou( )t + )" = 0.
By writing y + ¢ = 2z we get

Sa(q1) = j{: C(z)C(z+ q)Ti(z, ¢, q1)e(Ta(2, 4, q1))
(z,9)€Dy

Dy = {(Z,q) | 4,9+ q Nlez_qNY}a
Tl(Z,Q,(]l) = (t(z -9, q)t(z —q,9+ Q1))7 )
A 2 2y 2y
La(zq,q) = Csul ) (Hz = g0+ )7 =tz = 4,0)7).
Again by Lemma 1.6, we get, with I; = [0.5Y, 2.5Y],
N_§|S2(Q1)| < Z ‘ Z T1(27q7q1>6(§Q)6(T2(Z7Q7 Q1))

z€l1 q~Q1

)

with some real number £, independent of z and ¢. Applying Cauchy’s in-
equality and Weyl’s lemma, we obtain, with Q3 = Q; N9,

(2.15)  N7%1Sa(q1)?
<YQGQ +Y1Q5" Y. D 1S anq)l,

1<]q2|<Q5 g~Q1
S3(q7 qlan) = Z T3(Z7Q7q17QQ)€(T4(Z7Q7q17QQ)) )
zely
T3(Z7 q,491, Q2) = Tl(Z7Q7 ql)Tl(Zv q + Q2,(11) )
T4(Z7 q,4q1, QQ) = TQ(Z,(] + q2, ql) - TQ(Za q, QI) .
Let
U(Z) :T3(z7Qa Q17q2)’ V(Z) :T4(Z7Q>Q1,Q2)-
It is an easy exercise to verify that, for z € I,
Uz) =G, U(x)=ay ™!,
Fqiqo
YQ.Y

1%

V() 2 [FaugY Q1. V'(2)
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As V(z) has nice properties with respect to the variable z, by partial sum-
mation and the exponent pair (1/2,1/2), we obtain

(2.16) S3(q,q1,92) < GH(|Fqg2]Y Q1 )V2YV2 4+ Y2Qu (|[Fquge)) ™) -
In view of (2.14) and (2.15), the first term in (2.16) contributes to (2.12) at

most
< Nnﬂg 1+ £Q AY XY 1/2+WG W/ Yy 10Q17 2
Q XY FQ !

FQY
14 % -6 X32y34()—7 N"/2
< ( + XY) Vv Q
< (VFSX2AY2TW + Y/ F-4X28Y39)))N"/?
< E?N7",
and the second term in (2.16) contributes to (2.12) at most

1/24~
< Nnﬁg (1 + FQ>A7< XY ) G(QTY O F—2)1/8

Q XY FQ
< {‘/Q—5X16Y22F—6 <1 + FQ)J\M/?
XY

< (VF-1X3Y5 4+ VFXBY N2 « BN,

Finally, the term (Y Q1G?)?Q3 " together with the term (Y Q1G)?Q5 " con-
tributes to (2.12) at most

XYy FQ XYy \/*
n/2 v 3/4
N <1 + >A ( 1> YGQ;
FO

< X2y5/2F71/2Q73/4 <1+ Xy>Nn/2 < E2N777'

The estimate (2.8) follows from the above observations.
Proof of Lemma 4. By Lemma 1.4, we obtain

217) > e( - %) = Zc1l<nu_3h_1)1/4e<012(h:i$>1/2>

mn~ M uel

o((52)") o[ 2) e

where I = (o, ), @ = hx/(4M?n), 8 = hx/(M?n). We divide the sum in
question into subsums of the form

(2.18) ST aln) Y e(—:;)‘:S(Hl), say

h~H; 'n~N m~M
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where H; < H. By substituting (2.17) in (2.18), and exchanging the order
of summation, we get, with an application of Lemma 1.6,

S(H,) < (Aﬁf )1/2 Sy b(n)e(@n)e(Cu(u:)l/Q)

w~W ' n~N

x" + vz 107

where W = Hizv™*M~! and 6 is some number (independent of the vari-
ables).

If HY < 2"(Nz~%v®), then by Lemma 2.3 with (r,s,m) = (1,w,n), we
get the estimate

e ™| S(Hy)
< {‘/H{’szU—l + W H{PZ5NTv=5 + Q/Hilgv]\f3 + A/ H 25 N22y—5

< o VNTLz=35 4 V/NTz=3 4 "V N2015=85 L X/ N135—9) 4 yr™° < va=.
If H} > 2"(Nz~5v®), then we can apply Lemma 2.4, with (z,y) = (n,w),
to get

3

MEN /2
73| S(Hy)| < < 7o ) (4</H{32x35v—62]\756 + Y/ HT2240y=72 N56
1

+ Y HTAg35y=TANT2 4 40) {84540, -84 N'T2

+ 4/H?$4’079N8+ 20 H%9x201)739]\]32
+ 4/H17$41)_7N5+ 2€/H117$101)—17N21

+ 20 H123$10’U_23N29+ 10 H123.Z'10’U_23N19)

< 40 Hil21,15v—2N16+ 40 H152£L‘20U_12N16

+ 40 H154.’E157)_14N32 + 40 H164$20’U_24N32

+ \/H{z?v=3N* + 2/ H9210yp=9N12 4 </H15:E2v*1]\7

+ N/ H{v3N + N/ HPBvINY + Y/ H¥25y—8N?

< vx~10m

The proof of Lemma 4 is finished.

3. Sieve methods

3.1. Outline of setting. Let v be a number such that

2067 w v < V723,
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The sequence A is defined as
A= {n|v<n<evand there exists an m with x < mn §x+:v1/2},

where e = 2.71828 . . . is the base of the natural logarithms. As usual, S(A, z)
denotes the number of elements in A having no prime factors less than z.
For r a positive integer, let

|A,| = > 1.
neA,n=0(mod r)
It is easy to see that
‘Ar‘ = 33‘1/2/7" + R(A7 T) )

wan- T () (2)

( x1/2 > .
v
v<rs<ev

Let V(2) =[],..(1 —1/p). With the above property of A, we have

LEMMA 3.1.1. We have
1Y) S <V (F(E2) +0@) +rY if2<:<D.
where

R+ = Z Z C(D)(Tv ’I’]) Z R(A, rp1 .. pt) s

(D) r<D" D;<p;<min(z,D}T")
r|P(D™) 1<i<t v

t>1, > p) is summation over all sequences {D;}!_, with each D; of the
form

DUt —20,1,2,. ..,
such that
Dy>..>Dy>D", Dy..DyD} . <D forall0<s<(t—1)/2,
and

P = T] p. ICpyrml<1.

p<Dn
Also, for p ~ %M, 2 < M < D2, we have
1/2 InD
3.12) S0 = Tovon(s(20) <o) - X (A,

InM
d<D
d|P(M)

Aa being some numbers with |Aq| < D". The functions F' and f are the
well-known functions in the linear sieve.

Proof. Both (3.1.1) and (3.1.2) come from [6].
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We choose P = vz—1/21501 and

L0y (z100715)1/2  for 206 « pa® < 211/18,
23/8 for z11/18 < = < 20723+e

v322 for 296 <« va® < 227/44
(val/2)1/7 for 227/4 <y < £67/104
(0205 TYU36  for g67/104 < 4pe < 70665,
(050p—2) /70 for 20665 < 08 < 207,

LEMMA 5. We have

1,507762 —_

S(A,P) < z'/?V(P) (F(lnD> + O(a)) .

InP
Proof. By (3.1.1) it suffices to show that
x4 z1/? x
22 X <¢<ppn) ”"(ppn»
p1~Ay pi~AL v <pr...pgn<ev’

< x1/2—0.75n ’
where

Al >>A2>>...>>At,
Ay .. Ay A <D for0<s < (t—1)/2,
o =vrt, r<D".

Then, by a standard reduction, it is enough to establish
ha' )
3.1.3 el —— | < vz
| ) 1<;HZA ZA < Z < (pl...pt?"n ’
sSns pP1~ A1 Pt~ AL VSTPL...PtNSEV

where H = vz~ /2%" z = 2/, Our aim is to arrange {r,p1,...,p;,n} into
two subsets, so that we can produce from (3.1.3) an exponential sum of the
type of Section 2, and then (3.1.3) will follow from the estimate given there.

We claim that either

(3.1.4)  there exists a subset S of {1,2,...,¢t} with
P < HAi <Qz7 = Q,
€S
or

(3.1.5) Ay A <2887 = 4y

We assume the contrary, that is, neither (3.1.4) nor (3.1.5) is true, and
deduce a contradiction. For v > 2!''/18=¢ (3.1.5) is obvious. For v <
211/18=¢ we reason as follows. From A3 < D7 < Q3, we have A; < P. As
Ag < Ay...A; < P?As... Ay, we have As... A, > Q. If A3A, < P, there
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must be a least j such that A3A,...A; > P, hence A3A,...A; > @Q; but
then

Q1 < AzAy.. A; < (Az... Aj_1)(A3A9)'2 < P32
a contradiction. If A3A4 > P, then A3A4 > 1, thus Az > Qi/Q. But now
5% « A1 Ax AR < DY
also a contradiction. The proof of Lemma 5 is finished.

LEMMA 6. We have

> Sz Y $1/2]9V(p)(f<ln§z]/op)>+o(e)),

P<p<Q’ P<p<Q”
where
20" = () = V1037 for 206 < paf < g11/18,
Q for x'1/18 < gt < 207,

Proof. Let J be the integer such that 1 < Q’/(27P) < 2. Then

(3.1.6) Y SUp) = YD D S(A2P).
P<p<Q’ 1<j<J p~2i-1PpP
By (3.1.2), we have, with D; = (v/(2/P))xz~¢, P; =2/ P,
) 1/2 ] InD:
(3.1.7) S(A,,27P) > %V(WP) <f(“]> +0(5)> — 3" MR(Apd).

IHP]'
d<D]'
We now show that for each fixed j, 1 < j < .J, we have
(3.1.8) > XaR(A pd) < /2
p~P;/2,d<D;

Again, by the standard argument using the Fourier expansion of ¥(§), to
prove (3.1.8) it suffices to prove

)SID SED DI DRRT (o) Pl

1<h<H p~P;/2d<Dj; v<pds<ev

where H = vz~ /241 gz = 2/, At this stage the condition v < pds < ev can
be removed by a familiar lemma (cf. [1]). Thus it is enough to get

(3.1.9) Y > a(n)b(m)e(:i) < vz,
1<h<H n~Nm~M

where N = P;/2, MN = v, £ = z, |a(n)| < 2", [b(m)| < 2". The above
exponential sum is just of the form we considered in Section 2. As P <
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N = P;/2 < Q for 2%6 < va® < 207, we find that

Lemma 1.2 when 206 < va® < 227/44,;

Lemma 2 when z27/4 < pa® < 67/104,

Lemma 3 with (k,\) = (2/7,4/7) when
267/104 — yyqe < 40665,

Lemma 3 with (k, \) = (11/30,16/30) when
20665 < pzf < 207,

(3.1.9) follows from

Hence (3.1.8) is true. Using the asymptotic formula for V(-) and the
well-known property of f(-), we have, for p ~ P;/2 =2/71P,

. 1
2iP) = 1 —
ver) =ve (1+0(5 ).
InD; In(v/p)
— | =f| ———= O(e).
f( lnPj> f( Inp +0()
Lemma 6 follows from (3.1.6)—(3.1.8) and (3.1.10).
3.2. The contribution of the range (0.6 —e,11/18 — ¢). We prove

(3.1.10)

PROPOSITION 2. We have
Z = Z N(p)Inp < 0.02278z'/2 Inz .
21 wO.G—sSPSwll/IS—s

Unless otherwise specified, all symbols have the same meaning as in
Subsection 3.1. Now, v satisfies

6—11,0.6—6 S v g 3:11/18—5 .

z'/? 5.4 —8.1s

p1p2€A
Q' <p1<min(p2,Q)

where s = (Inv)/(Inz).
Proof. It is clear that

> 1= > > > 1=U+V,

p1p2€A Q' <p1<Q v<p1p2<ev z<p;pom<xtzl/2
Q' <p1<min(p2,Q)

where

LEMMA 3.2.1.

1/2

v= > X

b
Q'<pr1 <Qv<prpa<en P1P2

-2, 2 ) GR)

Q' <p1<Qv<pip2<ev
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By the Prime Number Theorem, we easily deduce that

U= o1/ L O((na)?)
<Q'splsQ pilnv/p1) >

z/? 5.4 —8.1s
~ Inw (ln( 4s — 2 >+O(€)>’

and the argument in the proof of Lemma 6 gives
V = 0(z'/?(Inz)~?).

This proves Lemma 3.2.1.

Proof of Proposition 2. Let A =0.6—¢, B =11/18 — ¢, and
= Inz. Then

.S > *k+D) > N).

AL—-1<k<BL ek <p<ek+1
For v = €F, by Buchstab’s identity it is easy to verify that

> NG <SAP) = 3 S(App >

v<p<ev P<p<Q’ p1p2€A
Q' <p1<min(p2,Q)

which, in conjunction with Lemmata 5, 6, and 3.2.1, leads to the estimate
Y, SaPLL — L~ I+ 0(e),
where (v being the Euler constant)

B
S 10 — 15s
= F d
< Afs—1/2 <25—1> i

B g(s)

L= [ [ ft)dtds, g(s)=1/(25-1),
A 2.7

B
54 —8.1s
he (s,
A 4s — 2

The following formulae are well known:

(321) F(u) = 21+ Bw),

0 for 0 < u < 3,

u—1
_ In(t —1
B(u) = f n(t)dt for 3 < u < 5;
2

(3.2.2) flu) = 2 =1)

for 2 <u <4;
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u

2e7 vlag n(s—1)
3.2.3 flu)=—( In(u—1) —
323) 0= (o 3ft [

ford <u<6.

et C = 11/4. By (3.2.1), after changing the order of integration, we find
that

L =I1+Lao+Lis+La+0(),

where
B
I, = f mdu < 0.02945 ,
C B
In(t —1) 4u
Iy = i G - 002
12 < . dt><f10_15udu)<000 73,
2 A
4
4 (t —4)In(t — 1)
I3 = — dt | < —0.00042
13775 <Cf #(17 + 2t) < !
4
40 In(t—1), (17+2t
Iy=— ] dt 00452 :
1= o (Cf n<5+5t> ><0005,
thus
(3.2.4) I, < 0.03628.

By (3.2.2) and (3.2.3), after changing the order of integration, we deduce
that

Iy > Is; + Ina,

where
4.5
1 In(t —1)
Io = 45< f tdt) > 0.01026,
> 1
Ly = eV f(4. — — — ) dt > 0.00268¢7 f(4.5).
22 = e 7 f(4.5) 4{ <2t 10) > 0.00268¢ 7 f(4.5)
Since
2e7 20 In(s — 1) 3.5
_ . Y
flas) =" <ln3 5+ 2[ ; ln<8+ 1) ds) > 0.55788¢”
we have
Iy > 0.00268 - 0.55788 > 0.00149,
and thus

(3.2.5) I, > 0.01175.
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Finally,

B
5.4 —8.1s
2. I3 = In{ ———
(3.2.6) 5= | n( T

) ds > 0.00175.
A

Combining (3.2.4), (3.2.5) and (3.2.6) proves Proposition 2.

3.3. The range (11/18,27/44). For 11/18 < a < 8 < 0.723, let
B

e I(a, B) = f tth(St?’ 4) dt .

[e%

PRrOPOSITION 3. We have

222 D= Z N(p)Inp

Z11/18—e <p<g27/44—¢

11 27
<(I{—,=)-0.00218 )z'/?Inz.
_( (18’44) 0.00 8>x nx

Proof. Let A=11/18 —¢, B=27/44 — ¢, L = Inz. Then
S, Y Gr) Y N
AL—1<k<BL ek§p§6k+1
For v = e¥, Buchstab’s identity gives
Z N(p)SS(A7P)_ Z S(Apvp)a
v<p<ev P<p<Q’

which, in conjunction with Lemmata 5, 6 and the Prime Number Theorem,
leads to the estimate

<zV2L(I, — I + O(e)),

22
where
eVI_f ! F 5 dt= 1|1 127 +0(e) |e”
12 \se—4) T U8t 7
3.1
(3.3.1) B g(s) 1 4s —2
e”z:,a[ (j;f(t)dtds, 9(s) =57 Gl =53
G(s

By (3.2.2) and (3.2.3), after changing the order of integration, we find that
Iy > I + Iop + o3,
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where, with C' = 8/3, D = 20/7, E = 22/5, I = 4.5,

D
In(t—1) (21 41t) 11
Iy =2 — — ) dt > 0.0001
2 Cf t <4+3t 1g ) 4 > 0-000L,

E
In(t—1) (27 11
Ip=2 [ ——2( 22— — ) dt>0.00202
22 Df . (44 18) > 0.00202,

F
In(t—1)(t+1 11
Tps = 2 ——)dt>o0. .
93 gf . <2t 18) > 0.00006

Thus

(3.3.2) I, > 0.00218.

Proposition 3 is proved in view of (3.3.1) and (3.3.2).
3.4. The range (27/44,67/104). We prove

PROPOSITION 4. We have

223 = > N(p) Inp

227/4d—c <p< 67/104—¢

< l - — 0. 1/2 A
< ( s 1 ) 0 01552>IE Inx

Proof Let A=27/44 —¢, B=67/104 — ¢, L = Inz. Then
.S Y k+D Y N
AL—-1<k<BL ek <p<ek+1
For v = €¥, Buchstab’s identity gives
Y Np)=> 1<SAP) - > S(A.p),
v<p<ev peA P<p<Q’

which, in conjunction with Lemmata 5, 6 and the Prime Number Theorem,
leads to the estimate

) < 2 2L(I, — I + O(e)),

B
/ 3 27 67
Y7o — o7 20
¢'h ft—1/2F<8t—4> di=c <I<44’104>+0(E)>’

A

where

(3.4.1)

B g(s)

1 12s — 1

L= [ [ f®dtds, g(s)=5— Gls) =5
A G(s)
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By (3.2.2) and (3.2.3), after changing the order of integration, we find that

Iy > Is1 + Igo + o3,

where, with C = 20/7, D = 50/17, E = 52/15, F = 22/5,

D
2(t—1) [ t+1 27
Iy = dt > 0.00056,
2 éf t (12—275 44) ”
E
122:

2In(t—1) [ 67 27
— <104—44)dt>0.00789,

Dj\hq Ukb

2In(t—1) [t+1 27
<2t 44>d7§>000707

Hence

(3.4.2) I, > 0.01552.

Proposition 4 follows from (3.4.1) and (3.4.2).

3.5. The range (67/104,0.665). We prove

PROPOSITION 5. We have

o= > N(p)Inp

267/104—¢ SPSZOAG(SS*‘S

< <I<104 0. 665> — 0.00359>m Inz.

Proof. Let A=67/104 —¢, B=0.665 — ¢, L = Inz. Then

.. > *k+D Y Np).

AL—1<k<BL ek <p<ek+l

For v = €F, by Buchstab’s identity, we easily get

> N <SAP) - D S(App),
v<p<ev P<p<Q’
which, in conjunction with Lemmata 5, 6 and the Prime Number Theorem
gives the estimate

b S V2L — I, + O(e)),
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where
eVI—f Eopl( 3 Nar= (1( 5T ,0.665 ) +O(e) |e?
-2 \se—a) T U od ’

(3.5.1)

B g(s)

1 165+ 7
T, = t)dtd = = :
eIy AfG(Sf) fO)ydtds, g(s) = 5—, Gls) = 55—

By (3.2.2) and (3.2.3), after changing the order of integration, we find that
_[2 = 121 + 122 + 123 + O(E) 5
where, with C = 14/5, D = 50/17, E = 100/33, F' = 52/15,

D
In(t —1) T+ Tt
Iy =2 [ ———(0.665— ) dt >0.0
21 Cf . <665 20t_16> > 0.00065 ,

r In(t — 1)
Ipy =2 — ) =L dt > 0.00084
22 Df(o 665 104) . > 0.00084,

F
In(t—1) 1 67
2f < <1+t> 104)dt>00021
E
Hence

(3.5.2) I, > 0.00359.
Proposition 5 is proved by virtue of (3.5.1) and (3.5.2).
3.6. The range (0.665,0.7). We show
PROPOSITION 6. We have
225 = > N(p)Inp < (I1(0.665,0.7) — 0.00149)z'/? Inz .
£0-665—¢ < p< z0.7—¢
Proof. Let A=0.665—¢, B=0.7T—¢, L =Inx. Then

NETED DI CES D DI (O

AL—-1<k<BL ek <p<ek+1

For v = €¥, by Buchstab’s identity, we deduce that
> N <SAP) - Y S(App
v<p<ev P<p<Q’
which, in conjunction with Lemmata 5, 6 and the Prime Number Theorem,
gives

by S V2L — I + O(e))
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where
B
t 3
T = F dt
e A[t—l/Z <8t—4) ’
(3.6.1)
B g(s)
1 20s + 21
I, = t)dtd = G = _—.
(& 2 Afg({) f() S, g(S) 28*1’ (S) 505721

By (3.2.2) and (3.2.3), after changing the order of integration, we get, with
C =25 D=28, F =100/33,

Iy =I5 + I+ O(e),

D

In(t — 1) 1\  21(1+1¢)
2 1+- ) —==-""2)dt>0.00083,
Cf < <+t) 50t—20>

Cln(t—1) 1
2 f ( (1 + t) — 0.665) dt > 0.00066 .
D

Thus

(3.6.2) I, > 0.00149.

By (3.6.1) and (3.6.2) we get the proposition.
3.7. The range (0.7,0.723). We prove

PROPOSITION 7. We have

Z% = > N(p)Inp < (I(0.7,0.723) + O(e))z/? Inz .

20-T—= <p<z0.723
Proof. Let A=0.7—¢, B=0.723, L = Inz. Then
<
NS DECES VI S ()
AL—1<k<BL ek <p<ektl

For v = €, it is obvious that N(p) < S(A, P), which, in conjunc-

tion with Lemma 5, gives

>, < TP+ (),

v<p<lev

where
B

t 3
el = F dt = (1(0.7,0.723) + O e’
= () = )+ 0(2)

which gives the proposition.
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Proof of Theorem. From Propositions 1 to 7, we get
> N(p)lnp < 2'/?Inx(I(11/18,0.723) + 0.6).
p<a0-723
Let A=11/18, B =0.723 and C' = 19/8. By (3.2.1) we obtain

B C
16 8 rln(t—1) /[ (4t+7)2 5
I(11/18,0.723) = — | tdt + - — A% ) dt
(11/18, ) 3Af +32f t (64(t+1)2

< 0.39807 4 0.00043 = 0.3985,

thus I(11/18,0.723) + 0.6 < 0.9985 < 1, and our Theorem is proved in view
of (1).
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