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wi-Souslin trees under countable support iterations
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Abstract. We show the property “is proper and preserves every wi-Souslin tree” is
preserved by countable support iteration.

Introduction. In [1], the forcing axiom SAD is introduced and its
consistency is established by forcing. It is also shown that the forcing axiom
does not imply the nonexistence of wi-Souslin trees by constructing a pair of
an wi-Souslin tree and a notion of forcing in such a way that the wi-Souslin
tree remains an wi-Souslin tree in the generic extensions via the forcing.
In [2], a general theory of countable support iterations is developed and
stronger versions of SAD are shown to be consistent.

We show the property “is proper and preserves every wi-Souslin tree” is
preserved by countable support iteration. As an application we remark that
countable support iterations for getting SAD preserve every wi-Souslin tree
in the ground model.

0. Preliminaries

(0.0) DEFINITION. A triple (P, <, 1) is a preorder iff < is a reflexive and
transitive binary relation on P with a greatest element 1. The symbol G
usually denotes the canonical P-name for a P-generic filter over the ground
model V. For an element x in V, we usually use z itself instead of & to
denote its P-name. The preorder is separative iff for any p,q € P, q|F-p“
p € G implies ¢ < p. We consider separative preorders in this note and
so a preorder is always a separative one. For a formula ¢, we simply write
I-p“p” instead of 1|-p“p”. A subset D of P is predense below q in P iff
GlFr DG D

For a set x, let TC(z) denote the transitive closure of z. For a regular
cardinal 0, let Hy = {z : |[TC(z)| < 0}. A countable subset N of Hp is a
countable elementary substructure of Hy iff the structure (IV, €) is an ele-
mentary substructure of (Hy, €). For a regular cardinal 6 and a countable
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elementary substructure N of Hy with (P, <,1) € N, a condition ¢ in P
is (P, N)-generic iff for any dense subset D € N of P, D N N is predense
below ¢. For a P-generic filter G over V' and a P-name 7, 7[G| denotes the
interpretation of 7 by G. But {7[G] | 7 is a P-name and 7 € N} is de-
noted by N[G], which is a countable elementary substructure of H, 9\/ [ Let
((Pa, <arla)a<w (Qa,ﬁa,ia)cK,,) be a countable support iteration. For
p € P,, we denote {3 < a | p(B) # 13} by supp(p) and so |supp(p)| < w.
For p € P, and 8 < «, p[f denotes the initial segment of p decided by 3
and [, ) denotes the interval {v | f < v < a}. For a P,-generic filter
Gq over V, Go[B = {p[B | p € Gu}, which is a Pg-generic filter over V.
For an wi-Souslin tree T' and 6 < wy, Ts denotes the dth level of T and
T =U{Ta | a < d}.

The following is from [2] with minor modifications.

(0.1) DEFINITION. A preorder (P, <,1) is proper iff for all sufficiently

large regular cardinals # and all countable elementary substructures N of
Hy with (P,<,1) € N, we have Vp € PN Ndq < p q is (P, N)-generic.

Let ((Pa, <a,la)a<w, (Qa, <a,1a)a<y) be a countable support iteration
such that for all @ < v, |Fp, “(Qa, <a, 1a) is proper”. Let  be a sufficiently
large regular cardinal and IV be a countable elementary substructure of Hy

with (P, <,,1,) € N.

(0.2) ITERATION LEMMA FOR PROPER. Let § < a < v, f € N and
a € N. Then for any x € Pg and any Pg-name 1, if x is (Pg, N)-generic
and z |-p, “7 € P,NN and 7[3 € Gp”, then there is an x* € Py, such that
[ = x, x* is (Py, N)-generic, z* | p. “7[Ga[] € Go” and supp(z*) N
[8,0) C N.

In particular, for any x € Pg and any p € P, NN, if x is (Pg,N)-
generic and x <g p[f3, then there is an x* € P, such that *[ = x, x* is
(Py, N)-generic, x* <, p and supp(z*) N [5,a) C N.

1. Preserving w;-Souslin trees. For the rest of this note a Souslin
tree means an wi-Souslin tree.

(1.1) PROPOSITION. Let (P,<,1) be a proper preorder and (T, <r) be a
Souslin tree. The following are equivalent.

(1) |Fp“(T,<r) remains a Souslin tree”.

(2)  For all sufficiently large reqular cardinals 6 and all countable elemen-
tary substructures N of Hyg with (P, <,1), (T,<r) € N, ifq is (P,N)-
generic and t € T, then (q,t) is (P x T, N)-generic.
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(3)  For all sufficiently large regular cardinals 6 and all countable elemen-
tary substructures N of Hyg with (P, <,1),(T,<r) € N, let § = NNw.
Then Vp € PN N 3q < pVt € Ts (q,t) is (P x T, N)-generic.

Proof. (1) implies (2): As |-p“T has the c.c.c.”, we know |p“Vt € T
tis (T, N[Gp])-generic”. For any (q,t) € P x T, (q,t) is (P x T, N)-generic
iff ¢ is (P, N)-generic and ¢ |- p“t is (T, N[G p])-generic”. So for any (g,t) €
P x T, if q is (P, N)-generic, then (q,t) is (P x T, N )-generic.

(2) implies (3): By assumption (P, <, 1) is proper. So for all sufficiently
large regular cardinals 6 and all countable elementary substructures N of
Hy with (P, <,1),(T,<r) € N, given p € PN N there is a ¢ < p such that
q is (P, N)-generic. Now by (2) for any ¢t € T5, (¢,t) is (P x T, N')-generic.

(3) implies (1): Suppose |-p“A is a maximal antichain of 7 and p € P.
Let B= {(z,5) € PxT | z|-p“5€ A’}. Then B is a predense subset of
P xT. Fix a sufficiently large regular cardinal § and a countable elementary
substructure N of Hy with p, B, (P, <,1),(T,<r) € N. By (3), we have a
q < p such that for all ¢t € Ty, (q,t) is (P x T, N)-generic. So BN N is
predense below (g,t) for all t € T5. We conclude ¢ |-p“Vt € T53s <p t
s € A”. Hence q|-p“ACT[6". m

(1.2) LEMMA. Let ((Pas <asla)a<ws (Qa, <ar1a)a<y) be a countable sup-
port iteration and (T, <r) be a Souslin tree. If v is a limit ordinal and for all
a < v, |lp, “(T,<r) remains a Souslin tree and (Qa, <a,1a) is proper”,
then |p, “(T, <r) remains a Souslin tree”.

Proof. Suppose p € P, and |-p, “A is a maximal antichain of T7.
Let B = {(z,5) € P, xT | z|F“5 € A”}. Fix a sufficiently large reg-
ular cardinal 6 and a countable elementary substructure N of Hy with
p,(P,,<,,1,),(T,<r),B € N. Fix (a,, | n < w) such that oy = 0,
an € vNN and o, < a4 for all n < w and sup{a,, | n < w} =sup(vNN).
Let 6 = NNw; < wy and (t, | n < w) enumerate Ts. We construct
(n | n < w) and (g, | n < w) such that for all n < w

1
2
3 Iy is a P, -name.

(1) g is the Py-name p.
(2)
(3)
(4)  gqn is (Pa,,, N)-generic.
(5)
(6)
(7)

QOZ(Z)GP().

5)  dul-p., “in € P,ON and infan € Ga,”.
6
7

dn+1 ’Van =dn-

In+1 P “Tpi1 <u ai:n[G'an+1 [a] and s <7 ty, (Tpt1,$) € B”.

Yn+1
The construction is by recursion on n < w. For n = 0, let Zg, gy be as
specified. Now suppose we have #,, and g,,. Since (4) and (5) hold, we have
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a gnt1 € Pan+1 SPCh that dn+1 |705n = ({n; dn+1 is (Pan+17N)‘generiC and
dn+1 H_Pan+1 “i'n [G
proper. Since |f-p, , “(T,<r) remains a Souslin tree”, we know (gn+1,tn)
is (Pa,_., X T, N)-generic by Proposition (1.1).

Now in order to get a P, ,-name Z,1, let us fix an arbitrary P, -
generic filter G, ., over V with ¢,41 € Ga,,,,- Let Go, = Ga, ., [an. We
know G, is a P, -generic filter over V with ¢, € G, . Let z, = ©,[G,,].
Then x, € P, NN and z,[an41 € Ga,, .- Let D ={(a,s) € P,,., xT | a
and x,, [y, 41 are incompatible in Py, ., }U{(a,s) € Py, ,, xT |3z € P,(z <,
Tp, (z,5) € B and x[apq1 = a)}. Then D is a predense subset of P, ,, xT
and D € N. Hence D N N is predense below (¢,+1,t,). For convenience
sake, let us fix a T-generic filter G over V|G, | with t,, € Gp. Then there
is an (a,s) € DNNN(Gq, ., xGr). Since a € G, ., and x,[an1 € Ga, ;s
there must be an = € P, such that x <, x,, (z,s) € B and z[a,41 = a.
Since (P,, <,,1,),Zn, s, B,ap+1 and a are all in N, we may assume x € N.
Since s € NNGr and t,, € G, we have s <r t,,. Let #,,11 be a P, ,-name
of this . This completes the construction.

Let ¢ = U{gn | n < w}™1,[[sup(v N N),v). Then q € P,. We claim
qlFp, “Yn<wIse€ As<pt,” and so q|-“A C T[6”. To see this, let G,
be an arbitrary P,-generic filter over V with ¢ € G,. Put G,, = G,[a,
and z,, = ©,[Gq,,] for each n < w.

Since ¢, € G4, holds for all n < w, we have

onis[@n[@ny1 € Ga,,,” by iteration lemma (0.2) for

(8) Ty =Dp.
(9) z, € P,NN and z, [, € Gq,.
(10)  xpt1 <, @, and s <7 t,, (pt1,8) € B.

Since x,, € P,NN, we know supp(z,,) € vNN for all n < w. We conclude
T, € G, for all n < w. Therefore for all n < w there is an s € A[Gl,] with
s <r tp. Since G, is an arbitrary P,-generic filter over V with ¢ € G, we
have ¢ <, p. m

(1.3) THEOREM. Let ((Pu; <asla)a<vs (Qa,ﬁa, la)a<y) be a countable
support iteration of arbitrary length v. If for all a < v, |p, “(Qa, <arla)
is proper and preserves every wi-Souslin tree”, then (P,,<,,1,) is proper
and preserves every wi-Souslin tree.

Proof. Immediate from Lemma (1.2). m

(1.4) Remark. Since the preorders which appear in the forcing ax-
iom SAD are proper and preserve every wi-Souslin tree, countable support
iterations for getting SAD preserve every wi-Souslin tree in L.
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