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Abstract. We prove that for each countably infinite, regular space X such that
Cp(X) is a Zg-space, the topology of Cp(X) is determined by the class Fo(Cp(X)) of
spaces embeddable onto closed subsets of Cp(X). We show that Cp(X), whenever Borel,
is of an exact multiplicative class; it is homeomorphic to the absorbing set {2, for the
multiplicative Borel class Mgq if Fo(Cp(X)) = Maq. For each ordinal a > 2, we provide
an example X such that Cp(X«) is homeomorphic to 2.

1. Introduction. For a countable, regular (73) space X, let Cp,(X) be
the space of all continuous real-valued functions on X with the topology of
pointwise convergence. Thus Cp,(X) is a dense linear subspace of R, the
latter space being identified with the countable product of lines.

In the paper we apply the method of absorbing sets [2] to the topological
classification of Cp,(X) spaces. This subject was previously treated in several
papers (see [5], [12]-[14], [23] and references therein). The method applies to
spaces Cp,(X) which are of the first category in R*, more precisely, to those
that are countable unions of Z-sets (briefly, Z,-spaces). Let us recall that
the key notion of the absorbing set method is the strong C-universality for a
class C of spaces (see Section 2 for definitions). The uniqueness theorem for
absorbing sets states that two such function spaces C,(X) and Cp(Y) are
homeomorphic provided they are strongly C-universal and can be expressed
as countable unions of closed sets that are elements of C. In order to apply
the method, for a given space X, one must identify the class C and then
show the strong C-universality of C},(X).
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The question of the strong universality of C,(X) will be entirely re-
solved, for we shall prove that every space Cp(X) (not necessarily of the
first category in R is strongly universal for the class Fo(C, (X)) of spaces
homeomorphic to closed subsets of Cp,(X). This is a consequence of the
strong Fo(F)-universality of an arbitrary metric linear space E which is an
absolute retract and which admits R*> as a factor, and the fact that (for
noncompact X) Cp(X) always has such a factor. Applying the uniqueness
theorem for absorbing sets, we conclude that for a Z,-space C,(X) its topol-
ogy is entirely determined by the class Fo(Cp(X)). This means that two
Zg-spaces Cp,(X) and C,(Y') are homeomorphic if and only if each is homeo-
morphic to a closed subset of the other. It is remarkable that this result
can be applicable even if we are not able to explicitly determine the class
Fo(Cp(X)). For example, we show that if X has exactly one accumulation
point and C,,(X) is a Z,-space then (C,(X))> is homeomorphic to a closed
subset of C,(X), and therefore Cp,(X) and (Cp(X))> are homeomorphic.

Subsequently, we apply the above general results to Borelian spaces
Cp(X). It has been proved in [14] that if X is nondiscrete and Cp(X)
is an absolute Fys-set, then Cp,(X) is homeomorphic to {2 (where 2, is the
absorbing set for the multiplicative Borel class M, [2]). In view of this re-
sult, a conjecture was posed in [14] that for all a, every space C},(X) of exact
multiplicative class o« must be homeomorphic to (2,. Since every Borelian
space Cp(X) is a Z,-space, by applying our general theorems, the above
conjecture reduces to Fo(Cp(X)) = M,. Until now, it was not known that
for a > 3 there are spaces X, so that C,(X,) is homeomorphic to {2, nor
that Cp(X) must always be of an exact multiplicative Borel class. We prove
these statements. In fact, for X with exactly one accumulation point, we
present two methods of constructing spaces Cp,(X) of arbitrarily high Borel
complexity. Every such X can be regarded as a space Ny induced by a filter
F on the set N of integers (cf. Section 2 for definition). The first method
provides, by transfinite induction, the spaces Cp,(X) that are of even multi-
plicative classes; the basic obstacle to carrying out this construction for odd
ordinals is the nonexistence of filters of type Gs. The second method, which
is a variation of the construction in [2], assigns to every subset A of the
Hilbert cube a filter F4 such that C,(Np,) contains A as a closed subset.
For A = (2,, a > 2, the space C,(Nfg,) is homeomorphic to 2.

Actually, our techniques work for all pairs (R¥,C,(X)) and triples
(RX,R¥,Cp(X)). In particular, this allows us to give a complete classifica-
tion of the triples (R*,R¥, C,(X)) for which C,(X) is an absolute Fs-set.

2. Notations, definitions and auxiliary results. The symbol =
means “homeomorphic to”. Maps are always continuous, and A™ designates
the product of n copies of A, whereas A is the product of a countably
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infinite set of copies of A. The set of positive integers and the set of reals
are denoted by N and R, respectively. We let R = RU {—o00,00}. I*° is the
Hilbert cube [0,1]>° and 2*° = {0,1}°.

Let X be a countable regular space. By 2% we denote the set of all
subsets of X. Identifying each subset of X with its characteristic function,
we consider 2% as the subspace {0,1}* of R¥. We denote by Cl°°(X) the
subspace of C,(X) consisting of all locally constant functions.

Filters on a countable infinite set X are always assumed to contain the
Fréchet filter Fj consisting of all cofinite sets of X. Given a filter F' on N,
we denote by N the space NU{oo} topologized by isolating the points of N
and using the family {A U {oo} | A € F'} to be a neighborhood base at co.
We write

cr = {(zn) € R | Ves0JacrVnea |zn| <€},
sp = {(2n) € R | Ves034erVnea n =0} .

It is known [23, Lemma 2.1] that C,(Np) is (linearly) homeomorphic to
cr; one can easily adapt the proof of [23, Lemma 2.1] to show that (RN#,
CP(NF)7 C%)OC(NF)) = (Roo’ cr, SF)'

If Y is a separable metrizable space, and « is a countable ordinal, we
write Ay (Y) (resp., Mo (Y)) to denote the family of subsets of Y that are
Borel of additive (resp., multiplicative) class a. By A, (resp., M,) we de-
note the class of spaces that are absolute Borel of additive (resp., multiplica-
tive) class a. If A € A, \ M, (resp., Mo\ Aq or AoNM\ U5<Q(Agﬂ./\/l5)),
then we say that A is of exact additive (resp., multiplicative or ambiguous)
class a. By Pp, n > 0, we denote the nth projective class. Let C be a class
of spaces. We say that a pair (X, Xo) is Wadge (Y, C)-complete if, for every
A CY, A € C, there exists a map ¢ : ¥ — X such that ¢=1(Xy) = A
(usually, C = A,, M, or P,).

A subset A of a metric space X is said to be locally homotopy negligible
in X if for every open subset U of X, the inclusion of U\ A into U is a weak
homotopy equivalence. A closed subset A of X is a Z-set (resp., strong
Z-set) if, for every open cover U of X, there exists a map f : X — X that
is U-close to the identity and satisfies f(X)N A =0 (resp., f(X)NA=0).
It is known that the classes of Z-sets and strong Z-sets coincide in any X
which admits a completion X homeomorphic to either R> or R> and such
that X\ X is locally homotopy negligible in X (see [2]). For a space X that
is an absolute neighborhood retract, a subset (resp., closed subset) A of X
is locally homotopy negligible (resp., a Z-set) if every map of I"™ into X is
approximable by maps into X whose images miss A, n = 1,2,... A space
which is a countable union of Z-sets is called a Z,-space (see [25]). By a
Z-embedding we mean an embedding f : Y — X such that f(Y) is a Z-set
in X.



272 R. Cauty et al.

Let (Ky,...,Kk), k>1, be a topological k-tuple (briefly, a k-tuple), i.e.,
K12 ... DK). Wesay that a k-tuple (X1,..., Xy) is strongly (K, ..., Ky)-
uniwersal if, for every closed subset D of Ki, every map f : K1 — X3
whose restriction to D is a Z-embedding and for which (f|D)~}(X;) =
DNK;, i =1,...,k, and every open cover Y of X, there exists a Z-
embedding ¢ : K1 — X; which is U-close to f and satisfies g|D = f|D and
g HX;)=K; fori=1,....k. If K is a class of k-tuples, then (X1, ..., X})
is strongly K-universal provided it is strongly (K7,..., Kj)-universal for
each (Ky,...,Ky) € K.

A class K of k-tuples is said to be topological if it contains every homeo-
morph of an element of K. It is additive if, given a k-tuple (K7, ..., Kj) such
that K; = K{ UK?, K{ and K7 closed in K7, and such that each (K}, KN
Ks,...,Ki N K) belongs to K, (K1,...,K}) belongs to K. Finally, it is
called hereditary with respect to closed subsets if, for every (Ky,...,Ky) € K
and every closed C' C Ky, (C,CNKsy,...,CNK) € K. If Cq,...,Ci are
classes of spaces, we denote by (Cy, ..., Cx) the class consisting of all k-tuples
(Ki,...,K}) such that K; € C; fori =1,... k.

Let C be a class of (separable metrizable) spaces which is topological,
additive and hereditary with respect to closed subsets. A subset X of R*
is called a C-absorbing set [2] in R if it satisfies the following conditions:

(i) R*\ X is locally homotopy negligible in R>°,
(ii) X = U,—; Zn, where each Z, is a Z-set in X and belongs to C,
(iii) X is strongly C-universal.

Here is a particular case of [2, Theorem 3.1] (which we will refer to as
the uniqueness theorem for absorbing sets).

2.1. THEOREM. Any two C-absorbing sets in R* are homeomorphic. m

The notion of C-absorbing set has its origin in research done by Ander-
son, Bessaga and Pelczyniski, Toruriczyk and West (see [1]). They mostly
considered absorbing sets in complete metric spaces M with C being a sub-
class of the class of all Z-sets in M. Then any two C-absorbing sets were
ambiently homeomorphic in M. The same can be achieved by using the
above strong universality for k-tuples; this concept was originated by Cauty
in [6].

It is routine to check that whenever a k-tuple (X7,..., X}) is strongly
K-universal for some class K of k-tuples then, under some restrictions on
X1, it is also strongly universal with respect to the smallest class K that is
topological, additive, hereditary with respect to closed subsets and contains
K. Specifically, this is true if X; = R*® or X; = R® (or X; is a Z,-space
that is an absolute retract; see [15, p. 412]).
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2.2. THEOREM. Let (A%, A%, ... AL), i = 1,2, be k-tuples in R*°. Sup-
pose AL C U0, X, i=1,2, where X} are Z-sets in R*®.

(a) If each (k + 1)-tuple (R, AL,... AL) is strongly (X} N R,
XInA, ..., XN A -universal for j =1,2 and n > 1, then (R, Al, ...
o AL) (R, A2, A7),

(b) If each (k + 2)-tuple (R, R A% ... AL) is strongly (X7} NR,
XJ NR>®, XJ N A],...,X] N Al)-universal for j = 1,2 and n > 1, then
(R, R>, Al ... A}) 2 (R, R>, A% ... A2).

Proof. The proof employs a version of a standard back and forth ar-
gument. More specifically, to get (a) follow the version elaborated in [6,
Theorem 2.1] and use the remark made before the statement of the theo-
rem; part (b) needs some adjustments.

Since R*®\R®® is strongly Mo-universal [1], for every compactum Z, the
(k + 2)-tuples in question are strongly (Z,0,...,0)-universal. Let K be the
smallest topological additive class which is hereditary with respect to closed
subsets and contains all (k + 2)-tuples of the form (X7, X7 NR>, X7 N
Al,...,XI N AY) and (Z,0,0,...,0), where Z is a compactum. It follows
that the (k + 2)-tuples in question are strongly K-universal. To obtain (b)
it suffices to repeat the proof of [6, Theorem 2.1] replacing the pairs (Y,, U
fon(Xnt1), YU fon(Xny1)) and (Xoqs Uf2_n1+1 (Ynt1), Xn41 Ufz_n1+1 (Yot1))
therein by the (k + 2)-tuples 22 U fon(ZL,,) and 2L, U f51 1 (22,,),
respectively, where Z7 are defined below. Let R®\R* = (J>?  B,,, where
By = () and B,, are compacta. Set

Zl = (XLUB,, XENR™, XN AL ..., XN AL
and observe that since B, NR>® =(), Z! € K. =

Let (X1,...,Xk) be a k-tuple. We denote by Fo(X7, ..., Xy) the class of
all k-tuples homeomorphic to a k-tuple of the form (C,CN Xy, ...,CNXy),
where C'is a closed subset of X;. In particular, Fy(X) is the class of spaces
that are homeomorphic to closed subsets of X.

2.3. COROLLARY. Let K = (R, A% ...  A%) and L' = (R, R, A%, ...
AL, i = 1,2, be tuples. Assume that

(i) each A} is a Z,-space,

(i) each R\ A! is locally homotopy negligible in R,

(iii) each K* (resp., L) is strongly Fo(K")-universal (resp., Fo(L')-
universal).

If Fo(KY) = Fo(K?) (resp., Fo(L') = Fo(L?)), then K' = K?
(resp., L' = L?).
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Proof. By the Z,-property, AY = Jo°, Z!, where Z! are Z-sets in A%.
Since R>\ A} is locally homotopy negligible in R, the closure X7, of Z}, in
R is a Z-set. Now, 2.2 is applicable. m

Let {2, and A, be the absorbing sets in R* for the classes M, and
A, respectively, constructed in [2]. The space A; is {(z,) € R*® : (z,) is
bounded} and is commonly denoted by X. By [9, Proposition 4.1 and Re-
mark 4.8], (R, £2,) (resp., (R®,R>®, §2,)) is strongly (M7, M,)-universal
(resp., (Mo, M1, M, )-universal), o > 2. From 2.3, it follows that the re-
spective strong universality characterizes (R, X) or triples (R, R, X)
such that X = (2, (the fact that R*°\X is locally homotopy negligible in
R follows from the respective strong universality). Similarly, the strong
(M1, Ay)-universality (resp., (Mo, M1, Ay)-universality) characterizes the
pairs (R®, X) (resp., triples (R, R>°, X)) such that X = A,.

Let us recall that in [8], there have been constructed absorbing sets
II,, and II] for the class P,, n > 1, in a copy E of R* and @ of the
Hilbert cube, respectively. Moreover, the pairs (F,II,) and (Q,II]) are
strongly (M1, Pp)- and (Mo, P, )-universal, respectively. Writing (R*°, IT,,)
and (R*°, IT,)) we will mean the above pairs (E, IT,,) and (Q, IT/,), respec-
tively.

In Section 4 we shall need a particular case of the following fact.

2.4. THEOREM. Let Zy and Zy be subsets of X such that each (X, Z;)
is strongly (M, C)-universal for some class C. Assume each Z; is a count-
able union of closed sets that are elements of C. Then the quadruples
(R, R>®, X, Z;) and (R*® ,R*>, X, Z5) are homeomorphic.

Proof. Let Z; = \J.2, Z, where Z! are closed in Z; and Z}, € C.
Write ¥ = (J;—, Bx, where By are compacta. Put Xf%k = Bp N Z¢, the
closure taken in @C’O: Clearly, each quadruple (R™ R X 7Z;) is strongly
(X7 Xn k,X] X} » N Zj)-universal. To get the result apply 2.2(b). =

n,k> n,k’

3. Criteria of strong universality. The following result on the strong
universality of linear spaces E' x R plays a fundamental role in this paper.

3.1. THEOREM. Let E be a separable metric linear space that is an ab-
solute retract and let Ey be a dense linear subspace of E. Then the pair
(E x R>*, Ey x R*®) is strongly Fo(E x R>®, Ey x R*>)-universal.

Proof. Since R* is strongly Fo(R°°)-universal we can assume that FE

is infinite-dimensional. Let E be the linear completion of £. Endow E with
an F-norm |- |; that is increasing on each ray emanating from the origin
(see [1, p. 285]). We consider R* as the product [[ ~; R,, where R,, =
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for all n, and endow it with the F-norm

— |2
T :E 27" for x = (z,,) € R*™.
‘ |2 — 1+|xn| ( )
Note that
1

We define an F-norm on E x R*® by letting for y = (z,z) € E x R®,
lyl = |21 + |22

We identify E and R with E x {0} and {0} x R*> in E x R*, respectively.
Let 7 : E x R® — E be the projection. Each element y € E x R is of the
form (yo, (yn)), where yo = 7(y) and y,, is the projection of y onto R,,.

Proposition 4.1 in [25] assures that there exists a set E such that E C
EC E E is a Gj-subset of E (hence, topologically complete) and E is an
absolute retract with E\E locally homotopy negligible in E. By [16] (see
Lemma 1 and Sec. 2 therein), both E and E x R™® are copies of R*®. It
follows that every Z-set in £ x R* is a strong Z-set.

Let T = {(z,) € R*® | x,, # 0 for infinitely many n}. It is easy to
check that £ x T and E x R*®\Ey x T are locally homotopy negligible in
E xR*. Then, by [9, Proposition 2.1] applied to X = ExR>®,Y = Eyx T,
Y'=EXxT, Z =FEyxR® and (K,L) = (K,K N (Ey x R®)) € Fo(E x
R, Ey x R*?), it suffices to verify the following:

(x)  Given a closed subset K of X, an open subset U of K, an open subset
V oof X, an open coverV ={V; |je T} of Vandamap f: K — X
satisfying f(U) C VNY and f(K\U) C X\V, there exists a closed

embedding g : U — V that is V-close to f|U and satisfies g(U) C Y’
and g1 (VNY)=UnN(Ey x R®).

For each j € J, find an open set V C E x R™ such that V N(E x R*>)
V Then V = UJGJV is open in E x R*®, Vﬂ(ExROO)—Vand

= {V] | j € J} is an open cover for V. Pick a map w : V — (0, 1] such
that

(2)  whenever y € V, ¢/ € Ex R*® and |y — /| < 4w(y), then y,y € V;
for some j € J.

Lavrent’ev’s theorem guarantees the existence of a subset K of E that

is a Gg-subset of E (hence, K is topologlcally complete) K C K and such

that f admits a continuous extension f: K — Ex R>°. We can assume that

Kﬂ(Ex]ROO) K. Lt V=VNEand U= f~ ( )henceUﬂK U.
We need the following lemma.
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3.2. LEMMA. There ezists a map ¥ = (¥, (¥,)) : E x R® x [1,00] —
E x R*® satisfying
(i) W(E x R® x [1,00)) C Ey x R,

(i) ¥(y,00) =y for ally € E x R*,
(iii) ¥, (y,t) =0 fort <m —1 and y € E x R,

(iv) if lim¥(y;,t;) =y € E X R®, (y;,t;) € E x R*® x [1,00), and
limt; = oo, then limy; = y.

Proof. Since E\E is locally homotopy negligible in E and E\Ey is
locally homotopy negligible in E, E\FEj is locally homotopy negligible in
E. Since E is an absolute retract, by [25, Theorem 2.4] there exists 9 :
E x [1,00] — E such that

() W(E x [1,00) € By,

(b) ¥(z,00) = x for every = € E,

(c) [W(x,t) — x|y < 1/t for all (z,t) € E x [1,00).

Define ¥ as follows: ¥y = ¢ o7 and

yn ifn <t
U, (y,t) = {syn ift=n—-1+4+s0<s<1,
0 ift<n-—1,
for y = (yo,(yn)) € E x R®. It is clear that ¥ satisfies (i)—(iii). The
condition (iv) is a consequence of (c) and the fact that ¥, (y,t) = y, for
n<t m

We go back to the proof of 3.1. Applying (ii) and the continuity of ¥ we

can choose a map ¢ : V' — (0, 1] with the properties

(3) W (y, (e(y) ™) =yl <w(y),
(4) e(y) <w(y),
for all y € V.

Denote by 7, the projection of R* onto HZO:n+1 Ry.. Since K is topo-
logically complete, so is UcCK. Consequently, one can find a map x =
(xn) : U — R*> such that
(5)  7nox is a closed embedding for n > 1,

(6)  for every c € U there are infinitely many indices & such that xx(c) # 0
(i.e, x(c) €T).
Define @ = (¢;) : U x [1,00) — R by the formula

Xk(c) ift<k-1,
@k(c,t)—{(ls)xk(c) ft=k—-14+s50<s<1,
0 ift> k.
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If n <t < n+1, then @x(c,t) = 0 for k& < n; consequently, by (1),
|Pr(c,t)|2 < 1/(n+1). It follows that

(7) |B(c,t)|2 < 1/t for (c,t) € U x [1,00).
Write &(c) = e(f(c)) for ¢ € U. Let
a(c) =sup{t € [0,1] | [tw(c)]1 < E(c)}.

Then a(c) > 0 and the continuity of € implies the lower semicontinuity of
a. We can find [17, p. 428] a map A : U — [0, 1] satisfying 0 < A(c) < a(c)
for all ¢ € U. Using the fact that |- |; is monotone on each ray emanating
from 0, we get
(8) INo)m(e)y < &(c) forallceU.

Define g : U— E x R® by

ge) = #(f(e),e ™) + Ao)m(e) + B(e,e1),

where ¢ = &(c). By (i), (iii) and (6), ¥(f(c),e™ ) + ®(c,e 1) € Ey x T.
As a consequence, g(c) belongs to E' x T'; moreover, g(c) € E x R*™ (resp.,
g(c) € Eg x R*) if and only if 7(c) € E (resp., m(c) € Ep). This yields
GTHEXR®) =g YEXT)=UN(ExR®)=U and g1 (Ey xT) =
UN(Ep x R>®). We claim that g = g|U is as required in (x).

It follows from (7) and (8) that

(9) lg(c) = w(f (), (e(f(c)) N < 2¢(f(¢)) forallceU.
Consequently, by (3) and (4), we have

(10) l9(c) = f(e)] <2e(f(e)) + w(f(e)) <3w(f(c)).

Using (2), we find j € J such that g(c) and f(c) belong to ‘//\} N(ExR>®) =
V;. This shows that g is V-close to f|U and, in particular, the range of
g is V. Assume g(c) = g(c¢’) for some ¢,¢’ € U. Write ¢ = ¢(f(c)) and
e’ =e(f(c)). Since for each k,

(11)  @(f(e),e™) + Drle,e™") = gule) = gu(c)
= W(f(¢), €71 + Pl 7Y,

and for large k, Wi (f(c),e™!) = U (f(c)),e'~1) = 0, Pr(c,e™ 1) = xx(c) and
Dr(, ') = x(c), it follows that xx(c) = xx(c') for large k. By (5),
we infer that ¢ = ¢/. Hence, ¢ is injective. To prove that g : U — V is
a closed embedding it suffices to show that whenever limg(¢;) =y € V
for some {¢;} C U, then {¢;} has a subsequence that converges in U. Set
g; = €(f(¢;)). We may assume that lime; = ¢ € [0,1]. We claim ¢ > 0. In
fact, if €9 = 0 then, by (9), imW¥(f(c;),e; ') = y. Then 3.2(iv) implies that
lim f(¢;) = y. By the continuity of e, lime; = e(y) > 0, a contradiction.
Let N be so large that 551 < N — 1. We can assume that 5;1 < N-1
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for all i. Since Wy (f(c;),e; ") = 0 and @y (ci,e; ') = xx(ci) for k > N, we
have

gr(ci) = U (f(ci),e; ) + Pr(eire; ) = xles)
for k > N. As {g(c;)} is convergent, so is {xx(c;)} for k > N. By (5), there

exists ¢ € U such that lime¢; = ¢. Since g(c¢) =y € E x R®, we get ¢ € C.
Verification of (x) is now complete. m

Letting E = Ey in 3.1 we get

3.3. COROLLARY. For every separable metric linear space E that is an
absolute retract, the space E x R is strongly Fo(E x R*)-universal. m

It would be interesting to extend the criterion of 3.1 to some spaces E
that are not linear, e.g., to metric groups that are absolute retracts. Our
proof actually works for some convex sets.

3.4. Remark. Let C be a convex subset of a separable metric linear
space E and let Ey be a linear subspace of E such that EoNC=Cy is dense
in C. Assume that C is a Gs-subset of E' and C' is an absolute retract. Then
the pair (C' xR, CyxR>) is strongly Fo(C xR>, CyxR>®)-universal. In
particular, for every convex subset C' of E, C' xR is strongly Fo(CxR>*)-
universal provided C' is absolute retract and C' is a Gs-subset of E. For a
proof, follow that of 3.1. Replace E' by C with the same properties. Since C
is a Gs-subset of F, we can additionally assume CNE = C. Find A satisfying
IA(e)%o(f(c),e™)[1 < Elc). Define g(c) = (1-A(c))%o(f(c),e™)+A(e)m(c)+
(W) (f(c),e™ 1) + @D(c,e™1). Then the restriction g|U will work. m

Our next result concerns the strong universality of certain triples (R,

R>, E).

3.5. PROPOSITION. Let RN=[T;2, RN where { Ny}, is a partition of
N into nonempty sets. Let E), be a dense linear subspace of RN* and write
E =112, Ex. Assume there exist maps py : RV — RNe with pi ' (Ex)N
RN =Ey, for k > 1. Then (RN, RN, E) is strongly Fo(RY, RN, E)-universal.

Proof. The proof is parallel to that of 3.1 and employs some of its
notations. Let T = {(x,) € RY | 2, # 0 for infinitely many n € N}.
(Writing # = (z,,) € RY, x,, denotes the nth coordinate of x in RY, n € N;
writing z = (z1) € [[he; R, x), denotes the RV:-coordinate of = in the
product [Jo—, R™s.) Define p : RN — T[p2, RV by letting pn = (ug).
Denote by u™(x), x € RY, the nth coordinate of u(z) in RN, n € N. Since RY
is compact, there exists p, € R, p, > 1, with max{|u"(x)| | x € RN} < p,.
It follows that

oo

(12) D@ ) T (@) <

n=1

for all z € RY.

DN | =
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Endow RY with the metric

o0

1
d(z,y) = 2(2”+1pn)_1—|arctan T, — arctanyy,|,
T

n=1

for v = (z,,) and y = (y,) in RY. We have

1
(1) d(z,y) < ] if z, =y, forallp <n.
n

We will assume that {1,...,n} C Ny U...UN, for every n.

Using [9, Proposition 2.1] and the compactness of RY it suffices to verify
the following modification of the condition (*) from the proof of 3.1:

() Given a closed subset K of RY, an open subset U of K, an open
subset V of RY, an open cover V of V and a map f : K — RN
satisfying f(U) C V and f(K\U) C RN\V, there exists an injective
map g : U — V that is V-close to f|U and satisfies g(U) C T,
gHTNRY =UNRY and g Y (TNE)=UNE.

We will make use of an analogue of 3.2.
_3.6. LEMMA. There exists a map ¥ = (%) : RY x [1,00] — [];2; R =
RN satisfying

(i) Z(RY x [1,00)) C E,

(ii) ¥(y,0) =y for all y € RN,

(iii) @k (y,t) =0 for allt <k —1 and y € RY.
_ Proof. By [25, Theorem 2.4], for each k there exists ¢y, : RNV* x [1, 00] —
RNk satisfying

(a) Y (R x [1,00)) C Ej,

(b) 5 (x,00) = z for all z € RVx,
Define ¥ by letting

Ve(yw,t) ik <t

Epk:(yat): ka(ykvt) 1ft:k—1+570§5§15
0 ift<k—1,

for y = (yr) € [[r, RV*. m

Since Ej is nontrivial, there exist 0 # vy € Ej; and ni € Ny so that
the ngth coordinate of vy, is 1 (use linearity of Ej). Let R)* = {(z;) €
RNk | 2,, = 0}. We will identify the pairs (R x Rug, (RM: N Ey,) x Ruy,)
and (RN* E}) via the isomorphism T'(y,tvy) = y + tvg. Observe that T
extends to an injective map T : ]Rév * x Rv, — RNk, Identifying Rév k with
RY™ x {0} and Ruy, with {0} x Ruy, in RY® x Ruy, we will write y+tvy, instead
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of Tv(y, tvy) for y € ]Rév’“ and t € R. Note that for every y € Rév’“ the map
(13) t —y+tug, t €R, is an embedding.

Let pd : RN — RNk = ]Rév’“ X Ruy be the Rév’“—component of ug, i.e.,
()i = (k)i — (11 (y))ny, for every i € Ny and y € RM. For y =

(yx) € [The, RMx, define 7 : RN — RY by letting

m(y) = (e (yk)) -
Let (hy) : R — R be a homotopy such that hg = id, hy(t) = 0 for t € R and
(14) hs(t) R forallt€Rand s >0.

Let {P,};2, be a partition of the set of odd positive integers into infinite
sets. For each k € N and z = (z,,) € RY, we let yx(z) = 1 if k is even and
k(x) =2, if k€ Py, n>1. Next, forz € RN 1 <t <ooand k €N, let

Xk () ift<k-—1,
Pp(z,t) = ¢ hs(xp(z)) ft=k—1+s 0<s<1,
0 if t >k,
and put
B(x,t) = (Pi(x,t)vr) € [ Roe € [T RM.

k=1 k=1
Choose w: V — (0,1] and € : V' — (0, 1] as in the proof of 3.1. We let

9(c) =¥(f(c),e™) +e-m(c) + Ble.e™h),  e=e(f(c),
for ¢ € U; addition is the coordinatewise addition in [],—, R™* defined
above.
Fix ¢ € U with n < e7! < n+ 1. Since ®x(c,t) = 0, for k < n, by (1)’
and the choice of €, we have

d(g(c), f(c))
< dW(f(c),e™") +e m(e) + Ble,e ™), ¥(f(c),e™") + Dle,e7))

+d((f(c),e™) + P(c,e™"), f(0))
< d(P(f(c),e™") +em(e) + Dle,e™"), U (f(c),e™") + De,e ™)) + 2¢(f(c))

<dW(f(c),e ") +e-m(c),#(f(c),e ") +

o 2

< d(P(f(e),e™") +e-m(e), Z(f(c),e™")) + 3e(f(c)).

Using |arctan(xz + y) — arctan x| < |y| and (12) we see that

dW(f(e),e) + e m(e), U(f(e).e™h))
<3 @) e(f(e) - W (e)] < e(f(e)).
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We conclude that d(g(c), f(c)) < 4e(f(c)). As in 3.1, it follows that g is
V-close to f|U and the range of g is V. By 3.6(iii), the nyth coordinate of
g(c) equals x(c) for k > e~1+1. Using the properties of x and (13), we infer
that g is injective, g(U\RY) ¢ RM\RY and g(U) c T. By 3.6(i) and (14), if
c € UNRY, then g(c) € RY. Since for c €¢ UNRY, ¥(f(c),e 1) +P(c,e7 1) €
E, we infer that g(c) € F if and only if w(c) € E. The last happens exactly
whence E. m

3.7. Remark. If, in 3.1, E’ is any linear space such that Ey C E' C F,
then ¢~ (V N (E' x R®)) = U N (E’ x R*®). This permits one to generalize
Theorem 3.1 to systems of the form (E x R*®, Ep x R, ..., E; x R® Ej x
R*°), where Ey C F; C ... C Ej are linear spaces. Also Proposition 3.5
is true for (RN, RN, E™ ... E', F), where each E' = [[,—, E} and Ey C
E,i C...CEI'C R+ are linear spaces such that u,;l(E}c) NRNk = E/,"C n

In particular, we have

3.8. COROLLARY. Let E,, be a separable metric linear space which is an
absolute retract and let By C ET C ... C Ep C E, be linear spaces such
that {0} # E is dense in E,, n=1,2,... Then [, (En, E}, ..., E}, E})
is strongly Fo(I1,—1(En, E}, ..., E}, El))-universal.

Proof. Pick a nonzero vector v,, € Efl. By a result of Michael (see [1,
p. 87]), (En, El,...,E}, Ey) is homeomorphic to (F,, F},..., F", Fj) x
Ru,,, where F* = E"/Ruv, are linear subspaces of the quotient space F),, =
E, /Ru,. Hence, the product [[ 2 ,(E,, E},..., E}, E}) is homeomorphic
to [[02,(Fy, Fpr, ..., F", FJ') x R> and 3.7 is applicable. m

4. Application to C,(X). Here is our application of the results of
Section 3 to Cp(X).

4.1. PROPOSITION. Let X be a countable reqular noncompact space. Let
S be one of the following k-tuples, 1 < k < 4: Cp(X), CII)OC(X), (Cpr(X),
Cre(X)), (R, Cp(X)), (RY,Cpe(X)), (RY,Cp(X), Cpe(X)), (RF,RY,
Cp(X)), (R*,RX,Cl°(X)) and (RY,RX,Cy(X), CP°(X)). Then S is
strongly Fo(S)-universal.

4.2. LEMMA. We have X = U;ozl Vi, where each Vi is nonempty and
clopen, and V; N V; =0 fori # j. In particular,

(RX7 RX’ CP(X)’ C%)OC(X)) = H (RVk ) RVk ) Cp(Vk)7 CII)OC(V’C)) :
k=1

Proof. Since X is countable, it is Lindel6f and hence normal. Being
Lindel6f and noncompact, X is not countably compact; hence it contains a
closed discrete infinite set A. Enumerate A as {a,}72 . Since A is discrete
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and X is normal, there exists a map A : X — R such that A\(ag) =k, k > 1.
Using the fact that X is countable, we pick ap € (k,k + 1)\\(X). Put
ap = —oo and set Vi, = A\ ' ((ag—1,ar)). =

Proof of 4.1. When S does not contain RX we apply 4.2 and 3.8. If S
contains RX | we apply 3.5 (see also 3.7) with RV = RVx | E) = CII)OC(V;C) and
E} = Cy(Vi), where Vj, are those of Lemma 4.2. The map uy : RY» — RV*
is given by

pur(f)(x) = arctan(f(z)), € Vi.
It is easy to see that u; ' (Cp,(Vi))NRY* = C,, (Vi) and ,Lfl(C']})OC(V;{;))DRV’c =
Cle(Vi). m

If Cp(X) in Proposition 4.1 is a Z,-space (e.g., Cp(X) is analytic [14,
Corollary 3.6]), then it is an Fy(C,(X))-absorbing set in R>. Thus, in this
case we can say that the topology of C,(X) is completely determined by the
class Fo(Cp(X)). Below we show that, in such a case, Fo(R¥, C,(X)) not
only determines the topology of the pair (RX,C,(X)) but also that of the
triple (RY,RX, C,(X)).

4.3. THEOREM. Let X and Y be countable regular noncompact spaces
such that Cp(X) and C,(Y') are Zy-spaces. Then

(a) Cp(X) is homeomorphic to Cp(Y) iff Fo(Cp(X)) = Fo(Cp(Y)),
(b) the following conditions are equivalent:
(i) (RY,RY, Cp(X)) = (RY,RY, Cp(Y)),
(i) (RY,Cp(X)) = (RY, CGp(Y)),
(i) Fo(RY,Cp(X)) = Fo(RY, Cp(Y)).

4.4. Remark. Theorem 4.3 remains true for arbitrary countable regular
spaces X and Y. In fact, if X is compact then it is metrizable (combine
Theorems 3.1.21 and 4.2.8 in [17]). By results of [5], [13], Cp(X) is homeo-
morphic to 25. Now, (a) follows from [14]. As observed in Remark 6.8, if
X is compact and Fo(X, Cp(X)) = Fo(Y,Cp(Y)), then Y is also compact
and (R*,R¥,C,(X)) = (RY,RY,C,(Y)). =

The proof of Theorem 4.3 is a direct consequence of 4.1, 2.3 and the fact
below.

4.5. PROPOSITION. Let X and Y be countable reqular noncompact spaces.
If Fo(RX,Cp (X)) = Fo(RY,Cp(Y)) then Fo(RX,RX Cp(X))=Fo(RY,RY,
Cp(Y)). m

Define i : RY — RY by u(f)(y) = arctan(f(y)). If b is an embedding of
(RY,Cp(Y)) into (R, Cp(X)) then ¢ = ho u satisfies o1 (Cp (X)) NRY =
C,(Y). Hence, our proposition is a consequence of the following lemma.
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4.6. LEMMA. Let X be a countable regular noncompact space and A C
R>. If there exists ¢ : R™® — R* with =1 (Cp(X)) NR>® = A, then
(R, R>, A) € Fo(R¥,R¥, C,(X)).

Proof. Let {Vix}32, be a decomposition of X into pairwise disjoint
nonempty clopen sets (Lemma 4.2). Fix x, in each V. For ¢ = (q) € R™,
define g(q) € R* by letting g(q)(z) = ©(q)(z) — ¢(q)(zx) + gx _for = € Vi,

k > 1. It is clear that g is an injective map of R>® into RX such that
g HRY)=R>® and g7 (Cp(X)) = A. =

4.7. Remark. Proposition 4.5, Lemma 4.6 and Theorem 4.3 remain
true for C}°°(X). Analogous results apply to (R, Cp(X), Cl0°(X)). m

Fix 9 € X. Let RY = {f € RX | f(xo) = 0}. If S = (EY,..., E¥),
1 < k < 4, is one of the k-tuples from 4.1, we denote by Sy the k-tuple
(EL,...,EF)NRY = (E*NRY,..., E¥ NRY).

4.8. PROPOSITION. Let X be a countable regular noncompact space. If
S is one of the k-tuples from 4.1, 1 < k < 4, then Sy is strongly Fo(S)-
universal.

Proof. Pick a decomposition {Vj}72, of X given by 4.2 and assume
zo € V1. We have

(x)  RY,RY,Gp(X),Cp(X) NRY

= (RV17RVI?CP(Vl)vcgl)OC(Vl)) N I&(‘)jl X H(RVkaRVkaCp(vk)vc’;l)oc(vk)) :
k=2

Identifying R(‘)/ U with RV1\M#o} we see that the argument from the proof of
4.1 works. =

Let X = Np and zyg = oo, where F is a filter on N different from
the Fréchet filter. Proposition 4.8 implies that each of the following tuples
Ti Cr,SF, (CF, SFla (Roo’ CF)v (Roo’ SF)a (Rooa cr, 5F)7 (Roov Roo’ CF)7
(R*,R*,sp) and (R*°,R*, cp,sp) is strongly Fo(T')-universal. Since for
the Fréchet filter Fy, cp, is homeomorphic to 22 ([5], [13]), in particular, we
conclude that cp is strongly Fo(cp)-universal for arbitrary F. This provides
an affirmative answer to the first part of question 6.2 in [15].

4.9. Remark. Let F be a filter on N different from the Fréchet filter.
Then Lemma 4.6 applies to c¢p, sp and (cp,sp). m

Our second application of Section 3 concerns spaces Cp,(X), where X =
Np. We start with the following fact that allows us to replace C,(Ng) and
CII)OC(NF) by cr and sp, respectively.
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4.10. LEMMA. For every filter F' on N different from the Fréchet filter,
Fo(RN7 RNr Cy(Np), CPe(Np)) = Fo(R®,R®, cp,sp). If, additionally,
cr is a Zy-space, then (RNF,RN7 CL(Np), Ci¢(Np)) = (R, R, cp, sp).

Proof. Evidently, we have (R®,R*, cp,sp) € Fo(RV", RN, O, (Np),
C¢(Np)). To SEOW that (RN7,RN", C,(Np), C(Np)) € Fo(R>,R*,
cr, sp) define ¢ : RNF — R> by

o(f)(n) = arctan(f(n)) — arctan(f (o))
for f € RYF and apply 4.9 (note that ¢~ 1(cp) N RYF = C,(Ng) and
¢ ' (sp) NRY" = C°¢(Np)). The first part of our lemma follows. If cp

is a Z,-space then C,(Np) = cp x R is also a Z,-space and the second part
of 4.10 follows from 4.1, 4.8 and 2.3. =

4.11. LEMMA. For every filter F' on N different from the Fréchet filter,
we have Fo(R*, R, cp) = Fo((R*)>, (R*)>,cF).

Proof. It is obvious that (R®,R®,cp) € Fo((R>)>, (R>)>, ).
Now, it suffices to show that ((R>)>°, (R>)*>,¢¥) € Fo(R>®,R*>, cp). For
2= (0(7)2, € (R®)™, we let

o0

iz (9]
Cl@) =) 277 ————~,
@ = )
where z(j) = (7,(j)) € R*. The map ¢ = ((,) : (R*)>® — R> satisfies
(" Y(cr) = ¢¥. Define a map x : (R>®)>® — (R*>)> by letting x((zn(j))) =
(arctan(z,(5))). Finally, let ¢ = ( oy and observe that ¢~ !(cp) N (R%>)>
¢y . Now, 4.10 is applicable. m

The following result which, in particular, provides a partial answer to
the second part of question 6.12 in [15] (and generalizes [14, Theorem 8.8])
follows directly from 3.5, 4.8 and 2.3.

4.12. THEOREM. Let F be a filter on N which is different from the Fréchet
filter and such that cp is a Zs-space. Then (R, R, cp) is homeomorphic
to (R>*)>°,(R>®)*®,c¥). m

4.13. Remark. For a filter F' on N the following conditions are equiva-
lent:

(i) cp is a Z,-space,
(ii) cp is a first category subset of R,
(iii) F is a first category subset of 2V,
(iv) F belongs to the o-algebra generated by the open subsets and the
first category subsets of 2N,

This follows from [22, Theorem 5.1] and [14, Lemmas 2.2, 2.3 and Propo-
sition 3.3]. Note that if F' is analytic or coanalytic, then (iv) holds. m
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4.14. Remark. Theorem 4.12 is false for the Fréchet filter Fy; though
cr, is homeomorphic to c¢3. In fact, (R*, cg,) = (R>, o) is not home-
omorphic to (R*,22) ([9], [12]) but one can show that ((R>)>,¢}°) is
homeomorphic to (R, (25). =

5. Determining the Borel class of C},(X). It is known that for every
filter on N the space ¢y (and hence, C,(Np)), if Borel, must be of an exact
multiplicative class. In this section we extend this result to all C},(X) spaces.

5.1. THEOREM. Let X be a countable infinite reqular space such that
X) is Borel. Then there exists a countable ordinal o > 1 such that
X

) € My \A,.
Our theorem will easily follow from the lemma below.

5.2. LEMMA. Let P C R be the set of irrationals, and let Cp,(X, P) be the
subspace of Cp(X) consisting of functions that take values in P. For every
countable infinite reqular space X, Cp(X) is Borel if and only if C,(X, P) is
Borel; moreover, the exact Borel classes of Cp,(X) and Cp(X, P) coincide.

Proof. For discrete X, Cp(X) = RX and Cp(X,P) = PX and both
belong to M;\A;. Suppose X is not discrete. Evidently, C,,(X, P) is a
Gs-subset of Cp(X); consequently, C,(X, P) is Borel provided C,(X) is.
Moreover, using the fact [11] that C,(X) € Ag, we have C,(X,P) € M,
(resp., Ay) provided Cp(X) € M, (resp., Ay).

Conversely, suppose C,,(X, P) is Borel. Put

S={(ft) eR¥ xR|Vaex f(z)+1t€P}.
Since X is countable, S is a Gs-subset of a complete metrizable space RX xR.
Let d be a complete metric on S. For f € RX, we define Sy = {t €
R | (f,t) € S} = {t € R | Vyex f(z) +t € P}. Since X is countable,

Nuex (P — f(z)) is dense in R. Hence, Sy is dense in R. Define ¢ : § — PX
by letting

Cp(
Cp(

o(f,t)(x) = fz) +t.
Then ¢ is continuous and satisfies
e (X P) ={(f, ) | feCo(X)}=T.
CrAM. The restriction w|T of the projection of Cp(X) xR onto C,(X)
1S open.

The above follows immediately from the fact that 7= ({f}) = Sy is dense
in R for every f € Cy,(X). Since Sy is closed in S, (77 ({f}),d) = (S¢,d)
is complete. It follows from [18, Theorem 5.9.16, p. 156] (see also [10]) that
if T'e M, (resp., Ay), then 7(T) = Cp(X) € M, (resp., Ay). Our lemma
follows. m
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Proof of 5.1. Observe that
Cp(X, P) = Cp(X, P™) = (Cp(X, P))™

Now, it is enough to combine 5.2 with 8.3 which, in particular, states that
a countable product of a Borel set is of an exact multiplicative class. m

The proof of 5.2 works also for the projective classes P,. Using embed-
dings of 2°*° into P and of P into 2°° one can easily verify that for nondiscrete
X, the exact Borel classes of Cp(X, P) and Cp(X,2%) = (Cp(X) N2%)>®
coincide. Consequently, applying 5.2 and 8.3, we obtain the following gen-
eralization of [14, Lemma 4.2].

5.3. COROLLARY. Let X be a countable reqular space. Then, for a count-
able ordinal a > 1 and n > 1, we have

(a) if Co(X) N 2% € Ay \Ma, then Cp(X) € Mat1\Aa+t1,

(b) if Cp(X) N 2% € M\ Ay, then Cp(X) € Mo\ Aq,

(c) if Cp(X)N2¥ € AaNMa\Upo(AgUMp), then Cp(X) € Mo\ Aq.
(d) Co(X)N2X € Py, iff Cp(X) EPy. m

Let us notice that C,,(X) N 2% is the subspace of 2% consisting of the
characteristic functions of clopen subsets of X. For X = Ng, C,(X) N 2%
can be identified with F' x {0,1}. Let us also point out that all Borel and
projective classes of the spaces Cp(X) N2% mentioned in the above corollary
(except for « =1 in (b) and (c)) do occur (see 9.2).

6. Classification of Borel spaces C,(X). In this section we discuss
the following question.

6.1. PROBLEM. Let X be a countable regular nondiscrete space such
that C},(X) is Borel. Does the Borel class of C,(X') determine its topological

type?

A particular case of this question has been treated in [14], where it was
shown that C,(X) is homeomorphic to 25 provided it belongs to the class
M. By 5.1, if X is a countable nondiscrete regular space such that Cp,(X)
is Borel, then C,(X) € M\ A, for some a > 2. We shall later show that
for every countable ordinal @ > 2, there exists a space X such that C,(X)
is homeomorphic to {2,. Since every C,(X) which is Borel is a Z,-space
[14], by 4.1, it is an absorbing set for the class Fy(C,(X)). The uniqueness
theorem for absorbing sets (Theorem 2.1) implies that 6.1 is equivalent to
the following question.

6.2. PROBLEM. Let X be a countable regular space such that Cp,(X) €
Mo\Aq, a > 2. Is Fo(Cp(X)) equal to M,?
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All proofs of the fact that C,(X) = (2, we are aware of are based on
the Wadge (I°°, M, )-completeness of the pair (RX, C,(X)). Therefore it is
reasonable to ask:

6.3. PROBLEM. Let X be a countable regular space such that Cp,(X) €
Mo\ Aa, o > 2. Is the pair (R*,C,(X)) Wadge (1>, M,,)-complete?

An affirmative answer to this problem would not only resolve 6.1 but also
provide a complete topological classification of the triples (RY, R¥, C, (X))
for Borel Cp,(X).

6.4. THEOREM. Let X be a countable regular noncompact space such that
Cp(X) € My, a > 2. The following conditions are equivalent:

(1) (RX,Ch(X)) is Wadge (I°°, M,,)-complete,

(2) Fo(RY, R, Cp(X)) = (Mo, My, Ma),

(3) (RY, R, Cp(X)) = (R, R, £2,).

Proof. (1)=(2). (1) and Lemma 4.6 show that (R* ,R>, ,) €
Fo(RX,
R¥, C,(X)). Now, (2) follows.

(2)=(3). Apply 4.1, 2.3 and the fact that C,,(X) is a Z,-space (see [14]).

(3)=-(1) is obvious. m

6.5. Remark. Here are two more conditions equivalent to those of 6.4:

(4) (RX,Cp(X)) is Wadge (R, M,,)-complete,

(5) (RY,Cp(X)) = (R, $2,). =

Theorem 6.4 holds also for the spaces C’lljoc(X ). However, in this case,
CII)OC(X ) can also be of an exact additive class a. Then we must replace M,
by A, and 2, by A,. Also 6.4 can be extended to the classes P, n > 1,

for both Cp(X) and C°°(X) spaces that are Z,-spaces. Below we give a
detailed statement of these facts for X = Ng.

6.6. Remark. Let F be a filter on N that is not a Fréchet filter. Then

(a) if cp € M, (resp., sp € M,), then (1)-(5) formulated for ¢z (resp.,
sp) are equivalent,

(b) if sp € Ag, then (1)—(5) formulated for sp, with M, replaced by
A, and (2, by A,, are equivalent,

(c) if cp € Py, (resp., sp € Py,) and cp is a Z,-space, then (1), (2), (4),
and (5) formulated for cg (resp., sg), with M,, replaced by P,, and (2, by
II,,, are equivalent. We also have (R, cr) = (R, IT,,) (resp., (R*®, sp) =
(>, 11,).

A proof of 6.6 can be obtained in the same way as that of 6.4 (use 4.9
and the fact that C,(Np) (resp., Ci°°(Np)) is Wadge complete if and only
if cp (resp., sp) are). m
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Since Cp(X) € My for compact X, Theorem 6.4 shows that an affirma-
tive answer to 6.3 would determine the topological type of (R*, R¥, (X))
for Cp(X) € My\Aq, o > 3. Let us discuss the case where o« = 2. Let
B(X) = {f € RX | f is bounded}. For countable infinite X, we have
B(X) = X (see [1]). If X is compact then C,(X) C B(X).

6.7. THEOREM. Let X be a countable reqular nondiscrete space such that
Cp(X) € My. Then:

(a) If X is not compact, then (R¥ ,RX C,(X)) = (R, R, §25).
(b) If X is compact, then (RY,R¥ B(X),Cp(X)) =2 (R, R, X, cp).

Proof. (a) This follows from 6.4 and the fact ([5], [14, Remark 5.6])
that (RX,C,(X)) is Wadge (I°°, M3)-complete.

(b) It was implicitly shown in [5], [13] that (X, ¢o) is strongly (Mg, Mas)-
universal. To get the result we will check that also (B(X), Cp,(X)) is strongly
(Mo, Ms)-universal, and then apply 2.4. Since X is metrizable, a standard
argument ([5], [13]) yields a (linear) factorization (B(X),Cp(X)) = (E x
Y, E x cg) for some linear space E. Now, since (X, ¢p) is strongly (Mg, Ms)-
universal, the argument of [2, Proposition 2.6] shows that (B(X), Cp(X)) is
also strongly (Mg, Maz)-universal. m

6.8. Remark. It has been observed ([9], [12]) that (R, f2;) and
(R, ¢g) are not homeomorphic though the pairs (R®°, §2,) and (R, cg)
are strongly (Mg, Ms)-universal. Consequently, if X is compact and Y is
not compact such that C,(Y) € Ma\ Ay then (RX,CL(X)) 2 (RY,CL(Y))
(however, (RY, C,(X)) = (RY,Cy(Y))). m

7. Some observations on cr and sg. To attack Problems 6.2 and
6.3 it is tempting to utilize the strategy of [14]: first treat spaces X with
exactly one nonisolated point and then deal with the general case. Having
this in mind, we consider in this section a few specific aspects of spaces cp
and sp.

First, using Theorem 4.12, we reduce 6.2 and 6.3 to spaces cg by proving
the following result.

7.1. PROPOSITION. Let F' be a filter on N that is not the Fréchet filter
and such that cp € M. Then

(a) cp = 02y iff Fo(cr) contains all Ag for B < «,

(b) (R, R, cp) = (R, R, 2,) iff (R®,cr) is Wadge (I°°, Ag)-uni-
versal for all 8 < .

Proof. Since cp is Borel, by [14], c¢r is a Z,-space. By 4.8, cp is

then an Fy(cp)-absorbing set; hence it is homeomorphic to £2,, iff Fy(cp) =
M. According to the construction of [2], (R*, 2,) = (R™)>=, [0, F,),
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where each F, C R* belongs to Uz, As. Now, (a) follows from the fact
(Theorem 4.12) that cp = ¢. To get (b), assume (R, cp) is Wadge
(I, Ag)-universal for all 8 < a. Hence there exists a map ¢ : (R®)>® —
(R°°)> such that ¢~ 1(c%®) = [[o2, F,. Since, by 4.12, ((R*™)>, ) =
(R, cr), applying 4.7 we infer that (R>,R>, 2,) € Fo(R>®,R>, cr). Now
6.6(a) is applicable to conclude that (R, R*, cp) = (R, R, (2,). »

The remaining part of this section is devoted to the spaces sg and their
application to the study of cp.

7.2. LEMMA. For f € RN, et o(f) = f~1({0}) € 2V. Then

(a) o is a transformation of RY into 2N of the first Baire class,
(b) for every closed set H C 2" the set

V(H)={f €eR" | 3aen AC o(f)}
is closed in RY,

Proof. (a) This is folklore (cf. [22, Lemma 3.2]); we include its proof
for the reader’s convenience. Pick x1,...,%n, y1,...,¥m € N and write

U=U(x1,...,Tn; Y1y Ym)
:{AE2N]{xl,...,xn}CACN\{yl,...,ym}}.

Then o~ (U) is the intersection of a closed set {f | f(x1) = ... = f(z,) = 0}
and an open set {f | f(y;) # 0, 1 < j < m}; hence p~*(U) is an F,-set.
Since the sets U(x1,...,Zn; Y1,--.,Ym) form a basis in 2%, (a) is shown.

To see (b), let (f,,) be a sequence in V(H) which converges to f € RY.
By definition of V(H), there are A, € H with A,, C o(f,). Since H is
compact we can assume that (A, ) converges to some A € H. If we had
A ¢ o(f), there would exist x € A with f(x) # 0. Then, if n is sufficiently
large, x € A,, and f,(x) # 0, a contradiction. m

It turns out that the topological identification of sg is easy for o-compact
filters F'. For the Fréchet filter Fy, sg, is the space o = {(z;) € R*® | z; =0
a.e.}. The case of all remaining o-compact filters is described below.

7.3. PROPOSITION. Let F' be a o-compact filter on N that is not the
Fréchet filter. Then (R, R sp) = (R* x R R>® x R*,R*® X o).

Proof. First we shall show that, for every o-compact filter F', sp is a
countable union of Z-sets in R*°. To this end, observe that sg, as a linear
subspace of a Z,-space cp (see [14]), is itself a Z,-space. Let F = J,— | H,,
where H,, C 2" are compacta. Since sp = J—, V(H,) and each V(H,,) is
closed in R* (use 7.2(b)), sp is an Fi-subset of R>, and consequently is a
countable union of Z-sets in R*>.
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Let Fy be the Fréchet filter on N. Consider the o-compact filter F; =
2N x Fy on N x {0,1}. Identifying N x N with N, we have
(R, R, 55, ) 2 (R x R®,R™ x R™®,R*® x 0).
Since for every filter I, R™\sF is locally homotopy negligible, our result
will follow from 2.3 and 4.8 if we show that (R>°, R, X) € Fy(R>*, R, sp)
for every X that is a countable union of Z-sets in R*. However, if X is
such a set, then there exists Y which is an F,-subset of R*° and such that

Y NR*® = X. Hence, by [14, Lemma 5.4] (see also our Lemma 8.9), there
exists a map ¢ : R — R with ¢~!(sr) = Y. Finally, 4.9 is applicable. =

Let us ask

7.4. QUESTION. Let F' be a o-compact filter on N that is not the Fréchet
filter. Is (R*°,R*°, ¢p, sp) homeomorphic to (R> x R/ R> x R R>x ¢,
R*> x o), where ¢y = {(x;) € R*® | z; — 0}?

To answer this question in the affirmative it is enough to show that there
are maps ¢ : R® — R>* x R* and ¢ : R*® x R*® — R* with

@0 '(R® xcg) =cp and ¢ '(R*® xo0)=sp, and
Y Hep) =R® x¢o and Y (sp) =R® x 0.

In contrast to the case of cp, the relationship between the Borel com-
plexity of F' and that of sp seems to be difficult to determine. We have
the following partial result; part (a) is a consequence of the fact that F'
embeds onto a closed subset of sg, and (b) and (c) follow from 7.2(a) and
the observation that sp = o~ !(F).

7.5. COROLLARY. For a filter F' on N, we have:

(a) If sp € My, (resp., An), then F € M, (resp., An).

(b) If F € M, (resp., Aa), then sp € Miyq (resp., A14a). In particu-
lar, for infinite a, F € M, (resp., Aa) iff sp € My (resp., An).

(c) For everyn, sp € Py iff F € Py. m

The following general fact can be helpful in studying cpg.

7.6. PROPOSITION. For every filter F' on N, we have (R>®, R, cp) €
Fo((R>)%, (R>)>, 577).

Proof. For every k, let ¢, : R — R be a map such that ¢ (t) = t for
t] > 1/k, ¢ (t) = 0 for [t| < 1/(k+1) and ¢ is linear on [~1/k, —1/(k+1)]
and on [1/(k+1),1/k]. For f € R*, we let ((f) = ¢x o f. Then ¢ = (() :
R>® — (R*°)* is an embedding such that (~!((R°)>°) = R>. Moreover,
for f € R*™, (i(f) € sp if and only if {n | [f(n)| < 1/(k+1)} € F. It
follows that (7!(s%°) = cp. m
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Note that for the Fréchet filter Fy, cp, = sz. By 7.3, for every o-
compact filter F on N, we have cp = (25 = (R x 0)> = s%. Therefore, it
is reasonable to ask:

7.7. PROBLEM. Is cp homeomorphic to s°?

In view of 7.6, 4.8 and 4.11, this problem for spaces ¢ that are Z,-spaces
is equivalent to the question of whether sp € Fy(cr).

8. Construction of spaces ¢y homeomorphic to (2, for even a. In
this section, for every countable odd (resp., even) ordinal o, we inductively
construct a filter F,, € A,\ M, (resp., G4 € M\ A,) such that cg, (resp.,
ca,) is homeomorphic to 2,41 (resp., £2,). We start with some auxiliary
constructions.

For a sequence {(X,,A,)}>2, of pairs of metrizable spaces, we define
the Fréchet product of A,, with respect to X,, to be the subset

nyAn) =9 (xn) € n . Ty € Ay Tor almost all n
FP(X,, A X A, for al 11
n=1

of the product [[ 2, X,,. If X,, = X (resp., X,, = X and 4,, = A) forn > 1,
we abbreviate FP(X,,, A,,) = FP(X, A,) (resp., FP(X,,, A,) = FP(X, A)).
The following fact is the key to this section.

8.1. PROPOSITION. Let Y be a separable metrizable space and let
{(Xn, An) 5% be a sequence of pairs of separable metrizable spaces.

(a) Let « > 1 (or o« > 0 if Y is zero-dimensional) be a countable
ordinal. If each (X,,Ay) is Wadge (Y, Ao (Y))-complete then ([],, Xy,
FP(X,,, Ayn)) (resp., ([1hey Xn, 1,1 An)) is Wadge (Y, Aqt2(Y))-complete
(resp., (Y, Mq11(Y))-complete).

(b) Let « be a limit ordinal, and let (a,) be a sequence of ordinals such
that a,, < a and supa,, = a. If each (X,,Ay) is Wadge (Y, Aa, (Y))-
complete, then (172 X, FP(X,,Ay)) (resp., (I[h—; Xn, [y 4n)) is
Wadge (Y, Aa+1(Y))-complete (resp., (Y, My(Y))-complete).

The proof makes use of the lemma below which is essentially due to
Calbrix [4].

8.2. LEMMA. Let Y be a separable metrizable space and let o > 2 (or
a>114f Y is zero-dimensional) be a countable ordinal.

(a) If A € Aat1(Y), then there exists {Bn}52y with B, € Ug, As(Y),
n > 1, such that A= _; MNpsm Bn-

(b) If A € Mu1(Y), then there exists {B,}32, with B, €
Usca Mp(Y), n > 1, such that A= Ne_y Unsm Bn-
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Proof. (b) There exist C; € A,(Y), i > 1, such that A = (N2, C;
and C;y1 C C; for all i. By [20, Theorem 2 and Remarks, p. 348], there
exist sets D;; € Uﬂ<a Mp(Y) such that C; = U]Oil D;; and D;; N Dy, =0
for j # k. Let {B,};2; be an enumeration of {D;;}?5_;. We claim that
A=N_1UysmBn. In fact, if 2 € A then z belongs to each C;; and
hence it belongs to some element of {D;;}3°;. Consequently, z belongs to
infinitely many B,,. Conversely, if z ¢ A then there exists an integer iy such
that © & C; for i > ig. Since, for fixed i, = belongs to at most one of the
sets {D;;}52,, ¥ cannot belong to infinitely many B,,.

(a) If A € Au41(Y), then A" = Y\A € M,41(Y). By (b), A =
ﬂz:l Un>m B;w where B;L S U,@<a M,@(Y) Then

a-nAUB-UMUE)-U NowE.

m=1n>m m=1 n>m m=1n>m
and B, =Y\B,, € Uz, Ap(Y). =

Proof of 8.1. We only show (a); the proof of (b) is similar. Let T' €
Aot+2(Y) (resp., T € My41(Y)). It follows from 8.2(a) (resp., it is elemen-
tary) that there exist S, € A (Y), n > 1, such that 7 = [J;°_; N,;5m Sn
(resp., T = ()2, Sn). For every n, let ¢, : ¥ — X, be a map such
that ¢, 1(A,) = S,. Let ¢ = (¢,) : Y — [[02, X,,. One can check that
o HEP(Xp, Ap)) =T (vesp., o~ H([[o21 An) =T). =

Proposition 8.1 allows us to determine the Borel class of FP(X,,, 4,,) (as
well as that of [[ -, A,, which we include herein though, presumably, this
belongs to mathematical folklore).

8.3. PROPOSITION. Let {(X,,, An)}22, be a sequence of pairs of separable
metrizable spaces, and let X,, be complete metrizable, n > 1. Let a > 1 be
a countable ordinal.

(a) If A, € A\ M, (resp., A1(X,)\M; for a = 1), n > 1, then
FP(Xn, An) S Aa+2\Ma+2 and HZOZI A, € Ma+1\Aa+1-

(b) If An € Mo\Up.o Mg (resp., Mi\Mo(X) for a =1), n > 1, then
FP(Xn, An) S Aa+1\./\/la+1 and Hzozl A, € MQ\AQ.

(c) Let v be a limit countable ordinal and (o) be a sequence of ordinals
such that a, <« and sup a, = a. If Ay € Aa,, UMa, \Ups<y, (AgUMp),
n > 1, then FP(X,,, An) € Aas1\Mas1 and [[02, Ap € Mo\ A,

We need the following lemma.

8.4. LEMMA. Let A be a Borel subset of a separable complete metrizable
space X and let o be a countable ordinal. If A ¢ My (X) then the pair
(X, A) is Wadge (2°°, A, (2%°))-complete.
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Proof. According to [19, Theorem 4|, X contains a zero-dimensional
compactum P such that PN A ¢ M,. We can consider P as a subset of
the Cantor set 2°°. Let r : 2°° — P be a retraction (see [17, Ex. 4.5.10,
p. 363]) and let B = r~1(AN P). Obviously B is Borel and B ¢ M,, (ANP
is a closed subset of B). The Wadge Lemma (see [24]) shows that (2°°, B) is
Wadge (2%, A, )-complete. Using the retraction r we infer that (P, PN A),
and therefore (X, A), is Wadge (2°°,.4,(2°°))-complete. m

Proof of 8.3. It is elementary that if A,, € A, (resp., A, € M) then
FP(X,,, A,) belongs to Ayyo and [[)7; A, € Mqgqq (resp., FP(X,, A,)
belongs to A1 and HZO:1 A, belongs to M, ). Now, to evaluate the exact
Borel classes of the spaces FP(X,,, A,,) and [~ ; A, apply 8.1 together with
the suitable Wadge completeness of these spaces given by 8.4. m.

Let I be a filter on N. We write
up = {(7n) € R® | Vacr Sug\iﬁﬂ =00}
i€

and set

Xr=crUup.

8.5. PROPOSITION. Let {F,}5%, be a sequence of filters on N. Consider
the filters F = FP(2Y, F,,) and P =T[>_, F,, on N x N.

(a) If «is a countable ordinal such that (X, ,cr,) are Wadge (I°, Ay)-

complete for all n then
(i) the pair (Xp,cr) is Wadge (I°°, Aq42)-complete,
(i) the pair (Xp,cp) is Wadge (I°°, M41)-complete.

(b) If « is a countable limit ordinal and (a,)$2, a sequence of ordinals
satisfying o, < a and sup oy, = a such that (Xp, , cp,) is Wadge (I, A, )-
complete for all n, then

(i) the pair (Xp,cr) is Wadge (1°°, Aq41)-complete,
(i) the pair (Xp,cp) is Wadge (I°°, M, )-complete.

Proof. (a) Let us note that

(1) FP(XFH,CF,Z) C cF,

(2) (Inzy Xp)\FP(Xp,, ) C ur,

(3) cp =T1,21 cr,,

(4) HZOZI XFn C Xp.

The assertion (i) (resp., (ii)) follows from (1), (2) and 8.1 (resp., (2), (3)
and 8.2).

The proof of (b) is the same as that of (a). m

For odd countable ordinals «, define filters F,, inductively as follows. Let
Fi be any filter that belongs to A;. Suppose filters F3 have been defined for
all odd 8 < a. If a —1 is not a limit ordinal, put 8, =a—2,n=1,2,...;if
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a—1is a limit ordinal, pick (3,) to be a sequence of odd ordinals satisfying
On < a—1and supfB, = a — 1. Then let

F,=FP(2" Fs ).
Let us also define, for all even ordinals @ > 0, filters G, as follows. If « is not

a limit ordinal, let G, = F3° ;. If v is a limit ordinal, pick (5,) a sequence
of odd ordinals satisfying 3,, < @ and sup 3, = «, and let G, = [[.—, Fjs

n=1
8.6. LEMMA. (a) For every odd a, F, € Ay \ M.
(b) For every even a > 0, G4 € Mo\ Aq-

Proof. Since no filter belongs to M; (see [4]), F1 € A;\M;. Now, the
assertions (a) and (b) follow inductively from 8.3. m

o

12

_ 8.7. THEOREM. (a) For every odd oo > 1, we have (R™,R*, cp,)
(R, R, 26.41) and (R*,R*, s, ) = (R, R, Agp1).

__(b) For every even a > 0, we have (R*,R*, cg,) = (R, R*>, $,)
(ROO,ROO,SGa).

12

We will employ the following auxiliary result.

8.8. LEMMA. For every odd o > 1, (Xp,,cp,) is Wadge (I*°,A,)-
complete.

Proof. It follows from 8.5 that whenever our lemma holds for a = 1,
then it holds for arbitrary odd «. Verification of the assertion for @ = 1 is
a particular case of the following fact.

8.9. LEMMA. Let F' be a filter on N that is an element of the o-algebra
generated by the open subsets and the first category subsets of 2Y. Then the
pair (Xp,cp) is Wadge (I°°, Ay)-complete.

We will make use of the fact below whose proof is implicitly contained
in the proof of [14, Lemma 5.4].

8.10. LEMMA. Let X be a complete absolute retract and Z C'Y be subsets
of X that satisfy

(i) Y is a countable union of Z-sets in X,
(il) X\Z is locally homotopy negligible in X .

Then for every o-compact subset A of I°° there exists a map ¢ : [° — X
such that p(A) C Z and (I*°\A) C X\Y. n

Proof of 8.9. Applying [14, Lemmas 2.2 and 2.3], we can find a matrix
{A(n,m)}°,,=1 of pairwise disjoint finite subsets of N such that, for every
A € F, there exists n € N with AN A(n,m) # 0 for all m. Put

One can easily check that
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(1) each X (n,k) is a Z-set in R>,
(2) cr C Ufjk:l X(n, k) =Y,
(3) ROO\Y Cug.

It suffices to apply 8.10 with X =R*, Y and Z =cp. =

Proof of 8.7. Combining 8.6 and [14, Lemma 4.2, we infer that
cr, € Mqy1. This together with 8.8 and 7.1 yields that (R™,R>, cp, ) =
(Roo’Roo’ Qa—}—l)'

Similarly, we deduce that c¢,, belongs to M,,. By 8.8 and 8.5, (X¢_,cc.,)
is Wadge (I°°, M, )-complete (hence, (R*°, ¢, ) is also Wadge (I°°, M,)-
complete). Now, 7.1 shows that (R™, R® cq.) = (R®, R, 2,).

Observe that for every sequence {F,,}>°; of filters on N, writing F' =
FP(2Y, F,,) and P =[] —, Fy,, we have

(1) Sp = FP(ROO,SFn),

(2) sp =121 5p.-

Note that sp, € A3 (R>*)\M;(R*) (for a filter F; that is not the Fréchet
filter, apply 7.3; if Fy is the Fréchet filter then sp, = o). Using 8.3 and (1),
we inductively deduce that sp, € A,\M, for all odd o > 1. By 8.3 and
(2), sq, € M, for all even o > 0.

Since sp, is a countable union of Z-sets in R™ (see the proof of 7.3),
Lemma 8.10 is applicable and thus (R*>, sg, ) is Wadge (1°°,.A;)-complete.
Using 8.1 and (1), we show inductively that (R*, sg_ ) is Wadge (I°°, A,)-
complete. By 6.6(b), (R®,R>® sp )= (R®,R®, A,).

Since (R, sp, ) is Wadge (I°°,.A,)-complete for all odd «, it follows
from 8.1(a) and (2) that (R*>,sqg,) is Wadge (I*°, M,,)-complete for even
a > 0. By 6.6(b), (R®,R>®,sg,.) = (R®,R>®,§2,). =

8.11. Remark. Let Fy be the Fréchet filter on N and let A=FP(2", F})
be the filter defining the Arens space N4 (see [17, Example 1.6.20]). By
8.7, we find that cy4 = 24 and s4 = A3. In particular, c4 € My\ Ay and
sa € As\Ms; these facts were shown with the use of different approaches
by R. Pol during Winter School at Srni (Czechoslovakia), 1990. m

8.12. Remark. If we know a filter ' on N that belongs to A5 so that
(Xp,cr) is Wadge (I°°, Az)-complete, then we could repeat the inductive
construction preceding Lemma 8.6 to obtain filters ﬁa € A, \M, (resp.,
Go € My\Ay) for all even (resp., odd) ordinals o, 2 < o < w. For such a,
Theorem 8.6 holds. See the next section for a construction of F. m

The techniques of this section allow us to construct inductively linear
copies of A, for odd ordinals o and {2, for even ordinals o in R*° as follows.
Let « be a countable ordinal > 2. If « is a limit ordinal, let (cv,) be
a sequence of ordinals such that «, < « and supc«, = «; otherwise set
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an, = a — 1 for all n. Let {E,}52; be a sequence of linear subspaces of
R*> such that (R*, E,) = (R*, A4,,) for all n. Let E = FP(R*°, E,,) and
H=T1["_,E,.

8.13. PROPOSITION. We have:

(a) (R*)>, E) = (R*, Agy1),

(b) (R>)>, H) = (R, £24).

Proof. Evidently, £ € A,+1 and H € M,. By 8.1, (R®)>®,E) is
Wadge (I°°, A+1)-complete and ((R>)>°, H) is Wadge (I°°, M, )-complete.
Since ((R*°)*°, E) is homeomorphic to R>® x ((R*)>*,FP(R*, E, 1)), it
easily follows that Fo((R*)>,E) = (M1, Aqt1) (cf. 4.6). Using the fact
that (R*>, E,) = (R*, E,,) x R, we infer that ((R*>°)>°, H) = ((R*°)>°, H) x
R>; consequently, Fo((R>*)>*, H) = (M1, M,). Since E and H are Z,-
spaces, 3.1 is applicable, for according to 3.8 the strong universality of both
((R*>)*°, E) and ((R*°)*°, H) follows. =

9. Filters generated by subsets of [*°. We shall adapt the con-
struction of filters described in [22] to I*°. This is done so that for every
subset A of I°°, there exists a filter F4 such that ¢y, contains a closed copy
of A.

Let d be a metric on I°° that is bounded by 1. For k > 1, let QQ; be
a finite subset of I°° such that for every ¢ € I there exists ¢’ € Qy with
d(q,q") < 1/k. Assume {Qy}72, is pairwise disjoint. Let @ = [y, Qx, and
let {¢,, }°2; be an enumeration of Q. For k > 1, put N, = {i € N| ¢; € Qx };
N has thus been decomposed into finite sets Ni. For every ¢ € I°°, set

B, = J{n € Ny | d(q,qn) < 2/k}.
k=1

Note that, for p,q € I°°, p # ¢, the set B, N B, is finite. For A C I*°, let
F4 be the filter on N generated by the sets of the form
N\(By,, U...UB,, US),

wheren =1,2,..., ¢ € Afori=1,...,n and S is a finite subset of N. If
q# qifori=1,... n, then B,N By, is finite; hence N\(B,, U...UB,, US)
# (). This shows that F4 is well defined. Write F = Fje.

9.1. LEMMA. There exists an embedding ¢ : I®° — R*> such that, for
every subset A of I°°, we have

(i) p(4) € spy,
(i) p(I°\A) C up,.

Proof. Define ¢ as follows:
©(q)(n) = kmax(0,2 — kd(q,q,)) ifn € N,
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k =1,2,... It is clear that ¢ is a map of I* into R*°. Let ¢ € I*® and
n € Ny with ¢(q)(n) # 0. Then 2 — kd(q, ¢,) > 0; hence d(q,¢,) < 2/k and
n belongs to B,. Consequently, if ¢ € A then ¢(¢) € sp,; this shows (i).
For each k there exists ny € Ny with d(q, ¢n,) < 1/k. It easily follows that
©(q)(nk) > k; thus ¢(q) is unbounded on B,. This shows that ¢ is injective.
To see (ii), suppose ¢ € A and let

X =N\(B, U...UB,, US)

be a basic element of F4, where ¢1,...,q, are points of A and S is a finite
subset of N. Since B,\X is finite, ¢(g) is unbounded on X. m

9.2. PROPOSITION. Let o be a countable ordinal > 2 and n be an integer
> 1. For a subset A of I°°, the following assertions are equivalent:

(i) A e A, (resp., M, or Py),
(il) Fa € Ay (resp., My or Pp),
(iii) sp, € Ay (resp., My or Pp).

Moreover, this holds for the class Ay provided (iii) is replaced by (iii)'":
sp, € A1 (R*).

Proof. (i)=(iii). For A C I*® and I,m > 1, we put
P(A,l,m) = {f € R™® | Fpeamn N\f1({0}) C B,, U...UB,, U{l,...,1}},
where p = (p1,...,pm). Note that

(1) spa= |J PA1Lm).
I,m=1

If 7 : R® x (I*°)™ — R is the natural projection, then P(A,l,m) =
T(Cr i N(R>® x A™)), where Cy,, ; = {(f,p) € R® x (I®)™ | Vpsi[n € N —
Ji<i<m d(gn,pi) < 2/k or (f(n) = 0)]}. The set C),; is closed. If A is
an F,-set, then the same is true of C,, ; N (R*> x A™), therefore also of its
projection, P(A,l,m) on R*. Apply (1), to get sp, € A (R>).

Recall that o = {(z;) € R® | 2; = 0 a.e.}. Put R(A,1,1) = (A,1,1)\o
and R(A,l,m) = P(A,l,m)\ U;‘;l P(A,j,m —1) for m > 2; hence

(2) Sp, =0 U U R(A,l,m).

l,m=1

Since o is o-compact, to examine the case of A € A,, a > 2 (resp., A € P,,),
it suffices to show that each R(A, [, m) belongs to A, (resp., Py).

Since P(I*°,l,m) = w(Cy,,) is closed, each R(I*°,l,m) is a Gs-subset
of R®. Let @Q,, be the closed subset of 2/~ consisting of elements that
contain no more than m points. For f € R(I*,l,m), there exists a unique
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set H(f) ={p1,...,Pm} € Qm such that
N\f1({0}) € B,,U...UB,, U{l,... I}.

We will check that H is continuous. Fix f € R(I*°,l,m) and ¢ > 0 and

write H(f) = {p1,...,pm}. Let 6 = min{d(p;,p;) | 1 < i, < m, i # j}.
Choose k > | with 1/k < min(5/8,¢/4). Since f ¢ ;2 P(A,j,m — 1), we
can find ni,...,ny € U5y, Nj such that f(n;) # 0 and that n; € By, for

i=1,...,m. By definition of B,,, we have
d(qn,, pi) < %
Then
d(qﬂqvqn]) > d(pi7pj) - d(piv q’fh) - d(pjv qnj)

>5_Z_Z> —é>é.

- k k 2k
If ¢ € R(I*°,l,m) is so close to p that q(n;) # 0 for i = 1,...,m, then,
writing H(q) = {r1,...,rm}, for every i < m there exists an index j(7) such

that n; € B, ,. Then d(gn,,7;()) < 2/k and, by (3), i — j(i) is a bijection.
Moreover, we have
d(pi, i) < d(Piy qn,) + d(qn,, 7)) < % + % <eg;

the continuity of H follows. Let A,, = {{p1,...,pm} € Qm | pi # p; for
i # jandp; € Afori=1,...,m}. Every point of A,, has an open neighbor-
hood in A,, that is homeomorphic to an open set in A™. Consequently, A,
belongs to A, (resp., P,,). One can easily verify that R(A,l,m) = H 1(A,,).
Since R(I®°,l,m) is an absolute Gs-set, it follows that R(A,l,m) € A,
(resp., Pn).

Suppose now that A € M,, o > 2. Then A = (\,_, B,,, where B,, €
Up<a As. We have

Str = Uf € 51 | Vyermra (NS ({0})) 1 B, s finite)
={fe€sr| VPEIOO\HZO:l B (N\f~1({0})) N B, is finite}

n

= ({f € sF | Yperern, (N\f7'({0})) N B, is finite}

00
=[] sra, -
n=1

Since sp, € U B<a Az (R>), applying the additive case, we conclude that
Sp, € M,,.

The implication (iii)=-(ii) follows from the fact that F4 is homeomorphic
to a closed subset of sp,.
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(i)=(@1). If F4 € M, then, by [14, Lemma 4.2], cp, € M,. The
argument of [14, Lemma 4.2] (see also our Corollary 5.3) shows that if Fiy €
P, then cp, € P,. By 9.1, condition (i) follows for M, and P,,.

Assume F4 € A,. Then, by [14, Lemma 4.2], cp, is Borelian. In view
of 9.1, so is A. If A does not belong to A,, by [19], there exists a Cantor set
C C I*° such that C'N A does not belong to A,. The fact below contradicts
the assumption that F4 € A,.

9.3. LEMMA. Let C C I® be a Cantor set. There exists 1 : C — 2N such
that =1 (Fa) = ANC for all A C I*°.

Proof. We identify each subset of N with its characteristic function.
For k > 1,let Cy = {C},C%,...,C;" } be a partition of C into closed subsets
of diameters < 1/k. Let Cx(q) be the unique element of C, which contains g.
Define

_ [0 ifd(gn. Cr(q)) < 1/E,
v ={\ Eate ) S U

for n € Ni, k = 1,2,... Since ¥(q)(n) is constant on Ck(q), ¥ (q) is con-
tinuous. It is easy to see that ¢ is injective. Let ¢ € C' and n € Nj, with
¥(q)(n) = 0. Using the fact that the diameters of Cy(q) are less than 1/k,
we infer that d(gy,q) < 2/k; hence n belongs to B,. This shows that 1(q)
contains N\By; consequently, ¢(q) € F4 provided ¢ € A. Let ¢ ¢ A and
let

X =N\(B, U...UB,, US)

be a basic element of F4, where ¢q1,...,q, € A and S is a finite subset
of N. The set B,\X is finite. For every k, there exists ny € Nj with
d(q,qn,) < 1/k. Then nj € B, and 1(q)(ny) = 0; hence nj, does not belong
to ¢(q). Consequently, B,\¢(q) is infinite. This yields X\¢(q) # 0. As a
consequence 1(q) does not contain any basic element of Fl; hence it does
not belong to Fla. m

Here is our main result of this section. In particular, when applied to
the pair (R*, A), A = A, (resp., A = £2,), it shows that for every a > 2
there exist filters F,, € A, (resp., G, € M) such that cp, = 2,41 (resp.,
cG., = 24). Moreover, when applied to (R*°, IT,,), it provides filters F}, € P,
such that cp, = I1,,.

9.4. THEOREM. Let A be a subset of 1.
_(a) IfAe My, a>2, and (I, A) is Wadge (I°°, M,,)-complete, then
(R, R®,cp,) = (R, R®, sp,) = (R®,R®, 2,).
(b)) If A€ Ay, a > 2, and (I, A) is Wadge (I°°, Ay)-complete, then
(R>®,R*®,sp,) = (R®,R*®, A,) and (R*®,R*, cp,) = (R>®,R>®, 2,11).
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(c) If A€ Py n > 1, and (I, A) is Wadge (I*°,P,)-complete, then
Fo(R*,R*, cp,) = Fo(R*,R®,s5p,) = (Mo, M1, Ppn). In particular,
(ROO’CFA) = (RooasFA) = (Rooaﬂn) and (RooacFA) = (Roo’ SFA) = (Q?H;L)

Proof. (a) It follows from 9.1 that if (I°°, A) is Wadge (I°°, M,)-
complete, then so are (R*, cr,) and (R*°, sp, ). By 9.2 and [14, Lemma 4.2],
cr, and sp, belong to M,. Now, to get the result apply 6.6(a).

(b) This follows in the same way (use 7.1(b)).

(c) As above, using our assumption, we infer that (R*° cp,) and
(R, sp,) are Wadge (I°°,P,)-complete. Since cp is a Z,-space, cp, (as
a linear dense subspace of cp) is also a Z,-space. Now, 6.6(c) is applica-
ble. m
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