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SPACE-LIKE SURFACES IN AN ANTI-DE SITTER SPACE

BY
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1. Introduction. It is well-known that complete minimal submanifolds
of a unit sphere S"*P(1) with S = n/(2—1/p) are the Clifford torus and the
Veronese surface, where S is the squared norm of the second fundamental
form (cf. Chern, do Carmo and Kobayashi [4] and Cheng [1]). The related
problem of complete maximal space-like submanifolds in an anti-de Sitter
space was studied by Ishihara [5]. He proved that if M is an n-dimensional
complete maximal space-like submanifold in an anti-de Sitter space H)'*7(c)
of constant curvature —c (¢ > 0) and with index p, then S < npc, and
S = npc if and only if M = H" (nic/n) X ... x H" (nyc/n), where H™ (c;)
is an n;-dimensional hyperbolic space of constant curvature —c;.

On the other hand, we know that the hyperbolic Veronese surface H?(c/3)
is a maximal space-like submanifold in H3(c) defined by

w =yz/V3c, ux=uwz/V3c, wuz=ay/V3c,
ug = (2% —y?)/(2V3¢) and w5 = (2% +y* +22%)/(6V¢),
where (x,y, z) and (uq, ug, us, uq, us) are the natural coordinate systems in
R$ and R3 respectively.

In this paper, we consider the space-like surfaces in an anti-de Sitter
space. In Section 2, we prepare some formulas and notations which are
used in the paper. In Section 3, we give a sharper estimate of S on complete
maximal space-like surfaces than the one due to Ishihara [5] and give a char-
acterization of the hyperbolic Veronese surface and of H(c/2) x H'(c/2).
The complete space-like surfaces with parallel mean curvature vector in an
anti-de Sitter space are studied in Section 4. In the final section, we present
a complete maximal space-like surface in HS(c).

2. Formulas and notations. Throughout this paper all manifolds are
assumed to be smooth and connected. Let H;,”rp (c) be an anti-de Sitter
space, that is, H;‘ﬂ’(c) is an indefinite space form with index p and of con-
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stant curvature —c (¢ > 0). An n-dimensional submanifold M of H}'*?(c)
is said to be space-like if the metric induced on M from the ambient space
H}'P(c) is positive definite. We choose a local field of orthonormal frames
€1y 1€nsEntl,---,Enyp adapted to the indefinite Riemannian metric in
H;“”’(c) such that eq,...,e, are tangent to M. Let wy,...,w, be a field of
dual frames on M. The second fundamental form of M is given by

(2.1) a=— Z hiwiwjeq

where h{; = hj; forany a =n+1,...,n+ p. The mean curvature vector h
and the mean curvature H of M are defined by

(2.2) E:-Z(Zjh;@.)ea/n

and

2
(2.3) H= > (3 n) /n.
If H =0, we call M maximal. The Gaussian equations of M are
(2.4) Rijii = —c(0u8jk — Oindj) — > _(h§h%y, — hihsy)
(2'5) Rabij - - Z( ?khij - hi-’k ?z)

The covariant derivative Va of the second fundamental form a of M has

components hg;, given by

D hijuwn = dhfy + D7 b+ D W+ D hljna
Thus we can get the Codazzi equation

a _ 1La
ijk = kg -

3. Maximal space-like surfaces

THEOREM 1. Let M be a complete maximal space-like surface in an anti-
de Sitter space Hg*p(c). Then S < 2¢, and S = 2c if and only if M =
H'(c/2) x H'(c/2) and p = 1.

Remark 1. The estimate S < 2¢ in Theorem 1 is sharper than S < 2pc
which has been obtained by Ishihara [5]. Our result does not depend on p.

Proof of Theorem 1. From the Gaussian equations (2.4) and (2.5),
we can get, making use of the same computations as in Ishihara [5],

(3.1) (1/2)AS = (hf)* —neS+ > N(H.H, — HyH,) + Y (Sa)?,
where S, = >(h{;)?, Ha = (h{;) and N(A) = tr(A*A).
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We consider the linear map
(3.2) B:T*M -TM®TM, Ble)) =Y hije;®e¢;,

where T+ M and TM are the normal bundle and the tangent bundle to M
respectively, and e; and es are tangent to M. For any x in M, since e; ® es,
e1 ® ey and ez ® ey are a basis of T, M @ T, M and ) h{, = 0, we have

(3.3) B(e,) = 2h{ye1 @ ea + hij(e1 ®e; —ea ®ey) fora > 3.

Hence the rank of B is not greater than 2. Thus we can choose es, ..., ea1p
such that B(e,) = 0 for @ > 5. From (3.3) we have h{; = 0 for a > 5. Let

Sap = > h&h2.. We can take ez and ey such that (Sgp) is diagonal. Thus

ij' g
314 _
g hi;hi; =

On the other hand, we choose e; and e such that h?j = Xid;5. Hence we
can take ey, ..., ea4, such that

m=wy=(y N). m=op= (08,

(3.4) 0 0
H, = ( ) fora>5.

From (3.4), we have

(3.5) > N(H,H, — HyH,) = 16)°1*

(3.6) D (8a)* =4\ 4 ).

Now (3.1), (3.5) and (3.6) yield

(3.7) (1/2)AS = (hf;;)? — 268 + 4\ + ) + 160°
= (h83)? + (S —20)S + 8X%p”
= > (hi)? + 8(35/2 — 2¢) — 2(N* — pi?)?.

From the result due to Ishihara [5], we know that S < 2pc. According to
the Gaussian equation (2.4), we see that the Ricci curvature is bounded
from below. Hence from (3.7) and the generalized maximum principle given
below, due to Omori and Yau, we obtain

0 > sup S(sup S — 2c).
Hence S < 2e¢.

GENERALIZED MAXIMUM PRINCIPLE (cf. Omori [6] and Yau [7]). Let M
be a complete Riemannian manifold whose Ricci curvature is bounded from
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below. Let F be a C?-function bounded from above on M. Then there exists
a sequence {p™} of points in M such that

lim F(p™) =supF, lLm||VF(™)|| =0 and limsupAF(p™)<0.

If S = 2¢, from Theorem 3 in [5], we have M = H'(c/2) x H'(c/2).
Thus we complete the proof of Theorem 1.

COROLLARY 1. The Gaussian curvature of the complete mazximal space-
like surface in an anti-de Sitter space Hg“’ (¢) is nonpositive.

Proof. From the Gaussian equation (2.4), we have

(3.8) K=—-c+5/2

where K is the Gaussian curvature. Theorem 1 implies K < 0.
In particular, when p = 1, we have

THEOREM 2. Let M be a complete mazximal space-like surface in an anti-
de Sitter space H3(c) with inf K > —c. Then K = 0 and M = H'(c/2)
x Hl(c/2).

Proof. Since the codimension of M is one, from (3.1) we have
(3.9) (1/2)AS =Y (hijr)® + S(S — 2¢).

We choose e; and e such that h;; = A\;d;;. Because M is maximal, we get
> hii = 0. Hence ) (hix) = 0 for any k. Now,

|VS|? = 42 (Zhijhijk)2 = 42 (ZAihn‘k)Z
= 42 )\1h11k +>\2h22k) =4 )\1 >\2 Z hllk:

=2(A\1 — Ao)? z iik) 2452 iik)” -

Moreover,
D (higr)? =3 (haw)? + > (hawn)® =2 (hair)?.
ik
Hence ’
(3.10) 29 (hiji)® =|VS[.
From (3.9) and (3.10), we have
(3.11) SAS = |VS|? +28%(S —2c).

Thus infS = 0 or infS > 2¢ from the generalized maximum principle.
According to (3.8), we get inf K = —c or inf K > 0. From the assumption
and Theorem 1, we obtain S = 2¢ and M = H'(c/2) x H'(c/2).

THEOREM 3. Let M be a complete maximal space-like surface in an anti-
de Sitter space H21P(c) (p > 1) with parallel second fundamental form. If
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S < 4¢/3, then M = H?(c) is totally geodesic or M = H?(c/3) is the
hyperbolic Veronese surface.

Proof. Since the second fundamental form is parallel, we have > _(h{; )2
= 0 and S is constant. From (3.7) we obtain

S(35/2 —2¢) —2(\* — ?)? =0.
Hence A2 = p2 and S =0 or S = 4¢/3. If S = 0, M = H?(c) is totally
geodesic. If S = 4c¢/3, M = H?(c/3) is the hyperbolic Veronese surface.

THEOREM 4. Let M be an n-dimensional complete maximal space-like
hypersurface in an anti-de Sitter space Hf“(c) with parallel second funda-
mental form. Then M is H™(c) or H™ (nic/n) x H" " [(n — ny)c/n].

Proof. Since M is a hypersurface, from (3.1) we have

(1/2)AS = (hijr)® + S(S —ne).
By the same proof as for Theorem 3, we get S = 0 or S = nc. From the

result due to Ishihara [5], we know that Theorem 4 is true.

COROLLARY 2. Let M be a complete isoparametric mazximal space-like
hypersurface in an anti-de Sitter space H}'(c). Then M = H"(c) or
H™ (nye/n) x H* " [(n —nq)c/n] (n >ng > 1).

Proof. Since M is isoparametric, we know that the second fundamental
form of M is parallel. From Theorem 4, we conclude that Corollary 2 is true.

4. Space-like surfaces with parallel mean curvature vector

THEOREM 5. Let M be a complete space-like surface with parallel mean
curvature vector in an anti-de Sitter space H22+p(c). Then S < 2c+ 4H? if
p=1,5<(8/3)c+ (14/3)H? if p=2 and S < 2(p — 1)c + 2pH? if p > 2.

Proof. If the mean curvature H is zero, then from Theorem 1, we have
S < 2¢. Hence, next we suppose H # 0. We choose ez such that h = Hes.
Then we have

(4.1) H,Hs = H3H, for any a > 3 (cf. Cheng [2]),
(4.2) trHs=2H, trH,=0 fora>3.
By setting p;; = h?j — HY;; and 7; = h{; for a > 3, we have

> = (pig)? =D (hi;)* —2H?,
’T|2 = Z(Tia')Q = Z(h?j)Qa
(4.3) S = |u*+|7* +2H?.

It can be seen that |u|? and |7|? are independent of the choice of the frame
fields and are functions globally defined on M. Making use of the similar



206 Q. M. CHENG

proof as in Cheng [2], we get
(44)  (1/2)Auf = (hi)? - 2(:2 2+ 4cH? — 2H tr(Hs)?
+ ) tr(HsH,)? + [tr(H3)2]2.

For a fixed index a, since H,H3 = H3H,, we can choose e; and e such that
hi; = Afd;; and h?j = \;6;j. Hence tr(H3zH,)? = (1/2)(|u|? + 2H?) tr(H,)?,
which does not depend on the choice of frame fields. Thus
> tr(HyHo)? = (1/2)(lul® +2H?) |7

We choose e; and es such that hg’j = \i0;5. We know
(4.5) A+ A =2H,
(4.6) 2H tr(H3)® = 2H((M\)® + (A\2)?)

= 2H (A + X2)((M)? + (A2)” = A o)

= 6H?(|u|* +2H?) — 8H*.
Hence from (4.4) and (4.6), we obtain
(A7) (2D = (~2c — 202 + [u) [l + (1/2) (1l + 2|2,

If p = 1, making use of the same proof as in Cheng [2], we have |u|* <
2¢+ 2H?. Hence S < 2¢+ 4H?.
If p > 1, making use of similar calculations to [2], we have

(4.8) (/A2 > = 27>+ |7*/(p—1) + Zha h3  h3 he.

ij'Yj
_ths h?nahgj +Zh k] ?J
- 2th?mhgwh% + Zh i ?”J i

For a fixed index a, since H,H3 = H3H,, we choose e; and ey such that
hi; = A{d;; and h3» = Xid;;. Then we get, for fixed a,

Zh ?Jh;lj 2Zh3 hEnJhZ—FZh kJ g]

- 2th?mh?n]hgj + Zh’ km g’b] ij

— (ng) —2H Y AN
= (A1 = X2)?(A)? —4H*(A])*  (by (4.2))
= (Iul* = 2H?) tr(Ha)* .

Both sides of the equality above do not depend on the choice of frame fields.
Therefore we have

(4.9) > g b3 kg — 2 R, RS RG> b B3 R R
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—2H Y B b > hh, b b
= (|uf* —2H?)|7*.
Hence, from (4.8) and (4.9), we have
(4.10) (1/2) AT = =2¢|7* + |7[*/(p = 1) + (|ul* — 2H) 7[>
Now (4.7)+(4.10) implies, from (4.3),
(1/2)A(S — 2H?) > — (2¢ + 2H*)(S — 2H?) + |u|*
+[1/(p = DIlr* + (3/2)|7|ul* + H?|7[?
{ —(2c+2H?)(S —2H?) + (3/4)(S — 2H?)? if p=2,
—(2c+2H?)(S —2H?*) + (S —2H?*)?/(p—1) ifp>2.

Making use of a similar proof to [2], we have

g < (8/3)c+ (14/3)H? if p =2,
~\2(p—1)c+2pH? ifp>2.

Remark 2. When p = 1, the hyperbolic cylinder satisfies S = 2c+4H?2.
Hence the estimate in Theorem 5 is optimal, which has been obtained by
the author and Nakagawa [3] if p = 1.

5. An example of a complete maximal space-like surface in
H$(c). We consider the space-like immersion of H?(c/2) into HS(c) defined

by
= [1/(24V0)|x(x? + y* +42%),  us = (v/10/c/12)2yz
= [1/(24V0)ly (x +y +42%) . ug = (V6/c/T2)2(32% + 3y + 27,
= (V15/c/T2)x 3y°) ur = (V10/¢/24)z(a* — y*) /24,
=(x/@/72 )y(3z —y2),
where (z,7, 2) and (u1, ..., ur) are the natural coordinate systems in R} and

R? respectively. It is obvious that H?(c/6) is a complete space-like surface
in HS(c). We can also easily prove that H?(c/6) is maximal in HS(c).
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