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A generalization of the Hahn—Banach theorem

by JOLANTA PLEWNIA (Krakdéw)

Abstract. If C is a non-empty convex subset of a real linear space E, p: E — R
is a sublinear function and f : C' — R is concave and such that f < p on C, then there
exists a linear function g : £ — R such that g <p on F and f < g on C. In this result of
Hirano, Komiya and Takahashi we replace the sublinearity of p by convexity.

N. Hirano, H. Komiya and W. Takahashi gave the following generaliza-
tion of the well-known Hahn—Banach theorem (Theorem 1 of [2]):

If p is a sublinear function on a linear space E, C is a non-empty convex
subset of I and f is a concave functional on C' such that f < p on C, then
there exists a linear functional g on E such that f < gon C and ¢ <pon E.

The main goal of this paper is to give a new version of the above theorem
with “sublinear” replaced by “convex”. This result can be derived from an
abstract Hahn-Banach theorem due to Rodé [6] (cf. also Konig [4]) or from
the Nikodem theorem [5].

Our proof, based on an idea from [2], is an application of a theorem of
Fan (Lemma 1).

In the proof of the main theorem we shall use the following two lemmas.

LEMMA 1 (Fan). Let X be a non-empty compact convez subset of a Haus-
dorff linear topological space and {f, : v € I} a family of lower semicon-
tinuous convex functionals on X with values in (—oo,+o00|. If for any finite
set of indices v1,...,v, and for any non-negative numbers A1, ..., A\, with
Som A =1, there is a y € X such that

i=1
then there exists an x € X such that f,(x) <0, v € I.
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LEMMA 2. If p is a convex function on a real linear space F and xg € E,
than there are a linear functional f and ¢ € R such that

c+ f(x) <p(z) forxekFE,
¢+ f(zo) = plzo) .-

Lemma 2 is a special case of the Hahn—-Banach theorem. In [2] an ana-
logue of Lemma 2 for sublinear functions was proved using the Markov—
Kakutani fixed-point theorem. Our lemma can be derived e.g. from Corol-
lary 11.2, p. 91 of [1].

Z. Kominek ([3], Lemma 1) has obtained a more general result (for a
midpoint convex functional on a non-empty algebraically open and convex
subset).

Using the above lemmas we obtain the following

THEOREM. Let C be a non-empty convex subset of a real linear space
and let p: E — R be a convex function. If f: C — R is a concave function
satisfying

f(x) <plz) forzel,
then there exists a linear function g : E — R and a constant a € R such that
g(z) +a<p(x) forzek,
flz)<g(x)+a forzelC.

Proof. First assume that 0 € C. Let F' be the linear topological space
R¥ with the Tikhonov topology. Then define

T+y 1
3= {a: £ =R g( 5 ) = Jlow) + gl wiy € B
B:={geJ(E):g<ponE},
B, :={g9€ B:g(0) >p(0) —n} forneN.
By Lemma 2, B is non-empty. We also have B = J.~, B,,, B,, C B4 and

the B,, are convex and closed in F' for all n € N.
For each y € F we have

20 =p( 157 < S0+ o)

whence
2p(0) — p(—y) < p(y)-
Consequently, for every n € N the set
X =[] [2p(0) = p(=y) — 2, p(v)]
yek

is non-empty, convex and compact in F'.
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We also have B,, C X,, for n € N. Indeed, each g € B,, satisfies
9(0) > p(0) —n,
29(0)=g(y) +9(-y), yeE,
9(y) <ply), yek.
Hence for every y € £

2p(0) = 2n — p(=y) < 29(0) — g(=y) = 9(y) < p(y).
Now for every n € N we define
Cp:={zxeC:2f(x)—p(2x) >p(0) —n}.

It is easy to see that C' = UZO=1 Cy, the C), are convex and C,, C C,,4; for
n € N.

Take x € C),. By Lemma 2 there exists g € J(E) such that g < p on F
and g(z) = p(x). Then

f(z) < pz) = g(z) = 9<2x2+ O)
= 2lo(20) + 9(0)] < 5[p(22) +9(0)],

whence

9(0) = 2f(x) — p(22) = p(0) —n.
This means that g € By,; that is, for every x € C,, there exists g € B,, such
that g(z) = p(x). In particular, g(y) < p(y) for all y € E.
Fix n € N for which 0 € C,,. Define G, : B,, — R for x € C,, by

G.(9) = f(z) —g(z) forge B,.

It is easy to show that each G, is convex. Moreover, it is lower semicontin-
uous, for if ¢ € R and I1,(g) = g(z) for g € F, then
{9 € Bn:Galg) >ct ={g€Bp:yg(x) < flz)—c}
={g9€ B, :I,(g9) < f(x) —c}
= B, NI ((—o0, f(z) —¢)).
The last set is open in B, in the Tikhonov topology.
Let z1,...,2,, € C, and let Ay,..., A\, > 0 be such that Y ;") A\, = 1.
Put z := 1" | A\;w;. Then there exists g € By, for which g(z) < p(z), z € E,
and g(z) = p(z). Moreover, we have

m

> XiGa,(g) = i Aif (i) — i Aig(xi) < f(i Aﬂ%‘) - g(i )\z‘xz‘)

. () = 9(2) < F() = p(2) < 0.
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Hence by virtue of Lemma 1 there exists g,, € B,, such that G,(g,) < 0 for
all x € C,, i.e.,

f<gn, onCp, g,<p onk.
We put
X = []12£(0) = p(—z),p(z)] N J(E) .
reElR
This set is compact, convex and non-empty. In fact, we have

gn T +gn —Z gn T +p_$

£(0) < gu(0) = 2D F 920 D) +p20)
hence 2f(0) — p(—z) < gn(x) < p(z), whence g, € X.

Now consider the functions G, : X — R, x € C, defined by

Gau(9) = f(z) —g(z), ge€X.

Fix arbitrary z1,...,2, € C and A\i,..., A\, > 0 with >/ A\, = 1. For
sufficiently large n € N we have 0, z1,...,z,, € C, and we can find g, € X
such that g, < pon E and g, > f on C,. Consequently,

D AGai(gn) = D Nif (@) =Y Nig(s)
1=1 =1 =1

< f(z)\ixi) —9n<z)\i$i> <0.
i=1 i=1
By Lemma 1 again there exists go € X such that
go(z) <p(xr) forxek,
flx) <go(x) forzeC.

It is not difficult to see that there are a linear functional g : £ — R and
a constant a € R such that

go(z) =g(x)+a forxekF.

This ends the first part of the proof.
Now suppose that 0 € C' and take an arbitrary ¢ € C. Let C; := C —xg
and define f; : C1 - R and p; : F — R by

fi(z) == f(x +x9) foraxzeCy,
pi(z) =plx+z9) forzekE.
It is easily seen that f; is concave, p; is convex and
filz) <pi(z), =zeCi.

Then there exists a linear function ¢ : £ — R and a constant ¢ € R such
that

filz) <glx)+ec, z€Cy,
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gx)+c<pi(x), =xz€kFE.
Consequently,
flz) <glx) —glxo) +¢, zeC,
g(x) —g(wo) +c<p(x), zekFE.
Setting a := ¢ — g(xp) completes the proof.

Remark. It is easy to check that Theorem 1 of [2] can be obtained as
a corollary to ours.
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