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A CLASS OF FOURIER SERIES

BY

JAVAD NAMAZ I (MADISON, NEW JERSEY)

Let T = [0, 2π]. Let f be a periodic function with period 2π in L1(T ).
Define fs(t) = f(t− s). We say that f satisfies the Lp-Dini condition if

1∫
0

ω(s)
s

ds < ∞ ,

where

ω(s) = ‖f − fs‖Lp(T ) =
(

1
2π

2π∫
0

|fs(t)− f(t)|p dt

)1/p

.

f is said to be a Lipschitz function (f ∈ Lipα(T )) if

ω∗(s) = sup
t∈T

|fs(t)− f(t)| ≤ Csα ,

for some α > 0, and a constant C. The kth Fourier coefficient of f is f̂(k) =
1
2π

∫ 2π

0
f(t)e−ikt dt, and the Fourier series of f is defined as

∑∞
k=−∞ f̂(k)eikt.

Let 1 < p ≤ 2, and let q be its conjugate exponent, that is, q = p/(p − 1).
If f ∈ Lp(T ), then by the Hausdorff–Young theorem( ∞∑

k=−∞

|f̂(k)|q
)1/q

≤ ‖f‖Lp(T ) .

Bernstein (see [1]) has shown that if f ∈ Lipα(T ), for some α > 1/2,
then

∑∞
k=−∞ |f̂(k)| < ∞. However, for α = 1/2, there exist functions

whose Fourier series are not absolutely convergent. A classical example is
the Hardy–Littlewood series

∞∑
n=1

ein log n

n
eint
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(see [1], vol. 1, p. 197). A weaker condition holds for functions that satisfy
an Lp-Dini condition.

Theorem. Suppose f satisfies the Lp-Dini condition, 1 < p ≤ 2. Then∑
k 6=0

|f̂(k)|
|k|1/p

< ∞.

P r o o f. Let m be a non-negative integer. If sm = 2π/(3 · 2m) and
2m ≤ |k| < 2m+1, then

(1) |e−iksm − 1| ≥
√

3 .

Also the Fourier series of fsm − f is
∑∞

k=−∞ f̂(k)(e−iksm − 1)eikt. Now

∑
2m≤|k|<2m+1

|f̂(k)|
|k|1/p

≤ 2−(m+1)/p
∑

2m≤|k|<2m+1

|f̂(k)|

≤ 2−(m+1)/p · 2(m+1)/p
( ∑

2m≤|k|<2m+1

|f̂(k)|q
)1/q

=
( ∑

2m≤|k|<2m+1

|f̂(k)|q
)1/q

,

by Hölder’s inequality together with the fact that there are never more than
2m+1 integers k with 2m ≤ |k| < 2m+1. Hence,∑

2m≤|k|<2m+1

|f̂(k)|
|k|1/p

≤
( ∑

2m≤|k|<2m+1

|f̂(k)(e−iksm − 1)|q
)1/q

≤
( ∞∑

k=−∞

|f̂(k)(e−iksm − 1)|q
)1/q

≤ ‖fsm − f‖Lp(T ) = ω(sm) ,

by the Hausdorff–Young theorem and (1). Therefore,

∑
k 6=0

|f̂(k)|
|k|1/p

≤
∑
m≥0

ω(sm) =
∑
m≥0

ω(sm)
sm

sm ≈
1∫

0

ω(s)
s

ds < ∞ ,

since the last sum is a limit of Riemann sums for
∫ 1

0
(ω(s)/s) ds.

We also note that since ω(s) ≤ ω∗(s), it follows that if f is Lipschitz
then it is L2-Dini, therefore it satisfies the conclusion of the theorem.
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