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Some dynamical properties of S-unimodal maps
by

Tomasz Nowicki (Warszawa)

Abstract. We study 1) the slopes of central branches of iterates of S-unimodal maps,
comparing them to the derivatives on the critical trajectory, 2) the hyperbolic structure
of Collet—Eckmann maps estimating the exponents, and under a summability condition
3) the images of the density one under the iterates of the Perron—Frobenius operator,
4) the density of the absolutely continuous invariant measure.

1. Introduction. The study of S-unimodal maps of the interval (def-
initions may be found in the next section, for general reference see [CEl,
MS]) as examples of simple dynamical systems with complicated dynamics
is already quite developed during the last ten years. Conditions are known
under which the system exhibits different types of asymptotical behaviour.
It is generally admitted that the crucial role in this system is played by
the critical point, its neighbourhoods and its trajectory. The counterplay
between the contraction near the critical point and the expansion along the
further critical trajectory may be observed in the derivatives of the iterates
at the critical value.

Two conditions on these derivatives seem to be worth studying, both
securing the existence of an absolutely continuous invariant measure (acim
for short). Such a measure is ergodic [BL], and has a density separated from
zero on its support (see [K]). It follows that it has singularities of at least root
type along the critical trajectory. It is interesting to see that under some
relatively weak assumption on the derivatives of the critical trajectory one
can estimate the density of the acim explicitly from above. This estimate is
sharp in the sense that it only allows those singularities (of the type and in
the place) which actually have to appear.

THEOREM A. Suppose that a nonflat S-unimodal function f satisfies the
summability condition on the critical trajectory, i.e.
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i Df" (1) V! < .

r=0
Then f has an acim p with density h such that

o0
h(z) < const Df " (er) ™M a — e TUTHD
r=1
(Here ¢,, = f™(c), where c—the unique critical point of f—is not flat, i.e.
(@)l = O]z —c['~1, 1> 1, and Df" = |(f")'].)

This condition, the proof of the existence of p and the property that
u(A) < const |A|~/! first appeared in [NS3]. Here we give an independent
proof which yields the estimate of h (see Corollary 4.2 and the following
remarks).

The existence of an ergodic acim p implies [L] a hyperbolic structure on
the interval in the following sense: for almost all points x of the interval
the limit A, := lim,, o, Df"(z)'/™ exists, equals \s, and log A\; > 0 is the
metric entropy of f with respect to . On the other hand, by [K] the ex-
istence of some hyperbolic structure (i.e. A, = limsup Df™(x)/™ > 1 on a
set of positive Lebesgue measure) implies the existence of p. The problem
is therefore to study the uniformity of this hyperbolic structure. Because
of the existence of critical points for the iterates one can only consider this
uniformity on some special sets [N1-N3, NS1].

THEOREM B. For a Collet-Eckmann map f, i.e. when
liminf Df™(¢;)Y™ = Ag > 1,

the uniform hyperbolic structure is bounded from below by )\é/g. In particu-
1/¢
lar, A\p > A&

For a more precise formulation of this result and the proof see Proposi-
tion 3.2. Such maps were introduced in [CE2] where it was shown that they
have an acim. From this point of view some generalization was studied in
[NS2], where the S-condition was skipped.

The main tools in the present paper are delicate estimates of the mean
slope of some special (central) intervals of monotonicity of the iterates of
f by the derivatives on the critical trajectory. This is described in Propo-
sition 3.1. The estimates of the density follow from a careful study of the
derivatives (Lemma 4.1) and the uniform (in iterates) summability of the
inverses of the mean slopes on some crucial intervals of monotonicity of
iterates of f.

Remarks on Theorem A

Remark 1.1. It is still an open question if the acim p of an S-unimodal
map may have thicker singularities. If u(A) < const |A|'/! for any measur-
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able A then by carefully choosing small sets near the critical trajectory and
using Keller’s result that 1(A) > const|A| one obtains 3. Df"(c;)~ /(=1
< Q.

Remark 1.2. The same bounds for the density were found by Szewc
[Sz] for Misiurewicz maps [M]. Recently similar bounds (with (1.9) ™" instead
of Df7(c1)~'/!) were found by L.-S. Young [Y] for a subclass of Collet—
Eckmann maps. For Collet—Eckmann maps it was proven in [KN] that the
density is of the form

(@) Y A" =TT,
r=1

where ¢ is of bounded variation and A is defined by the uniform hyperbolic
structure of the map (compare Theorem B and Proposition 3.2).

2. Definitions. We shall deal with a nonflat S-unimodal function f of
the interval [0, 1] into itself. The nonflatness means that there is a constant
M > 0 such that M < |f'(z)|/|z — |/t < M~ for any = € [0,1] and the
unique critical point ¢ (I > 1). The consequences of nonflatness are stated
in Lemma 2.2. We assume that Sf < 0 where Sf = f"/f" — 3(f"/f")2.
It follows that Sf™ < 0 where f™ denotes the nth iterate of f; moreover
(denoting by |I| the length of the interval I'), we have

LEMMA 2.1 (Consequences of Sf < 0). Let g = f" and assume that
Glapy # 0 and (z,y) C (a,b). Then

(1) (minimum principle) |¢’| has no minimum in (a,b),

(2) (slope comparing)

9@yl o flol@o) lg(ay)] lowb)
G = mn e et Tt )

(3) (Koebe Lemma) for any T > 0 there is a constant C(7) (C indepen-
dent of n and C — 1 as T — o0) such that if |g(z,a)| > 7|g(x,b)| then

lg' ()] > C(7)lg' (B)],

(4) (extending cross-ratio)

19(a,b)] |g(z,y)] - l9(a, )| g(y,b)|
[(a,0)] [(@,9) ~ |(a,z)| [(y,0)]

and in particular when x =y

l9(a, )| |g(x,b)|
(a,z)] [(z,0)|
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(5) ifa<z<y<b, g (a) >0 and g’ (b) =0 then
9" (y) —9 VI W) — V9 (x) - g"(z)
g'(y)3/? 9(y) — g(x) g'(x)3/2

Proof may be found in [CE1, MS]. The proof of (5) follows by two
integrations of Sg < 0. m

LEMMA 2.2 (Consequences of the nonflatness). Assume that f is nonflat.
Then there exists a constant m > 0 such that

(1) m < |f(@,0)l/|(z, o)) <m™,

(2) for any y,x with y € (x,c)
f (@, ¢)| f(z,y)]
|(z, c)] (2, y)|

(3) there is a constant k < 1 such that if (¢,y) C (c,z) and |(y,x)| <
(e, y)| then [f(y, =)| <|f(c,y)| and

w2l ol
(y, z)| |(y, )]

Proof. (2) follows by comparing both sides with f’(x). As to (3) it is
enough to observe that by nonflatness we have |f(y,x)| < |f(c,y)| const x
k(1+ k)1 and by (1), (2)

1 /—1
Ml (0 ol
|(y, )] m (y, )]

By A, = {A!} we denote the family of all maximal intervals of mono-
tonicity of f™, and A, (x) € 4,, is the interval containing x. We are mostly

m

Y

Y

K

interested in the intervals from A, = A,11 \ A,, and especially in A, (c),
which, when nonempty for some n, contains two intervals (¢, ¢) and (c, @),
with a@ # @ and f(a) = f(a). There is no essential dynamical difference
between these intervals and we shall denote them also by A, (c).

The images of the intervals from ANn under f™ always contain the critical
point ¢ as an endpoint—we say that they are at the c-level. In particular,
[ An(c) = (en,0).

There is some relation between A, and Ag. Namely, for any I € 4,
there is a k < n such that I € Ay, and f*I = f""*A, _1(c). Forany J € A,
one has a k < n such that f*J = A,_(c).

Let A, (c) C An(c) = Ag(c). Then

PR\ Au(€)) = Auie) € Aumile)
PO\ Au() = £ Buci(e)
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and
frAn(e) C f"H(An—k(e) \ An_k(c)).

In [N2, N3] the (two) intervals A, (¢) were called *(n) and the intervals from
A, were called +%(n). We shall use the notation >." to indicate summation
over all n for which a A, (c) exists, and Z**(") for sums over all intervals
ANZ from ﬁn for a fixed n.

By Df™ we understand the absolute value |(f™)’|, and by O various
constants independent of iteration and points. We denote f*(z) by zy, in
particular ¢; = f(c) is the critical value of f.

3. Central slopes. In this section we estimate the central slopes, i.e.
|f"An(c)|/|An(c)|, with the aid of the derivatives at the critical value (Pro-
position 3.1). Together with Corollary 4.1 this gives an independent proof
of the existence of an absolutely continuous invariant measure in case of
summability on the critical trajectory, and estimates its density. Moreover,
we obtain good estimates on different uniform hyperbolic structures in the
case of Collet—Eckmann maps.

LEMMA 3.1. Let A = (c,y) = An(c) € Apy1 \ A If |fTA]/|fA] >
nDf™Y(c1) > 0 then for some constant K1 due uniquely to the nonflatness

of f
[fAl/JA] > Ki(nD f™ (e)) !

Proof follows from |fA|<O|A|" and
1fm A =lep — 7 > ODf(ey) . =

LEMMA 3.2. Let (¢,y) C (c,z) = Ap(c) = Anm(c) and A = (c,y), B =

(y,x) € Ay (then f*B = A, _i(c)).

(1) Suppose that either |f™A| < 7|f™B| for some T > 1, or|f™A|/|A| <
k|f™B|/|B| for k from Lemma 2(3). Then there exist a constant K de-
pending on T by the Koebe Lemma and a constant Ko depending only on
nonflatness such that for any (¢, z) C (c,y)

1™z 9)l/I(2.9)| > K(7) K2 D f™ (e)"

(2) If |f™A] > 7|f™B| for some T > 1 then for some constant Ks
depending only on nonflatness

R (FEB)| /1 B| > C(1)K3Df ™ (c))V! and

m—k>v(l/7) where v(e)=min{n:|c, —c| <e}.
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Proof. (1) Suppose first that |f™A| < 7|f™B|. We apply the Koebe
Lemma (Lemma 2.1(3)) for f™~! on fA and obtain

™zl C<1> /™ (e, 2)] /™ (e y)]

L m—1 c
e O e O LY
and as (c,y) = A

Il (VAL AL () e
|f(Z7y)\>C<T> FA]  |fA >C<T>Df Her).

If |f™A| > 7|f™B]| but |f™A|/|A| < k|f™B|/|B]| then in particular
B < kA and by Lemma 2.2(3)

/Al Al AL B AL L™ Bl Al fBL [ B
|fA |Al [fA] 1Bl |fAl B [fA| |B] |fB|
Therefore by Lemma 2.1(2)
|fmA] m—
‘fA‘ >Df 1(01)7
Il g, (U 51U
el ~ Al Bl T A

In both cases of (1) we obtain by Lemma 3.1
[ AlJIA]> C(/T)KDf™ (1) -
By nonflatness we have |f(y, 2)|/|(y, z)| > O|fA|/|A|, hence
Syl ")l (2 0)] <1) IS Al | FA <1> /™Al
= >C| = O——=C(-]0O .
(2, )] Ifz o)l 1z 9)] ) IfAl A T Al
This proves (1) with K(7) = C(1/7)2.
In order to prove (2) we see that |f™ % A,,_r(c)| = |f™B| < 1/7, which

implies the estimate on m — k. The other estimate follows again from the
Koebe Lemma and Lemma 3.1. u

PROPOSITION 3.1. Let 7 > 1. There are constants M (depending only
on nonflatness) and K = IC(7) such that for any n and any (z,y) C (¢,y) =
Ay (c) there is a sequence of nonnegative integers (r;)j>o0 such that

’f (z,y)] > K;(T)Dfm(cl)l/l HMDfrj (Cl)l/l,
YisoTj =n andr; >v(l/7) for j > 1 (v was defined in Lemma 3.2(2)).

Proof. Let s be as in Lemma 2.2(3). Let (c,y) C (¢, z) = Ag(c) € A,.
If either

)] 1 e)

T w2l > 1 eyl or ke mS (e v)|
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then the proposition follows from Lemma 3.2(1) with ro = n and r; = 0 for
j > 1. In particular, this proves the proposition for any n < v(1/7).

Set O = C(1)K3 from Lemma 3.2(2) and M = kO. We may assume
that the proposition is true for any k& < n and we prove it by induction for
n when

o)l _ el

T[f"(y, )| < [f"(c,y)] and K \(y, )] |(c,v)]

By Lemma 2.1(2) we have

|/ (2, 9)] min{lf"(c,y)! f"(y,x)\} [ (y, )|
[ el ol J7 " ol
On the other hand, we have

o)l ) [ o)l T Ak (] 1 )]

o)l o)l o)l Ak ()]

T/ A (@) =TI (g 2) < [ (e )]
= /" A < [f" F(An-k(e) \ Ani(e))| < 1
we may apply Lemma 3.2(2) and estimate the first quotient by
ODf" *(c;)*!, and additionally obtain n — k > v/(1/7).
Using the inductive hypothesis we estimate the second quotient by
K(r)Df™ (e) [T MDf7 (er) !
Jjz1
(with > ,517; = k —ro and r; > v(1/7)) as (y,z) C (c,x) = Ag(e).
Therefore
L")/ (z ) > 6L (y, )1/ [(y, )
> RODf"F(e))V'K(T) D7 () [ MDf7 (e0) !
i>1
= K(1)Df" () /"MD" * () [T MD 7 (en) !
j>1

which completes the proof as n —k > v(1/7). m

COROLLARY 3.1. If f satisfies the summability condition on the critical
trajectory then it does so on the central slopes. In other words,

")) Y < 0 implies : M - 0
> Dften) V< pl Z<ﬁmn)<
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Proof. By Proposition 3.1 we can choose 7 so large that
= (MDf (et <1
for r > v(1/7). The conclusion follows from Lemma 3.3. m

LEMMA 3.3. Let (D,,) and (d;) be two sequences of positive numbers, with
d; <1 for alli and > d; < co. Assume that for any n there is a sequence
(rj) of nonnegative integers with 3, r; = n such that

Dn <]]d-, -
J
Then

ZDn<oo.

Proof. Take N such that . 5 d; <1. Then

S o<y @Sy dﬁVNZ(Zdn)k<oo. .
Jji=1 J2=1 jn=1 k=0 n>N

ProrosiTioN 3.2. If f satisfies the Collet-Eckmann condition, i.e.
liminf Df"(c;)"™ = Ao > 1, then const )\Z/l is an asymptotical estimate
for

1) the central slopes: | An(c)|/|An(c)|,

2) the central periodic orbits: Df”( ) with f™*(p) =p € A,(c),

3) the slopes on the c-level: |fmAL|/| At |,

4) the intervals of monotonicity on the c-level: |AL|7 Al € A\ Apy,

5) =,

6) ¢

fr(z) =
7)

any intervals of monotonicity: |A?
the derivatives at the preimages of the critical point: D f"(z) with

the derwatwes at any periodic point: D f™(p) with f™(p) = p.

The estimate is asymptotical in the following sense. For any A < /\é/ L=

Ao there is a constant K (\) such that any of the above quantities may be
estimated from below by KA"™. In the proof we use Proposition 3.1 for
the central slopes and the relations between different hyperbolic structures
established in [N1-N3J.

Proof. Let \;,; i =1,...,7, be the estimate of the corresponding term
in the list, for example

A¢ = lim inf min D f"(z)Y/™.

Zn=cC

For any A < Ao choose 7 so that /\/lDfT(cl)l/l~> A" for r > v(1/7). This
proves A; > A and hence also A\; > M. As |f"A(c)|/|An(c)] — oo one can



S-unimodal maps 53

estimate Ao with the Koebe Lemma by
Df*(p) > CLf"(p, v)I/1(p,y)| > const A",

which gives Ay > Ag. One can also estimate similarly to the proof of the
Proposition 3.1 that Ay > Ay. For A3 > Ay one uses the method described
in [N2, N3] with %(n) and *x(n) intervals. In case of [N3] (f nonsymmet-
ric) one has to revise carefully the proof and use the methods from the
present paper. As the central intervals are part of the intervals on the
c-level we obtain A3 = A;. Next, Ay > A3 is obvious as the intervals on
the c-level are each a union of two intervals from A,. Any interval of
monotonicity A? is an interval on the c-level for some N > n; this proves
As = A\g.

The derivatives at the preimages of the critical points can be estimated
by the slopes on the intervals from A,,, which proves A\g > A3. By [N1],
A6 = A7, and A7 > A5 (it is not explicitly stated but one can deduce it from
the methods used there). Obviously A2 > A7. We have therefore

A S S =X< A=) < Ao
The details are omitted. m

Remark 3.1. The estimate by )\é/ ! is sometimes the best available. For
f(z) = 42(1 — 2) we have \¢ = f/(0) = 4 and Df™(p)*/™ = 2 = 4/¢ (by
diffeomorphic conjugation to a tent map with slope 2). The same (with
some constant) holds for |A? |1 and therefore for any slope starting at the
c-level.

Remark 3.2. The number )\, as defined in the Introduction is not
smaller than A7. This also gives the estimate of the metric entropy of p.

4. The derivatives. In this section we estimate the derivative at an
arbitrary point by some derivative on the critical trajectory, the distance of
the image of the point to the closest critical value on its branch of mono-
tonicity and some slope. The idea is to use this in the estimation of the
Perron—Frobenius operator which is essentially the sum of the inverses of
the derivatives. What one needs is the summability of the inverses of the
corresponding slopes.

LEMMA 4.1. Let (Cl,ﬂ) € An? fk(a) =¢ Y€ (a’ﬁ)’ and |fn(057y)| <
|f"(y,B)|. Then for some constant independent of y, (e, 3) and n we have
Df*(y) > const D"+ (e1) !y, — cppl Y |y|_04| .

Yy—«

Proof. By the chain rule we have
Df™(y) = Df*() Df(ye) D" (Yrrn) -
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Obviously
_ ’Df(yk” |y’n _ Cnfk‘ 1/ —1/1
Df(yr) = [ (yr) — c1 |11/ Yk+1 — i m |Yn — Cn—k|
1

> 0C)DF"HH e) s — x|
|yn - Cn—k|

by nonflatness and the Koebe Lemma for f*~*~! on (yx11,c1).
By Lemma 2.1(4) we have

Dk lyr — arllBr —yr| |8 —qf
P> w—allp—4
_ lyr — ax| |Br — y| |8 — S lyx — ol |(Br, yr)
ly —al Bk — ol |8 -y ly —al (B, )]

Similarly, using the assumption |3, — yn| > |yn — | we have

n—k—1 Yn — anl|Bn — ynl |Br41 — Q1]
bi Br1) > |Bn — [Yk+1 — ot 1[|Brt1 — Yrt1
’ﬁn_yn‘ 1 ‘f(ﬁk,c)‘
1Bn — | lyk+1 — x| | £(Br, yr)|
1 |f(Br, c)|
[Ye+1 — el [f(Brye)|

Therefore we use Lemma 2.2(2) on (0, yx) C (Bk, c) and get

= |yn - Cn—k|

1
> ilyn - Cnfk|

Df"(y) > const |y, — cn_k|1_1/lDf”_k_1(cl)1/l|Z‘/’;_ZI|€| .

Remark 4.1. In this lemma we split any interval («, 3) € 4A,, into two
subintervals. The image under f" of the splitting point « is exactly in the
middle of the image of f™(a,3). We estimate the derivative D f"(y) using
a or [ depending on whether y € (a,v) or y € (v, 3).

This method is not dynamic because if (o, 3) € A, N A,4+1 (i.e. both
f™ and f**! are monotone on (a,3)) the points v corresponding to f"
and f"*! will usually be different. A dynamic method of splitting (a, 3)
was used in [KN]. Let m > n be minimal such that (a,3) € A,,; then
(o, B) = (a0,7) U (7, 8) and both subintervals are in A,,. This v defines a
splitting as long as («, 3) is a maximal interval of monotonicity.

ProposITION 4.1. If

*

S 1 A (@)/| Am()) " < oo

m
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then there exists a constant K such that for any n
x(n)
Yo oArAIA T <K
Al €A,
Proof. Let N be such that

*

Yo U An(@)l/|An(@) " < 1/4

m>N

and & such that if | f™ A, (c)] < 6 then m > N. Set K = 2/8. We prove the
lemma by induction. Split the sum (xx) into two parts depending on the
length of f*A

i) (If"ANi)_l: f <|f”~5§;|>_1+ f (|f"~ﬁm>‘{
-\ 1A A% A

|frALI26 lfrALl<é

If the length is greater than ¢ then the corresponding part of the sum is
smaller than 3> A% /6§ < 1 / 0. This proves the lemma for initial n’s.

Observe that for any AZ € A, there exists a k < n such that ka’ =
An_i(c). If we estimate the second part of the sum then

[ Ai(o)] = AL <6
and hence n—k > N. Moreover, the slope | f* AL | /| A | may be estimated by

the slope |f’“A] \/|A]] of one of the two intervals from A, (Lemma 2. 1(2))

which have a common endpoint with AZ Obviously any such interval Aj
may be used at most twice.
The other part of the sum can hence be estimated by

) sl ) e e I
3 (If An> b 3 (\f kkan,|kan|) L
prages © 1] pranes AR 1AL

xk (k)

|f"F Api(e)| IFF AL\ ™
- Z Z< A i(e)] \A\>

* . AN s (k) i —
- 2 () 2 (FY

n—k>N Aﬁi(flﬁk

*x (k) k Aj -1
1 |f4|>
<2.> :
4 2. (\A|

A~§€6A~k
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where the number 2 appears as we may select twice the “worse” of the two
possible Aj. By previous considerations and induction we finish the proof

with
*x(n) ~, 1
|fAL| 1 1 K K
- - +2--K=—+—=K.
~Z~<\Az‘, S5t 2 732 -
Al eA, n

COROLLARY 4.1. Let (K,,) be a sequence such that

% (1) n Ai —1
3 (“‘f‘) < K,
e, © 14l

Then for the iterates of the Perron—Frobenius operator L one has

n—1
L)) <23 KumnDF ()™ i — e 0710
r=0
Proof. Use Lemma 4.1. By definition £"(1)(z) = >_n,_, Df(y)~t.
The conclusion follows by comparing |y — a|/|y — «| with the slope of f*
on one of the two intervals from Ay, with endpoint o (and o =c¢). =

COROLLARY 4.2. Under the summability condition on the critical trajec-
tory (see Lemma 3.1) the same estimate for L™ holds with K, = K.

Proof. Use Corollaries 3.1 and 4.1. m

Remark 4.2. One may also use [NS3] where it was proven that un-
der the summability condition one has |f~%(c — ¢,c + ¢)|/e < const with
a uniform constant. This corresponds to ) |y — a|/|yx — ¢| < const, uni-
formly.

Remark 4.3. Corollary 4.2 gives a natural (and independent of [NS3])
proof of the existence of an invariant density and the bounds on its singu-
larities.

Proof. Consider (1Y, _ £F1) and use compactness. m

Remark 4.4. In the situation of Corollary 4.1 one can also estimate
the derivative of £™1. Namely, since on any branch of monotonicity («, [3)
one has by Lemma 2.1(5)

'DQf”(y)
Dfr(y)?

2
min{|f* (e, )l [/*(y, B)[}

it follows that
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D2fr(y) 1
En
(Y@l =] 2 B, BIan
n—1
<2 Knw Df'(cr) Mz —cppa| 7?70 m
r=0
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