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We construct a nonbasic harmonic mapping of the unit disk onto a convex
wedge. This mapping satisfies the partial differential equation f; = af,
where a(z) is a nontrivial extreme point of the unit ball of H>.

1. Introduction. There are several papers in the literature dealing
with harmonic mappings of the unit disk onto plane domains. For univa-
lent harmonic mappings there are results on coefficient estimates, boundary
behavior, normality of certain families and integral representations of some
subfamilies of these mappings [3], [4], [7].

If D is the unit disk in C, we let H(D, {2) be the set of one-to-one
harmonic maps f = u + v, mapping D onto a simply connected domain {2.
These mappings satisfy a partial differential equation

(1.1) fz=af.

where a(z) is a function in the closed unit ball of H*>°. The following ques-
tions arise in this situation. First, assume the simply connected domain {2 is
given and a function a(z) in the closed unit ball of H* is given. Fix wg € 2
and ask whether there exists f in H(D, {2), normalized by f(0) = wg and
f2(0) > 0, which satisfies (1.1). A second question in this regard is the
following. Assume again that {2 is a simply connected domain and wqg € {2
is given. For which a(z) in the closed unit ball of H* can we find f in
H(D, £2) with f(0) = wo, f.(0) > 0, and satisfying (1.1)? The Riemann
mapping theorem says that for a(z) = 0, the first question has a unique
answer and we call such analytic harmonic maps basic.

For these two questions, the best answers to date are those given in the
papers by Hengartner and Schober [6] and Abu-Muhanna and Schober [1].
As an example to prove that question one does not always have a positive
answer we refer to [6] where {2 = D and a(z) = z and there is no function
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10 J.A. CIMA AND A. E. LIVINGSTON

from H(D, D) satisfying (1.1). The authors in these papers refer to this
phenomenon as a collapsing effect.

Little is known about the set of functions a(z) for which question two
has an affirmative answer. Since nontrivial inner functions are the extreme
points of the unit ball H*°, it would be useful to know for which inner
functions question two has an affirmative answer. There are several explicit
examples of harmonic functions in the literature [1]. One can calculate the
a(z) for the simple examples and these are not inner functions. In this paper
we show by construction that there are nontrivial inner functions a(z) for
which question one has an affirmative answer with {2 being a convex wedge
of opening less than .

Again, with 2 a convex wedge, we have examples of some functions a(z)
in the unit ball of H* for which question two has an affirmative answer
[1]. None of these are inner functions. Our construction provides another
positive answer to this question, with a(z) being an extreme point of the
unit ball in H*>.

We thank Peter Duren for pointing out the Kneser proof [9] of the Cho-
quet Theorem [2] and indicating that it should hold in more general con-
texts. We also include another example of harmonic maps of D onto a
convex wedge, shown to us by Don Marshall.

The authors wish to acknowledge the patience of Warren Wogen in lis-
tening to a preliminary version of this material.

2. Definitions and notation. Let f = u + iv be harmonic in D and
let F' = u + iuw and G = v + iv be analytic completions of u and v. Then
f=h+gwhere h = (F+iG)/2 and g = (F —i(G)/2 are analytic in D. It is
known [4] that f is locally one-to-one and sense preserving in D if and only
if the function

w9 F()=iG ()

&) =we) = Fo e
is analytic in D and satisfies |S(z)| < 1 for z in D. Functions f that
are harmonic, one-to-one and sense preserving in D will be called harmonic
maps for brevity. A harmonic map f = u+iv will be called basic if v = au+b
where a and b are real numbers.

We are concerned with constructing a nonbasic map of D onto a cone of
aperture opening less than 7. Since harmonic maps remain harmonic under
affine change of variables w — aw + bw + ¢, with |b| < |a|, we may assume
without loss of generality that K is the cone

K={(z,y):2 >0, —z <y <0}.

The spaces H>® and H'! are the usual Hardy spaces on the disk and the
space of Cauchy transforms of finite Borel measures on 0D = II is written
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as K. A function of S in H* is called an inner function if |S(e?)| = 1 a.e.
on II. In the case that we will be considering, since v > 0 and v < 0 in D,
we know that the completions F' and G are in K. Also, there is an at most
countable set {¢;} C II such that F is continuous on D \ {¢;}. This latter
statement follows by applying a technique used by the authors in an earlier

paper [3].

3. The mapping construction. Let 7/2 > 51 > (2 > ... > 0
decrease to 0 in such a way that

> iLogi(B; — Bi+1)
j=1

converges and if ¢; = B;_1 — 3; there exists a constant ¢ > 0 such that
€j/B; > c for all j. (For example 3; = 1/27.) Define F for |z| < 1 by

(3.1) F(z) = ;g}mg (CJE:EZ)

where Zj = e and the principal branch is taken for Log.
We first prove that the series converges uniformly on compact subsets

of D. Let
in+1 — Z—Cj
Fn<z>=WZLog<<jZ_C,).
J

j=1

Then

If |2| <r < 1and m > n,

/ / 9 sin 3;

Fro(z) = Fr(2) < —

’ m(Z) n(Z)’ —= 7T]:n+2|(z_C])(z_CJ)|
m+1

AN
A
—
[\
e
I-M
&

Since Z;’il B converges, it follows that the sequence F} (z) converges uni-
formly on compact subsets of D. Thus the series in (3.1) also converges
uniformly on compact subsets of D.

It is easily seen that Re (1 — 22)F’(2) > 0 for z in D. Using a result
of Hengartner and Schober [6, Theorem 1] it follows that F'(z) is univalent
on D and maps D onto a domain which is convex in the direction of the
imaginary axis. An examination of the boundary values gives that F' maps
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the arcs
I = (e, ey c I,  j=1,2,...,
onto line segments of the form {z = j + iy : y > n(j) > 0}. The reflected
arc I; is mapped by F onto {z = j +iy:y < —n(j)}.
Let u(z) = Re F'(2). Since u(z) > 0 and

27 [e’¢]
[ u(e™)log" u(e™)ydt =2 j(Log j)(B3; — Bj+1) < o0,
0 j=1

we may apply a theorem of Zygmund [10, p. 135] once we have proven the
following lemma.

LEMMA. The function u(z) is the Poisson integral of u(e').

Proof. By the Herglotz theorem, since u(z) = Re F/(z) > 0, we know
there is a positive measure p such that

u(z) = Pzxdu

where Pz is the Poisson kernel. Because of the form of u (u is locally
bounded near ¢ # 1) we see that du(f) = u(ew)% + cdé, where ¢ > 0 and
dd is the point mass at ( = 1. We prove ¢ = 0. It is sufficient to produce a
sequence z; in (0, 1) tending to 1 such that

Jlim (I—zj)u(zy)=0.

A computation shows

arg (C]j::?) = argw (0, )
J

where
w(Bj, ) = (1 +27) cos B; — 2x) +i(1 — 2°) sin B;
= (bcos 3; — 2z) +i(asin ;).
Having fixed an x value it is notationally more convenient to write w(g;, x)

as w(f;) and we shall do so. Fix a positive integer J and choose x; to be
the solution to the equation

QZ‘J
1 —l—:E%

cos 37 =

where 37 = %(ﬁj + [y-1); then 2y — 1 as J — oo. Then

\fargw<ﬁj>] <w(J - 1)
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and
lim (1— 2,)(J — 1) = lim (J — 1)8y_y [ 27
J1—>H;o v - J1—>H;o J=1 ﬂ]—l
. 1—z .
< Jim, g (= Do
Since
1—=z

xligl* arccos( 2z ) =5

z2+1
it follows by the definition of x; that

1—$J

lim =1.

J—1 ﬁj*

The convergence of Zj’;l J(B; — Bj+1) implies that the term (
goes to zero. Hence,

J—1
Jan;o(l —xy) JZ:; argw(B;) =0.

For j > J (i.e., B; < Bs) we have

asin Gy
a i) =arctan (| —————— | .
rgw () ' n<bcosﬂj—2x>
Solving the equation
% 2xJ
cos 35 = T+a2
yields
1 — sin 8%
vy = sin 37
cos 3%

and it follows that

| — a2 = 2(1 —sin %) sin 3%

cos? (3% ’
2(1 —sin %)
1422 — J
T cos? 3%

Also, a calculation yields

(1+2%)cos By — 225 = W
Further, it is easy to compute
Ow  a(b—2xcosf3)
9B  (bcosf —2x)%’

J—=1)85-1

[cos B — cos B7] .
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which is positive if j > J. We claim there is an M independent of J for
which

w(B;) <w(By) <M.

This follows since
w(By) = (sin B)(sin ﬁJ*) <M s:n By . s*lnﬁJ
cos 35 — cos (3% B+ By B5—Bs
where M is independent of J. Our assumptions guarantee that

sin 3% sin 3%

By=Bs B
is uniformly bounded independent of J and similarly
sin 3
B%5 + By

is bounded independent of J.
Hence, there is a constant C' independent of J (and independent of x ;)
with
arctanw(f;) < Cw(BF;)
for all 5 > J. Consider

o0

o
Zarctanw Bj) <C Z mzﬁj'
j=J

Jj=J Jj=J

Denote the series term in this last equation by 6(.J) and note that §(J) — 0
as J — oo. Using our hypothesis (and the estimates above) we conclude

= C(1—a?)?
(1-— xJ)jzz;arctanw(ﬂj) < IM(S(J)
C((sin 3%)?

< G568+

Since the term
(sin ﬁ})z
(B3 = Bs)(B7 + Br)

is bounded, we conclude

lim (1 — t
JLH;O Ty Z]arc anw(f;) =
j

This establishes our claim.

We may now apply a theorem of Zygmund [10, p. 135] to conclude that
the conjugate @ of u is in the harmonic h' space. Hence F(z) = u(z) +iu(z)
is the sum of two h' functions and thus F is in H'.
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Next we consider the function G defined by
i 2=
3.2 G(z)=—)» L ; g’
(32 © ﬂ;og(%z_J

where |n;| = 1 and argn; = arg(1 + (;) = (arg(;)/2. The series in (3.2)
converges uniformly on compact subsets of D by the same argument as
applied to (3.1). For future reference we note the following. Let

i n+1 - Cj
Gn(z):?ZLog i1 )
j=1

We have

F(Z)_irfLog[ij_Z—Cj_ 2—1]
n 7'er1 74 z—1 Z—Cj

in+1 Cj z—1
--eo s 3| () =g
j= J

J

Since (;/n7 = 1 and since

-1 71 Z— (.
o (2 ) = inon (122 ) = |anen (55

we have

(3.3) F(2) = =(Gn(z) + Ga(2)) .
Thus

(3.4) F(z) = —(G(2) + G(2)) -

We note at this stage that we may prove that G is in H! in exactly the
same way that we proved F is in H'.

For future reference, we note that Im (1 — 2)?G’(2) < 0 for z in D. Thus
by a result of Hengartner and Schober [5], G is one-to-one and maps D
onto a domain which is convex in the direction of the imaginary axis. An
examination of the boundary values shows that G maps D onto the left half
plane with line segments of the form {z = —j —iy:y > m(j)}, j=1,2,...,
removed.

We now define

f=u+iv=ReF +iReG.

We will prove in the next two sections that this is the required mapping
function.
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4. Boundary correspondence. The L! boundary values of u and v
are related as follows:

—0(e") = xq(e?)u(e”)
where

i 1 ife? e U, I
= j=1"2
XQ( ) {O otherwise.
This implies 0 < —v(z) < u(z) for z € D. If " is in I;, then —uv(e) =
u(e'?) = j. If e is no‘g in (U;’;l I]) U (U;O 1), then u(e??) = v(e?) =0
and u(e?) = j and v(e?) = 0, if ¢’ is in I;. To see what happens at the
end points of I;, and I, we first note that we can write

(4.1) u(z) = Y wil2) +wio(2) + D wilz

J<jo Jo<j
where w; is the harmonic measure of the arc K; on II, containing z = 1
and joining Zj to ;. If z tends to (j,, the first term on the right side of
(4.1) tends to jo — 1 and the third term tends to zero. If the sequence z,
tends to (j, along a chord making an angle v with the tangent line to II at
Cjo» then wj, (z,) tends to /7. A similar statement holds for v(z). If we let
C(f,¢;) be the cluster set of f at (;, then we have

C(f:Go) ={w=u—iu:jo—1<u<jo}
for jo=1,2,...
Similarly we obtain

C(f,fjo):{w:u:jg—lgugjo}.

5. Univalence. In this section we prove that f is one-to-one in D. Our
proof is based on a technique used by Kneser [9] to give a proof of Choquet’s
Theorem [2]. Let f = h +g where h = (F +iG)/2 and g = (F — iG)/2.
As pointed out in the last paragraph of Section 3, h — g = iG is convex
in the direction of the real axis. According to Clunie and Sheil-Small [4,
Theorem 5.3], f will be one-to-one provided it is locally one-to-one and sense
preserving. Thus by remarks made in Section 2, to prove that f is one-to-
one it is sufficient to prove that |¢’(z)| < |h/(z)| for z in D. This in turn is
equivalent to proving that the Jacobian of f, J(f), is positive in D. Since
F’(0) > 0 and Re(iG’(0)) > 0 it follows that J(f)(0) = |h/(0)|*> — |¢'(0)|* =
|F"(0) +4iG’(0)]? — |F'(0) — iG’(0)|?> > 0. Thus it will be sufficient to prove
that J(f) # 0 in D.

With each pair of real numbers (7, s) we associate the linear function

L, s(u,v) = L(u,v) = ru+ sv.
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The composition
qrs(2) = q(2) = Lys o f(2) = ru(z) + sv(z)

is harmonic in D. To complete the proof, we will prove that for each such
L and each real constant ¢, the level set

I'(c,L) ={z: Lo f(z) = q(z) = ¢}
is a Jordan curve in D. This implies that there is no point P in D such that
%(P) =0 and g—‘y’(P) = 0. This in turn implies that J(f) # 0 in D, which
is sufficient to prove that f is one-to-one.
There are several cases to consider. In each case, if branching occurs
in the level set I'(¢, L) we will conclude that ¢(z) is identically a constant,
which is an obvious contradiction.

Case 1. Assume the function L is given and the straight line L = ¢
meets OK at two points, say (1,0) and (p, —p) where [ and p are not integers
and jo < < jo+ 1, kg — 1 < p< kg, where jg and kg are positive integers.
By the results of Section 4 the level set I'(c, L) can accumulate on IT at the
two points (x, and Ejo' If I'(e, L) branches at an internal point zo € I'(¢c, L),
then there are at least three components, say 1,72 and <3, in a small
neighborhood of zg. Further, at least two of them accumulate at one of the
points (, or Zjo' Assume without loss of generality that v, and -9 end
at Cr,. The curves 7; and v, cannot meet in D and they bound a simply
connected domain R. But ¢ identically ¢ on 9R and ¢ harmonic in R implies
that ¢ is identically ¢ in R and hence in D, which is a contradiction. Thus
in this case I'(¢, L) is a Jordan curve with end points (j, and Zjo on IT.

Case 2. Assume the line L = ¢ meets 0K at points (k,—k) and (I,0)
where k is a positive integer and jo < I < jo + 1 where jy is a positive
integer. In this case I'(c, L) accumulates at Zjo and on the closure of the arc
Iy,. If I'(c, L) were to branch at zyp € DN I'(c,L), there would again be at
least 3 arcs emanating from zg, say 71,2 and 3. Let us assume that vy, and
2 accumulate on the closure of I. Again v, and s do not intersect and
together with a suitable subarc of I, bound a simply connected domain R.
Let ¢ be the Riemann map of D onto R. The bounded harmonic function
q o ¢ is constant a.e. on I and so it is constant on D. Again this leads to
an absurdity. The case of two of the three arcs v1,2 or 3 ending at Ejo is
already covered in Case 1.

Case 3. Assume the line L = ¢ meets 0K at one finite point and at
oo. If I'(e¢, L) branches at a point zo € D N I'(c, L), then again there are at
least three arcs =1,7v2 and 73 emanating from zg. The only case we need to
consider is where two of them, say v, and 79, join to 1. Again they cannot
meet and they form a simply connected domain R. Map D onto R, by an
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analytic function ¢. Since ¢(z) = ru(z)+ sv(z), the conjugate ¢ of ¢ is given
by q(z) = ru(z) + sv(z). Thus, the analytic function M(z) = q(z) +iq¢(z) =
rF(2)+sG(z) is in H', and therefore there exists m(z) harmonic in D such
that |[M(z)] < m(z) in D. Thus |M(¢(w))| < m(¢p(w)) and so M o ¢ is also
in H'. Since Re(M o ¢) = qo ¢ and the Poisson formula reproduces this
harmonic function from its boundary values, we must have g o ¢ identically
c in R. Again we reach an absurdity.

The remaining cases are similar. This completes the proof of univalence.

Combining the results of Sections 4 and 5 we have the following theorem.

THEOREM 1. The constructed mapping function f is a nonbasic harmonic
mapping of D onto K.

6. The coefficient S. If f = h+7g is a harmonic mapping from D into

C, it can be viewed as a solution of the elliptic partial differential equation
fz=8()f
where the function S(z) = ¢’(2)/h/(z) is analytic in D and satisfies |S(z)|
< 1 for z in D. Recall that with our notation,
Sy 90 _ P —iGe)
W(z) F'(z)+iG'(z2)

THEOREM 2. For the mapping function f constructed from D onto K,

S is an inner function.

Proof. Recall that F(z) = —(G(2) + G(z)), so that

14+ 2/8
(6.1) S(z) = =
A
G'(z2)
For z in D,

(6.2) -

We claim that both series in (6.2) converge absolutely for [2| = 1, 2 # (;
and z # (;, j = 1,2,... To see this, note that

G0 =-=30-7).
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Since |(j — 1| < |Re(; — 1|+ |Im ;| = (1 —Re ;) —Im(; for all j, it follows
that 372 [¢; — 1] converges. If |z[ = 1, 2z # (j, j = 1,2,..., there exists
M > 0 so that |z — ;| > M > 0 for all j. Thus |((; — 1)/(z — ()| <
(1/M)|¢; — 1| and therefore Z;’;I(Cj — 1)/(z — ¢;) converges absolutely.
Similarly Z;’;l(@ -1)/(z— ZJ) converges absolutely if z # Zj.

From (6.1), we see that in order to prove that S is an inner function, it
is sufficient to prove that G'(z)/G’(z) is real for |z| = 1, z # (; and z # (j,
j =1,2,... First, consider one term of the series in the denominator of (6.2).
If z = e then

GG —1  [cos(B; —0) —cos® — 14 cos ;] + i[sin(3; — 0) + sin 6 — sin 3]

i=G 2 = GI?
cos (3j cos ) 4 sin B sin @ — cos 0 — 1 + cos 3;
2 = GI?
_sin 3; cos  — sin 0 cos 3; + sin 6 — sin 3;
i
2 = GI?
sin 0 | siné (cos B; — 1) + (1 — cos ) sin §;
= —1 .
1 —cosf |z — (|
Now we compute one term in the numerator of (6.2):
¢ -1
z—(;

(cos( + ;) — cos@ — 1+ cos 3;) + i(—sin(0 + G;) + siné + sin 3;)
a |z — Zj |2
B [ sin 6 } (1 + cos®)(cosB; — 1) —sin 3; sin 0
N 2 = G2 '
Thus the common factors sinf/(1 — cos @) — ¢ cancel and we have the ratio
of two real numbers in (6.2).

l—cosﬁ_Z

7. S as a limit of Blaschke products. In this section we will prove
that the inner function S(z) is the limit of a sequence of finite Blaschke
products. Let

7 s - z—(;
Fo(z)=— Log (cjch)
j=1 J

and

7 nt! Z_Cj
Gal2) = 3 Log (njz_c).
j=1 J
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Then F, converges to F' and G, converges to G uniformly on compact
subsets of D. It can be verified that Re(1 — 22)F/(2) > 0 and that
Im (1 —2)2G",(2) < 0in D. According to results of Hengartner and Schober
[5], F}, and G, are univalent in D and map D onto domains which are con-
vex in the direction of the imaginary axis. An examination of boundary
values indicates that F,, maps D onto the strip {w : 0 < Rew < n + 1}
with slits of the form {w = j + iy : |y| > n(j)}, j = 1,...,n, removed
and G, maps D onto the strip {w : —(n + 1) < Rew < 0} with slits
of the form {w = —j —iy : y > m(j)}, j = 1,...,n, removed. Us-
ing the techniques of Sections 4 and 5 it can be shown that the function
fn = ReF,, + iRe G, is a harmonic map of D onto the triangular region
{fw=u—-1w:0<u<n+1 0<wv < u}. Itfollows then that the
function

_ F(z) —iGL(2)

COF(2) +iGh(2)

is analytic in D and satisfies |S,,(z)| < 1 for z in D. Also S,, converges to S
uniformly on compact subsets of D. We claim that S, is a finite Blaschke
product.

With a; = Im (; we have

Sn(2)

2R a;(1-2)? 192 (¢ —1)(1—2)
”;(Z—Cj)(Z—Cj)JFW; =G P(z)
= i oj(1-2)?% 1 i (G-Di-z G
PG -C) T G
where P(z) and Q(z) are polynomials given by
nt1 n+1
P(z)= -2 a;j(1—-2) [[(z=G)(z - ()
SR
n+1 n+1 n+1
+Y (G-D][E-w]lE-),
j=1 1}2;} t=1
nt1 n+1
Qz)= —2> a;j(1—2) [[ (=)= - ()
SR
nt1 nt1 n+1
> G-V [[GE=-w][E-3)-
j=1 k=1 t=1

=
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Straightforward computations give

P(Z) — _Z2n+1Q<i> 7
and therefore for z # 0, P(z) = 0 if and only if Q(1/2) = 0. At this stage we
assume that the common factors of P(z) and Q(z) have been removed. After
removing common factors we still have P(z) = 0 if and only if Q(1/z) = 0.
Since S, (z) is analytic in D, @ has no zeros in D and thus the zeros of P
must be in the closure of D. The zeros of P(z) and Q(z) which lie on |z] =1
cancel in the quotient P(z)/Q(z), and therefore P(z)/Q(z) is analytic for
|z| < 1. Also from (7.1), if |z| = 1, then |P(2)| = |Q(z)|. Thus |[S,(2)| =1
on |z| = 1. It follows then that S,,(z) is a finite Blaschke product for each n.

8. Another example. The example below was shown to us by Don
Marshall. Let R be the infinite strip

R={z=z+iy:0<z, 0<y<1}.
The function g(z) = = + iyz is a harmonic map of R onto @ = {(x,y) :
x >0, 0 <y < z}. Now let ¢ be a Riemann map of D onto R, say
¢(w) = z(w) + iy(w). The function

P(w) = g(¢(w)) = x(w) + iy(w)z(w)

is a harmonic map of D onto ). In this case

2
F=¢ and G:—i%.
Thus
1—¢
S=—".
1+¢

If I' is the arc mapped by ¢ onto {z =iy : 0 <y < 1}, then |S| =1 on I,
but S is not an inner function.

Acknowledgments. Work on this paper was begun while the second
author was a visiting professor at the University of North Carolina at Chapel
Hill.

REFERENCES

[1] Y. Abu-Muhanna and G. Schober, Harmonic mappings onto convex domains,
Canad. J. Math. (6) 32 (1987), 1489-1530.

[2] G.Choquet, Sur un type de transformation analytique généralisant la représenta-
tion conforme et définie au moyen de fonctions harmoniques, Bull. Sci. Math. 69
(1945), 156-165.



22

J.A. CIMA AND A. E. LIVINGSTON

[3] J. Cima and A. Livingston, Integral smoothness properties of some harmonic
mappings, Complex Variables 11 (1989), 95-110.
[4] J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci.
Fenn. Ser. A I Math. 9 (1984), 3-25.
[5] W. Hengartner and G. Schober, On schlicht mappings to domains convex in
one direction, Comment. Math. Helv. 45 (1970), 303-314.
[6] —, —, Harmonic mappings with given dilatation, J. London Math. Soc. (2) 33
(1986), 473-483.
[7] —, —, Univalent harmonic functions, Trans. Amer. Math. Soc. 299 (1987), 1-31.
[8] E. Hille, Analytic Function Theory, Vol. II, Ginn, 1962.
[9] H. Kneser, Losung der Aufgabe 41, Jahresber. Deutsch. Math.-Verein. 35 (1926),
123-124.
[10] P. Koosis, Introduction to HP Spaces, London Math. Soc. Lecture Note Ser. 40,
Cambridge University Press, 1980.
DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF NORTH CAROLINA UNIVERSITY OF DELAWARE
AT CHAPEL HILL NEWARK, DELAWARE 19711
CHAPEL HILL, NORTH CAROLINA 27599-3250 U.S.A.
U.S.A.

Regu par la Rédaction le 19.3.1991;
en version modifiée le 8.7.1992



