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SPACE-LIKE SURFACES IN AN ANTI-DE SITTER SPACE

BY

QING-MING CHENG (SHANGHAI)

1. Introduction. It is well-known that complete minimal submanifolds
of a unit sphere Sn+p(1) with S = n/(2−1/p) are the Clifford torus and the
Veronese surface, where S is the squared norm of the second fundamental
form (cf. Chern, do Carmo and Kobayashi [4] and Cheng [1]). The related
problem of complete maximal space-like submanifolds in an anti-de Sitter
space was studied by Ishihara [5]. He proved that if M is an n-dimensional
complete maximal space-like submanifold in an anti-de Sitter space Hn+p

p (c)
of constant curvature −c (c > 0) and with index p, then S ≤ npc, and
S = npc if and only if M = Hn1(n1c/n)× . . .×Hnp(npc/n), where Hni(ci)
is an ni-dimensional hyperbolic space of constant curvature −ci.

On the other hand, we know that the hyperbolic Veronese surface H2(c/3)
is a maximal space-like submanifold in H4

2 (c) defined by

u1 = yz/
√

3c , u2 = xz/
√

3c , u3 = xy/
√

3c ,

u4 = (x2 − y2)/(2
√

3c) and u5 = (x2 + y2 + 2z2)/(6
√

c) ,

where (x, y, z) and (u1, u2, u3, u4, u5) are the natural coordinate systems in
R3

1 and R5
3 respectively.

In this paper, we consider the space-like surfaces in an anti-de Sitter
space. In Section 2, we prepare some formulas and notations which are
used in the paper. In Section 3, we give a sharper estimate of S on complete
maximal space-like surfaces than the one due to Ishihara [5] and give a char-
acterization of the hyperbolic Veronese surface and of H1(c/2) ×H1(c/2).
The complete space-like surfaces with parallel mean curvature vector in an
anti-de Sitter space are studied in Section 4. In the final section, we present
a complete maximal space-like surface in H6

2 (c).

2. Formulas and notations. Throughout this paper all manifolds are
assumed to be smooth and connected. Let Hn+p

p (c) be an anti-de Sitter
space, that is, Hn+p

p (c) is an indefinite space form with index p and of con-
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stant curvature −c (c > 0). An n-dimensional submanifold M of Hn+p
p (c)

is said to be space-like if the metric induced on M from the ambient space
Hn+p

p (c) is positive definite. We choose a local field of orthonormal frames
e1, . . . , en, en+1, . . . , en+p adapted to the indefinite Riemannian metric in
Hn+p

p (c) such that e1, . . . , en are tangent to M . Let ω1, . . . , ωn be a field of
dual frames on M . The second fundamental form of M is given by

(2.1) a = −
∑

ha
ijωiωjea ,

where ha
ij = ha

ji for any a = n + 1, . . . , n + p. The mean curvature vector ~h
and the mean curvature H of M are defined by

(2.2) ~h = −
∑ ( ∑

i

ha
ii

)
ea

/
n

and

(2.3) H =

√∑ ( ∑
i

ha
ii

)2/
n .

If H = 0, we call M maximal . The Gaussian equations of M are

(2.4) Rijkl = −c(δilδjk − δikδjl)−
∑

(ha
ilh

a
jk − ha

ikha
jl) ,

(2.5) Rabij = −
∑

(ha
ikhb

kj − hb
ikha

jl) .

The covariant derivative ∇a of the second fundamental form a of M has
components ha

ijk given by∑
ha

ijkωk = dha
ij +

∑
ha

kjωik +
∑

ha
ikωjk +

∑
hb

ijωba .

Thus we can get the Codazzi equation

ha
ijk = ha

ikj .

3. Maximal space-like surfaces

Theorem 1. Let M be a complete maximal space-like surface in an anti-
de Sitter space H2+p

p (c). Then S ≤ 2c, and S = 2c if and only if M =
H1(c/2)×H1(c/2) and p = 1.

R e m a r k 1. The estimate S ≤ 2c in Theorem 1 is sharper than S ≤ 2pc
which has been obtained by Ishihara [5]. Our result does not depend on p.

P r o o f o f T h e o r e m 1. From the Gaussian equations (2.4) and (2.5),
we can get, making use of the same computations as in Ishihara [5],

(3.1) (1/2)∆S =
∑

(ha
ijk)2 − ncS +

∑
N(HaHb −HbHa) +

∑
(Sa)2 ,

where Sa =
∑

(ha
ij)

2, Ha = (ha
ij) and N(A) = tr(AtA).
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We consider the linear map

(3.2) B : T⊥M → TM ⊗ TM , B(ea) =
∑

ha
ijei ⊗ ej ,

where T⊥M and TM are the normal bundle and the tangent bundle to M
respectively, and e1 and e2 are tangent to M . For any x in M , since e1⊗e2,
e1 ⊗ e1 and e2 ⊗ e2 are a basis of TxM ⊗ TxM and

∑
ha

ii = 0, we have

(3.3) B(ea) = 2ha
12e1 ⊗ e2 + ha

11(e1 ⊗ e1 − e2 ⊗ e2) for a ≥ 3 .

Hence the rank of B is not greater than 2. Thus we can choose e5, . . . , e2+p

such that B(ea) = 0 for a ≥ 5. From (3.3) we have ha
ij = 0 for a ≥ 5. Let

Sab =
∑

ha
ijh

b
ij . We can take e3 and e4 such that (Sab) is diagonal. Thus∑

h3
ijh

4
ij = 0 .

On the other hand, we choose e1 and e2 such that h3
ij = λiδij . Hence we

can take e1, . . . , e2+p such that

(3.4)
H3 = (h3

ij) =
(

λ 0
0 −λ

)
, H4 = (h4

ij) =
(

0 µ
µ 0

)
,

Ha =
(

0 0
0 0

)
for a ≥ 5 .

From (3.4), we have

(3.5)
∑

N(HaHb −HbHa) = 16λ2µ2 ,

(3.6)
∑

(Sa)2 = 4(λ4 + µ4) .

Now (3.1), (3.5) and (3.6) yield

(1/2)∆S =
∑

(ha
ijk)2 − 2cS + 4(λ4 + µ4) + 16λ2µ2(3.7)

=
∑

(ha
ijk)2 + (S − 2c)S + 8λ2µ2

=
∑

(ha
ijk)2 + S(3S/2− 2c)− 2(λ2 − µ2)2 .

From the result due to Ishihara [5], we know that S ≤ 2pc. According to
the Gaussian equation (2.4), we see that the Ricci curvature is bounded
from below. Hence from (3.7) and the generalized maximum principle given
below, due to Omori and Yau, we obtain

0 ≥ supS(supS − 2c) .

Hence S ≤ 2c.

Generalized maximum principle (cf. Omori [6] and Yau [7]). Let M
be a complete Riemannian manifold whose Ricci curvature is bounded from
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below. Let F be a C2-function bounded from above on M . Then there exists
a sequence {pm} of points in M such that

lim F (pm) = supF , lim ‖∇F (pm)‖ = 0 and lim sup∆F (pm) ≤ 0 .

If S = 2c, from Theorem 3 in [5], we have M = H1(c/2)×H1(c/2).
Thus we complete the proof of Theorem 1.

Corollary 1. The Gaussian curvature of the complete maximal space-
like surface in an anti-de Sitter space H2+p

p (c) is nonpositive.

P r o o f. From the Gaussian equation (2.4), we have

(3.8) K = −c + S/2

where K is the Gaussian curvature. Theorem 1 implies K ≤ 0.

In particular, when p = 1, we have

Theorem 2. Let M be a complete maximal space-like surface in an anti-
de Sitter space H3

1 (c) with inf K > −c. Then K = 0 and M = H1(c/2)
×H1(c/2).

P r o o f. Since the codimension of M is one, from (3.1) we have

(3.9) (1/2)∆S =
∑

(hijk)2 + S(S − 2c) .

We choose e1 and e2 such that hij = λiδij . Because M is maximal, we get∑
hii = 0. Hence

∑
(hiik) = 0 for any k. Now,

|∇S|2 = 4
∑ ( ∑

hijhijk

)2

= 4
∑ ( ∑

λihiik

)2

= 4
∑

(λ1h11k + λ2h22k)2 = 4(λ1 − λ2)2
∑

(h11k)2

= 2(λ1 − λ2)2
∑

(hiik)2 = 4S
∑

(hiik)2 .

Moreover, ∑
(hijk)2 = 3

∑
i 6=k

(hiik)2 +
∑

(hkkk)2 = 2
∑

(hiik)2 .

Hence

(3.10) 2S
∑

(hijk)2 = |∇S|2 .

From (3.9) and (3.10), we have

(3.11) S∆S = |∇S|2 + 2S2(S − 2c) .

Thus inf S = 0 or inf S ≥ 2c from the generalized maximum principle.
According to (3.8), we get inf K = −c or inf K ≥ 0. From the assumption
and Theorem 1, we obtain S = 2c and M = H1(c/2)×H1(c/2).

Theorem 3. Let M be a complete maximal space-like surface in an anti-
de Sitter space H2+p

p (c) (p > 1) with parallel second fundamental form. If
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S ≤ 4c/3, then M = H2(c) is totally geodesic or M = H2(c/3) is the
hyperbolic Veronese surface.

P r o o f. Since the second fundamental form is parallel, we have
∑

(ha
ijk)2

= 0 and S is constant. From (3.7) we obtain

S(3S/2− 2c)− 2(λ2 − µ2)2 = 0 .

Hence λ2 = µ2 and S = 0 or S = 4c/3. If S = 0, M = H2(c) is totally
geodesic. If S = 4c/3, M = H2(c/3) is the hyperbolic Veronese surface.

Theorem 4. Let M be an n-dimensional complete maximal space-like
hypersurface in an anti-de Sitter space Hn+1

1 (c) with parallel second funda-
mental form. Then M is Hn(c) or Hn1(n1c/n)×Hn−n1 [(n− n1)c/n].

P r o o f. Since M is a hypersurface, from (3.1) we have

(1/2)∆S =
∑

(hijk)2 + S(S − nc) .

By the same proof as for Theorem 3, we get S = 0 or S = nc. From the
result due to Ishihara [5], we know that Theorem 4 is true.

Corollary 2. Let M be a complete isoparametric maximal space-like
hypersurface in an anti-de Sitter space Hn+1

1 (c). Then M = Hn(c) or
Hn1(n1c/n)×Hn−n1 [(n− n1)c/n] (n > n1 ≥ 1).

P r o o f. Since M is isoparametric, we know that the second fundamental
form of M is parallel. From Theorem 4, we conclude that Corollary 2 is true.

4. Space-like surfaces with parallel mean curvature vector

Theorem 5. Let M be a complete space-like surface with parallel mean
curvature vector in an anti-de Sitter space H2+p

2 (c). Then S ≤ 2c + 4H2 if
p = 1, S ≤ (8/3)c + (14/3)H2 if p = 2 and S ≤ 2(p− 1)c + 2pH2 if p > 2.

P r o o f. If the mean curvature H is zero, then from Theorem 1, we have
S ≤ 2c. Hence, next we suppose H 6= 0. We choose e3 such that ~h = He3.
Then we have

(4.1) HaH3 = H3Ha for any a ≥ 3 (cf. Cheng [2]) ,

(4.2) trH3 = 2H , trHa = 0 for a > 3 .

By setting µij = h3
ij −Hδij and τa

ij = ha
ij for a > 3, we have

|µ|2 =
∑

(µij)2 =
∑

(h3
ij)

2 − 2H2 ,

|τ |2 =
∑

(τa
ij)

2 =
∑

(ha
ij)

2 ,

(4.3) S = |µ|2 + |τ |2 + 2H2 .

It can be seen that |µ|2 and |τ |2 are independent of the choice of the frame
fields and are functions globally defined on M . Making use of the similar
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proof as in Cheng [2], we get

(1/2)∆|µ|2 =
∑

(h3
ijk)2 − 2c

∑
(h3

ij)
2 + 4cH2 − 2H tr(H3)3(4.4)

+
∑

tr(H3Ha)2 + [tr(H3)2]2 .

For a fixed index a, since HaH3 = H3Ha, we can choose e1 and e2 such that
ha

ij = λa
i δij and h3

ij = λiδij . Hence tr(H3Ha)2 = (1/2)(|µ|2 + 2H2) tr(Ha)2,
which does not depend on the choice of frame fields. Thus∑

tr(H3Ha)2 = (1/2)(|µ|2 + 2H2)|τ |2 .

We choose e1 and e2 such that h3
ij = λiδij . We know

(4.5) λ1 + λ2 = 2H ,

(4.6) 2H tr(H3)3 = 2H((λ1)3 + (λ2)3)
= 2H(λ1 + λ2)((λ1)2 + (λ2)2 − λ1λ2)

= 6H2(|µ|2 + 2H2)− 8H4 .

Hence from (4.4) and (4.6), we obtain

(4.7) (1/2)∆|µ|2 ≥ (−2c− 2H2 + |µ|2)|µ|2 + (1/2)(|µ|2 + 2H2)|τ |2 .

If p = 1, making use of the same proof as in Cheng [2], we have |µ|2 ≤
2c + 2H2. Hence S ≤ 2c + 4H2.

If p > 1, making use of similar calculations to [2], we have

(1/2)∆|τ |2 ≥ − 2c|τ |2 + |τ |4/(p− 1) +
∑

ha
kmh3

mkh3
ijh

a
ij(4.8)

− 2
∑

h3
ikha

kmh3
mjh

a
ij +

∑
ha

imh3
mkh3

kjh
a
ij

− 2H
∑

ha
imh3

mjh
a
ij +

∑
h3

ikh3
kmha

mjh
a
ij .

For a fixed index a, since HaH3 = H3Ha, we choose e1 and e2 such that
ha

ij = λa
i δij and h3

ij = λiδij . Then we get, for fixed a,∑
ha

kmh3
mkh3

ijh
a
ij − 2

∑
h3

ikha
kmh3

mjh
a
ij +

∑
ha

imh3
mkh3

kjh
a
ij

− 2H
∑

ha
imh3

mjh
a
ij +

∑
h3

ikh3
kmha

mjh
a
ij

=
( ∑

λiλ
a
i

)2

− 2H
∑

λi(λa
i )2

= (λ1 − λ2)2(λa
1)2 − 4H2(λa

1)2 (by (4.2))

= (|µ|2 − 2H2) tr(Ha)2 .

Both sides of the equality above do not depend on the choice of frame fields.
Therefore we have

(4.9)
∑

ha
kmh3

mkh3
ijh

a
ij − 2

∑
h3

ikha
kmh3

mjh
a
ij +

∑
ha

imh3
mkh3

kjh
a
ij
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− 2H
∑

ha
imh3

mjh
a
ij +

∑
h3

ikh3
kmha

mjh
a
ij

= (|µ|2 − 2H2)|τ |2 .

Hence, from (4.8) and (4.9), we have

(4.10) (1/2)∆|τ |2 ≥ −2c|τ |2 + |τ |4/(p− 1) + (|µ|2 − 2H2)|τ |2 .

Now (4.7)+(4.10) implies, from (4.3),

(1/2)∆(S − 2H2) ≥ − (2c + 2H2)(S − 2H2) + |µ|4

+ [1/(p− 1)]|τ |4 + (3/2)|τ |2|µ|2 + H2|τ |2

≥
{
−(2c + 2H2)(S − 2H2) + (3/4)(S − 2H2)2 if p = 2,
−(2c + 2H2)(S − 2H2) + (S − 2H2)2/(p− 1) if p > 2.

Making use of a similar proof to [2], we have

S ≤
{

(8/3)c + (14/3)H2 if p = 2,
2(p− 1)c + 2pH2 if p > 2.

R e m a r k 2. When p = 1, the hyperbolic cylinder satisfies S = 2c+4H2.
Hence the estimate in Theorem 5 is optimal, which has been obtained by
the author and Nakagawa [3] if p = 1.

5. An example of a complete maximal space-like surface in
H6

2 (c). We consider the space-like immersion of H2(c/2) into H6
2 (c) defined

by

u1 = [1/(24
√

c)]x(x2 + y2 + 4z2) , u5 = (
√

10/c/12)xyz ,

u2 = [1/(24
√

c)]y(x2 + y2 + 4z2) , u6 = (
√

6/c/72)z(3x2 + 3y2 + 2z2) ,

u3 = (
√

15/c/72)x(x2 − 3y2) , u7 = (
√

10/c/24)z(x2 − y2)/24 ,

u4 = (
√

15/c/72)y(3x2 − y2) ,

where (x, y, z) and (u1, . . . , u7) are the natural coordinate systems in R3
1 and

R7
3 respectively. It is obvious that H2(c/6) is a complete space-like surface

in H6
2 (c). We can also easily prove that H2(c/6) is maximal in H6

2 (c).
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