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The set of points at which a polynomial map is not proper

by ZBIGNIEW JELONEK (Krakdéw)

Abstract. We describe the set of points over which a dominant polynomial map
f =1, --,fn) : C* — C" is not a local analytic covering. We show that this set
is either empty or it is a uniruled hypersurface of degree bounded by (H?:l deg f; —

p(f))/ ming—y .., deg f;.

1. Introduction. Let f : C" — C™ be a dominant polynomial map.
We say that f is not proper at a point y if there is no neighborhood U of
y such that f=1(cl(U)) is compact, equivalently: if either dim f~!(y) > 0
or f~Yy) = {z1,...,z,} is a finite set but >;_; pa, (f) < p(f), where p
denotes multiplicity. The set of points at which f is not proper indicates how
far f is from a finite map and therefore this set is important in the study of
polynomial mappings (for example in the Jacobian Conjecture). Our aim is
to describe this set precisely.

The main result is the following theorem:

THEOREM 15. Let f = (f1,..., fn) : C* — C™ be a dominant polynomial
map. Then the set S of points at which f is not proper is either empty or it
s a uniruled hypersurface of degree not greater than

[T;_, deg fi — pu(f)

mini—; .., deg f;
Moreover, deg f~1(S) < [T, deg fi — p(f).

We also show how to find effectively an equation of the hypersurface S.
In particular, we are able to check effectively whether a given polynomial
mapping is proper.

The results of this paper were announced in [3].
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2. Terminology. Our notation and conventions are the same as in [5]
and [9]. If f is a dominant polynomial map and {z} is an isolated component
of the fiber f=1(f(x)) we denote by p.(f) the multiplicity of f at x and by
w(f) the number of points in a generic fiber of f (see, e.g., [5]).

Let C[z1, ..., z,] be a polynomial ring and ay, . . ., a,, be positive integers.
The weight of the monomial az’* - ... zF» (a # 0) is, by definition, the
number Y ", k;a;. The weight of a polynomial P is the maximal weight of
its monomials (or —oo if P = 0). It will be denoted by v(P) and called the
weight of P determined by the conditions v(x) = a;.

Let X be an algebraic variety of dimension n > 1. X is said to be uniruled
if there exists an algebraic variety W of dimension n — 1 and a dominant
rational map F : W x P}(C)— — X. Generally, if X is an algebraic set
of pure dimension n > 1, X is said to be uniruled if every component of
X is uniruled. Equivalently, an algebraic set X is uniruled if it has pure
dimension > 1 and for a generic point in X there is a rational curve in X
through this point.

3. Points at which a polynomial map is not proper. We begin
with some basic and well-known facts about proper maps.

DEFINITION 1. Let X, Y be topological spaces. A continuous map f :
X — Y is said to be proper if for every compact set K C Y the set f~(K)
is compact.

We have the following nice characterization of proper maps:

PROPOSITION 2. Let f: X — Y be a continuous map of locally compact
spaces. Then f is proper if and only if it is closed and for every y € Y the
set f~1(y) is compact.

If X, Y are affine varieties there exists a well-known purely algebraic
condition for a polynomial map f: X — Y to be proper.

PROPOSITION 3. Let X, Y be affine varieties and let f : X — Y be a
polynomial map. Then f is proper if and only if the map f.: C[Y] > h —
ho f € C[X] is finite, i.e., f.C[Y] C C[X] is an integral extension of rings.

DEFINITION 4. Let f: X — Y be a continuous map. We say that f

is proper at y € Y if there exists an open neighborhood U of y such that
resg-1(y) f f~Y(U) — U is a proper map.
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Remark 5. Assume that X, Y are locally compact spaces. Then f is
proper if and only if it is proper at every y € Y.

In the case of a polynomial map it is easy to show the following:

PROPOSITION 6. Let f: C™ — C™ be a dominant polynomial map. Then
f is proper at y € C™ if and only if f~*(y) = {x1,...,2,} is a finite set and
Dict Ha, () = plf)-

Now our main purpose is to give a description of the set of points at
which a dominant polynomial map f : C* — C™ is not proper. We start
with the following fact:

ProposITION 7. Let f: C" — C" be a dominant polynomial map and
let C(f1,...,fn) CC(x1,...,2,) be the induced field extension. Let

> ap(fHafih =0,
k=0

where the al, are polynomials, be an irreducible equation of z; over C[fy,...
oo fn)e Let S = {y € C" : a}y(y) = 0}. Then f is proper at a point y
if and only if y € C™\ S.

Proof. = It is enough to prove that f : C*\ f~1(S)—C"\S is proper. If
S is empty then C[f1,..., fn] C C[z1,...,z,] is an integral extension and by
Proposition 3, f is proper. Otherwise S, and hence f~1(.9), is a hypersurface.
Set A =[]\_, al. Then A is a non-constant polynomial and S = {y € C" :
A(y) =0}, f7YS) = {z: A(f(x)) = 0}. Let V. =C"\f~1(S) and W = C"\
S. Then V, W are affine varieties and C[V] = Clz1, ..., z,|[(A(f(z)))™1],
CIW] = Clus,...,ynl[A~"]. Hence f.CW] = Clfr,..., fall(ACF(2))) ).
Since the af)(f) are units in f,C[IW] we conclude that the z; are integral over
f«C[W]. Of course A(f)~1! is also integral, and we get the integral extension
f+C[W] c C[V]. By Proposition 3 the proof of this part is finished.

<« The following lemma is proved in [10].

LEMMA 8. Let (2 be an open set in C*, a; : 2 — C, 7+ = 0,1,...,s,
be continuous functions with ag # 0, and let I' = {(x,t) € 2 x C :
S _pai(x)t*™" = 0}. Then the projection © : I' 3 (z,t) — x € (2 is
proper if and only if ag(x) # 0 for every x € 2.

Consider the map F' = (f,z;) : C" — C" xC. It is a dominant map from
C™ to the hypersurface given by the equation

Zaé— (y)zi? =0.
j=0

In particular, the image of C™ under F'is dense in the hypersurface I" given
by the above equation. Assume that f is proper at a point y € C"™. Then
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there exists an open neighborhood U of y such that res;-1(y) f : FYU) —
U is a proper map. We have the following diagram (here 7 is the natural
projection and the primes denote restriction):

CUxC

[

oy v
Note that F'(f~1(U)) is contained in I'N (U x C) and dense in it. Since
mo F’ = f’is proper, so is F'. In particular, F' is closed, and consequently
F(f~Y(U))=I'n(U x C) := I'"". This means that F’ maps f~*(U) onto I".
Since F’ is a surjection, for every compact set K C U we have
(respm) "' (K) = F'(f'~'(K)), hence resp 7 is a proper map. By Lemma 8
we conclude that ajy # 0 in £2, in particular, aj(y) # 0. This proves the

second part of Proposition 7. m

COROLLARY 9. Let f:C" — C" be a dominant polynomial map. Then
the set S of points at which f is not proper is either empty or is a hyper-
surface.

Remark 10. a) In the same way as Proposition 7 we can prove the
following theorem:

If f:X —Y is a dominant polynomial map of smooth affine varieties
of the same dimension then the set of points at which f is not proper is
either empty or it is a hypersurface.

b) We can effectively find an equation of the hypersurface S. Indeed, by
Proposition 7 and its proof it is enough to find equations of n hypersurfaces
which have parameterizations F; = (f,z;),i=1,...,n.

This can be done in the standard way. For example it is enough to com-
pute a Grobner basis of the ideals Iy = (y1 — f1,.-- Un — fn,Yn+t1 — Tk),
k =1,...,n, with respect to the separating order. In this way we obtain
polynomials g (y) € I,NC[Y], k = 1,...,n, which are the equations we were
looking for. If gy = 7% ak(y)y,t77 then S = {y € C* : [}, af(y) = 0}.

In particular, we are able to check effectively whether a given polynomial
mapping is proper.

ProposiTION 11. Let f: C* — C" be a dominant polynomial map and
let C(f1,..., fn) C C(x1,...,2,) be the induced field extension. For a given
polynomial h € Clxy,...,x,] let

ng
> di(fHhmI =0,
j=0

where the a? are polynomials, be an irreducible equation of h over C[fy,...
ooy fn]. Then the set {y € C" : al(y) = 0} is contained in the set S of
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points at which f is not proper. Moreover, if hi, ..., h, are generators of

Clz1, ..., xn] then S =P {y € C" : alii (y) = 0}.
Proof. The proof is the same as above. =m

PROPOSITION 12. Let f = (f1,...,fn) : C* — C" be a dominant poly-
nomial map. The degree of the hypersurface S of points at which f is not
proper is not greater than

H?:1 deg fi — p(f)

min;—q ., deg f;

Moreover,

deg f1(S) < [ des fi — u(f).
i=1
Proof. First we will show

LEMMA 13. There exists a linear polynomialn =Y i ¢;z; (¢; € C) such
that S = {z : al(z) = 0} and n is a primitive element of the field extension
C(fi,---, fn) CC(z1,...,2p).

Proof. Fort € C\ {0} put n(t) = Y, t*"'z;. The family of hypersur-
faces S; = {x : ag(t) (x) =0}, t € C\ {0}, is finite (S; € S'!), hence there ex-
ists an infinite set 7' C C\ {0} such that S; = Sy for t,t" € T. Moreover, the
family of subfields C(f1,..., fn)(n(t)) C C(z1,...,2,), t € T, is also finite.
It follows easily that there exist n different numbers tq, ..., ¢, (even infinitely
many) such that S, = S, and C(f1,.... fu)(n(t) = C(fro.... fa)n(t;)
for every i,7 = 1,...,n. Since n(t1),...,n(t,) are generators of the ring
Clx1,...,zy,) over C, all n(t1),...,n(t,) are primitive elements of the field
extension C(f1,..., fn) C C(z1,...,2,) and by Proposition 11 we conclude
that Sy, =S fori=1,...,n. =

Now we need an old classical result due to O. Perron (see [6], Theorems
57 and 62, and in a stronger modern version in [7], Theorem 1.5).

Let Fy,...,F,, € C[Z1,...,Z,] be algebraically dependent polynomials of
positive degrees and let v be the weight in C[W7, ..., W,,] determined by the
conditions v(W;) = deg F;, for i = 1,...,m. Then there ezists a non-zero
polynomial P = P(Wy,...,W,,) such that P(F\(Z),...,F(Z)) = 0 in
ClZ] and v(P) <T[~, deg F;.

To prove Proposition 12, let n be as in Lemma 13 and let H(z,t) =
Yot a)(x)t™ 7 = 0, where the a] are polynomials, be an irreducible equa-
tion of n over C[f1, ..., fa] (i-e., H(f,n)=0). Since 7 is primitive, m=u(f).
We have to estimate the degree of al. We use Perron’s theorem, where
m=n+1, F; = f; fori =1,...,n and F,41 = n. Since H divides P,
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we have v(H) < v(P), hence v(H) < H?:ll deg F; = T[], deg f;. Thus

v(af) < v(H) — u(f) < 11, deg f; — pu(f)- Since
deg P - 4:1{111(1 deg f; < v(P)

for every polynomial P, we get

[T, deg fi — p(f) _

min;— ., deg f;

-----

deg af <

Since deg S < dega(, we get the first estimate. To get the second one
it is enough to note that f~!(S) has equation a((f1,...,f,) = 0 and
deg f71(S) < degag(fi,- .-, fn) < v(ag) < [[;Zy deg fi — p(f). =

ProrPOSITION 14. Let f: C*—C" be a polynomial map with graph I' =
{(z,y) € C"xC" : y = f(x)}. Denote by I"" the closure of I" in P"(C)xC"
and put R=T1"\T. Let 7 denote the natural projection P"(C) x C* — C™.
Then the set S of points at which f is not proper is exactly the set (R). In
particular, if S is not empty then it is a uniruled hypersurface.

Proof. It is easy to see that f is not proper at y if and only if there exists
a sequence x, such that limz, = oo and lim f(z,) = y. This is equivalent
toy € m(R).

By [2] every projective compactification of C™ is uniruled at infinity.
Since I" is isomorphic to C", every (n — 1)-dimensional component of R =
I'"\ I' is uniruled, and consequently the hypersurface S = 7(R) must be
uniruled. m

We summarize Propositions 12 and 14 in:

THEOREM 15. Let f = (f1,..., fn) : C* — C™ be a dominant polynomial
map. Then the set S of points at which f is not proper is either empty or it
s a uniruled hypersurface of degree not greater than

[Ti_, deg fi — p(f)
min;—q, _,degf;
Moreover, deg f~1(S) < [[iL, deg fi — u(f).
Theorem 15 has many interesting corollaries:

COROLLARY 16. Let f and S be as above. Then degS < (deg f)" 7!,
where deg f = max;—1 ., deg f;. In particular, if n = 2 then deg S < deg f.

-----

COROLLARY 17. Let f: C" — C" be a dominant polynomial map. Then

u(f) < J]deg fi —deg - min deg fi,
i I )
where S denotes the hypersurface of points at which the map f is not proper.
In particular, if p(f) > [1i—, deg fi — min;—y ., deg f;, then f is proper.
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COROLLARY 18. Let f be as above. Assume that c1(C™\ f(C™)) contains
a hypersurface H of degree d. Then H is uniruled and

TomiN—1,..n deg f;

COROLLARY 19. Let f:C" — C" be a polynomial birational map which
is not an automorphism. Then cl(C™\ f(C™)) is a uniruled hypersurface of
degree
H?=1 deg f; — 1

d< .
min;—q .., deg f;

EXAMPLE 20. Consider f: C" 3 (z1,...,2n) — (21, ..., Tn_1, [ [} Zi)
€ C". In this case S = cl(C™\ f(C™)) is the union of hyperplanes U?:_ll{x :
x; = 0}. Thus both degree estimates in Theorem 15 are sharp.

In the sequel we need the following generalization of a result of [4] (com-
pare with [1]):

PROPOSITION 21. Let X be an affine set and I' be a closed affine sub-
set of X. Let f: " — C" be a proper polynomial map and assume n >
dim X. Then there exists a proper polynomial map F : X — C" such that
resp = f.

Proof. Let I(I') denote the ideal of I" in C[X]|. Let g = (g1,...,9n) be
a polynomial extension of f to X. Let z1,...,x, be polynomial functions
generating C[X] over C, i.e., C[X] = Clz1,...,2m]. It follows from our
assumptions that there exist polynomial functions a} € C[Xy,...,X,] such

that H; = Z;L;o a’ (9)x ™ = 0mod I(I'), and a}y(g) = const # 0 for
i=1,...,m. Consider the map H = (g1,...,9n, H1,..., Hp) : X — C"*".
By construction H is proper, H(I") C C"x{0} and dim H(X) = dim X <n.
The set Y := H(X) is a closed subset of C"*™. It is easy to see that there
exists a proper linear projection 7 : Y — C" x {0}.

Indeed, we have the canonical inclusion C**" C P"+™(C) and the set W
of points at infinity of Y has dimension < n —1. Hence we can find a linear
subspace L of the hyperplane at infinity of dimension m — 1 which is disjoint
from W. Let 7y, : P"T™(C) — cl(C™ x {0}) be the projection determined by
L. The restriction of 7y, to Y is a proper map of ¥ into C" x {0} and it is
the projection m we were looking for.

Now it is enough to take F' = po H to obtain a proper extension of f to
the whole of X. =

Remark 22. It is easy to see that Proposition 21 remains true if we
replace “proper polynomial map” by “polynomial map with generically finite
fibers”.
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EXAMPLE 23. Let S C C? be a “parametric” rational curve, i.e., S is the

image of C under a non-constant polynomial mapping. Then there exists a
polynomial mapping F : C?> — C? with finite fibers for which S is exactly
the set of points at which F' is not proper.

Indeed, let V = {(z,y,2) € C3: 22 —zy — 1 = 0}. Then V is an affine

variety and there exists a (non-proper) embedding i : C? 3 (u,v) — (u(2 +
uv),v, 1 +uv) € V. Note that V \i(C?) is the line | = {z = -1,y = 0} = C.
If 0 : Il — S is a parameterization then by Proposition 21, ¢ can be extended
to a proper map X : V — C2. Now it is enough to take F' = X o .

[10]
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