icm

STUDIA MATHEMATICA 104 (3) (1993)

Bessaga’s conjecture in unstable Kdéthe spaces and products
by

ZAFER NURLU (Ankara)
and JASSER SARSOUR (Gaza)

Abstract. Let F be a complemented subspace of a nuclear Fréchet space F. If
and F' both have {absclute} bases (en) resp. (fr), then Bessaga conjectured (see [2] and
for a more general form, also [8]) that there exists an isomorphism of F' into E mapping
fu tO tneg(g,y where (tn) is a scalar sequence, 7 is a permutation of N, and (k) is a
subsequence of N. We prove that the conjecture holds if E is unstable, i.e. for some base
of decreasing zero-neighborhoods (Un) consisting of absolutely convex sets one has

dn+1(Uq, UP)
dn(Ur, Us)

where dy, (U, V) denotes the nth Kolmogorov diameter.

de¥p dg¥r lim =10
n

Introduction and preliminaries. For unexplained terminology the
reader is referred to [6, 11, 16]. The cardinality of a set 4 is denoted by |A|.

All spaces considered will be Fréchet spaces, i.e. complete metrizable
locally convex topological vector spaces. If {axy) is a matrix of nonnegative
real numbers satisfying

(1) Vn dk 0 < Qkr,
(if) Yn, k Gin < Gra1m,

then the sequence space

K(aee) = {(6) € K5 (€l = 3 igalann < 00 k|

is called a Kéthe space and the matrix (ag,) a Kdthe matriz. K (@) has a
continuous norm if and only if gy > 0 for some kp and for all n, hence we
can assume g, > 0 Vn, k. K{agn) 18

(i) nuclear if and only if
Yk 3k (agn/awn) € & (the Grothendieck—Pietsch criterion},
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(ii) called regular if for some matrix (br.) generating K (ax.) one has
VnVs <k bgn/ben < bkant1/bsni1,
(iii) called of type dy if
Ak Vi 35 supal,/(Grntsn) < 00,
(iv) called of type dy if
Yk Ij Vs SUP Grnan/ (an)? < 00,
{(v) unstable iff
(1) ds ¥p dg ¥r lirrln Qp,n+1Grn/ (Ggnt16sn) = 0.

The concept of regularity was introduced by M. M. Dragilev [5] and the
conditions d; resp. do correspond to the conditions (DN) and (£2) of D.
Vogt {20] and characterize subspaces with basis of infinite type power series
spaces resp. quotients with basis of finite type power series spaces.

Two basic sequences (z,,) resp. (y,) in Fréchet spaces X resp. Y are
called quasi-equivalent (g.e.) if there exists a permutation = of N and scalars
(tn) such that 3 £,, converges in X if and only if 2 EnlnYn(n) cOnverges
in Y. If any two unconditional bases in a Fréchet space E are q.e. then E is
said to have the guasi-equivalence property, QEP.

Let £ be a nuclear Kothe space with basis (e,,) and let F be a com-
plemented subspace of E with basis (f,). Bessaga showed in [2] that there
exists a sequence (ks )}, kn, € N,limk, = co so that (f,.) is q.e. to (ep,) and
conjectured that:

CONJECTURE (Bessaga [2]). The sequence (k) in the above.set—up can
be chosen as a subsequence of N (hence without any repetitions).

Remark 1. Thus in view of the Cantor-Bernstein theorem (see [13])
Bessaga’s conjecture is a stronger version of QEP. Even though the validity
of QEP is shown for a satisfactorily large class of nuclear Kdthe spaces
(namely for regular spaces [3, 8] and spaces satisfying some weaker regularity
conditions), Bessaga’s conjecture could be shown to hold only in very special
cases:, power series spaces-[13, 14]. Dragilev spaces [1, 8], regular d; spaces
[10], stable regular 3] spaces, and in some very particular cases. It is still
not known whether a regular nuclear Kithe space satisfies the conjecture or
not. Perhaps it is because of the following obvious relation to the

PELCZYNSKI PROBLEM. Does every complemented subspace of a nuclear
Kothe space have a basis?

Namely, if the answer to the Pelezyniski problem is affirmative for a nu-
clear Kdthe space having QEP then it trivially satisfies Bessaga’s conjecture.
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M. M. Dragilev has shown in {4] that an unstable Fréchet space with
basis is regular and using the Grothendieck—Pietsch criterion it is easy to
show that it is nuclear. Thus any unstable Fréchet space has QEP. Fur-
thermore, T. Terzioglu, using a result of J. Krone [12], has shown in [19]
that for any unstable Kdthe space of type dy or dy the Pelczyiiski prob-
lem has an affirmative answer. So by Remark 1, it follows that any un-
stable Kothe space of type d; or dy satisfies Bessaga’s conjecture. The
aim of this paper is to lift the additional assumptions on the type of the
basis.

Main results. The proof will be modelied on V. P. Kondakov’s method
in [10] where he showed that a regular d; nuclear Kothe space satisfies the
conjecture. Throughout the section, unless otherwise stated, F will denote
an unstable (hence regular, nuclear) Kéthe space and F' a complemented
subspace with basis of F. Combining a lemma of V. P. Kondakov [10] and
C. Bessaga [2] one can choose a system of fundamental norms so that both
conditions below are simultaneously satisfied (see also J. Sarsour [18]}.

LemmA L. Let (en) resp. (fn) be bases of E resp. F (E, F as above).
Then there exist regular systems of norms (| - |,) resp. (|| - ||») defining the
topelogies of B resp. F, a continuous projection () : F — F', and a nonde-
creasing sequence (ky), kn € N, with im k,, = oo such that

(2) Qel, < 27| Qellr41 £ 27 elrs1 Ve € E Vr,
”fn"r ek, |-

3 -

®) “fn”s €k, |5

LEMMA 2. In the set-up of Lemma 1, if there exist N and a subsequence
(in) of N such that (frin) @5 g.e. to (e;,. ) then (fn) is g.e. to a subsequence
of (en)-

Proof. Since if [(en) \ (i,})| = N then setting up a correspondence is
trivially possible, assume the contrary. Then the diametral dimensions of £
and F are equal and by a result of Crone-Robinson [3] the result follows. =

Vn,s,r.

LemMA 3. Let (|-|») be any regular system of norms defining the topology
of an unstoble Kothe space E with basis (en). Then s Vk = s Jqp, My
¥ > m 2z M, ‘ o . ‘
() : len| ke < |em|x _

len]qs |em g +2

Proof. Since F is unstable, from inequality (1) we find s Then for any
k> s and for p =k + 2 we find ¢ = gz, and take r = g; + 2. We obtain
A et L P
m lentiley o lenle
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Thus we find A4, so that
lent1lkt2 len k
’eﬂ+1|9k ‘eﬂlqw!-?
Finally, we replace n + 1 resp. n with n resp. m < n by regularity. =

VTLZM]C.

THEOREM 1. Let F be isomorphic to o complemented subspace with basis
(fa) of a nuclear Kéthe space E with basis (en). If F 15 unstable then (fn)
is g.e. to o subsequence of (en).

Proof. By Lemma 1 we find systems of norms (| - ) resp. (|| - lj) on E
resp. F' and a sequence (k,) satisfying in particular the inequality (3). Then
by Lemma 3 for some k it follows that for n > M) the sequence (ky) must
be without repetitions. Thus by Lemma 2 the conclusion follows. m

THEOREM 2. Let &3 be an unstable Kothe space with a regular representa-
tion G = K(ag,) and let (p;), p1 =1, be a subsequence of N. Let bn = ap
if pi € n<pipr. Then E = K(bg,) satisfies Bessaga’s conjecture.

Proof. Since G = K{ayy,) is regular, F is also regular, so it has QEP.
Let F be a complemented subspace with basis of F. Let (en,) resp. (f,.) be
regular bases in E resp. F. S0 g, = ep, forms a regular basis in G. By
Lemma 1 we can find systers of norms (| - |») resp. (]| - ||+), defining the
topologies of E resp. F, which are regular with respect to the mentioned
bases and a sequence {k,) satisfying (2) and (3). By Lemma 3 applied to G
with the basis (g,) we find s, fix # > s and find M, so that ¥n > m > M,

the inequality (4) holds. Let
fmllr lenle | fmllr
A :{”’ZPMP: “ < < VEzr.
" ||fm”t+4 |8n|t+2 Hfm“f
Then by (3), it follows that 4, # @. Let mq,...,my be given distinct

indices. Following Kondakov’s method [10] we are going to show that

U
i=1

and then apply the combinatorial Hall-Koenig theorem [7] to choose distinct
representatives from each A.,. By regularity each A,, consists of an interval
of natural numbers and if ULI A, consists of disjoint intervals then the
result easily follows once we show it for each interval. Thus without loss of
generality we suppose

k
B=|JAm. = {n lewile o lenl lemle oo 'r'}.
i1 len,ls+a enlssz T e |s

>k

where Ny = max{n,, : 1 < i < k} and N; = min{n,, : 1 < i < k},
that is, we suppose that B is the interval [Ny, Ni]. If po € N1 < ppy1 and
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pg < Ny < pgy1 then o, f > M, and

B:{n: |9sl- < |enlr < |galr Vs>7’}
|gﬁ|8+4 - len|s-i—2 o |go41.s - )

.We let

— . ‘gﬁh “fm”t |ga|t }
H=<m:
{ 951s = | Fmls = |9als vezty.

Since my,...,my € H, |H| > k. We claim that [B| > |H|. If not, then we
find 0 # h € F such that

b= e(hen= 3 fr(h)fm
ngB meHd

where e/, fr, denote the associated coordinate functionals of (e,) resp. (fim}-
Let

Bl={”°%(h)#0andaenwith enlr Lol }
{enifn+2 |gﬁlfn+4

By = {n :n & B1, el (h)# 0 and 3n, with [enlr > |9ar } .

lenlna+2 ~ 19aln

Thus B, resp. By denotes the set of indices where the first resp. second
inequality in B does not hold. Let n € B;. Then for some i, we have
pi, <1< P, +1 and |enlr = |gi, |»- We have

|Gin |- - enlr | < g~
|9inlente  lenlenrz  l9slen+a
and thus by regularity i, > 8 and by inequality (4)
(5) |€nE'."+2 _ Igi“‘r+2 < |gﬁiT
|6n|47 |g".'1|‘Q1' |gﬁ|9r+2

Let now n € By. Then for some j, we have p;, < n < pj_ 1150 [€nlr = g5, br-
We have

fornEBl.

i | - len v |galr > G |r
|9jn\nn+2 _|en|nn+2 l9aln. — 19alnat2
and thus by regularity j, < « and by (4)

(6) |90c|v"+2< Egjn|r — |en|r
|ga1fh‘ ’g.'fn gnt2 IenlfIr+2

forn e By.

Let __
hi= Y eh(h) D frlQen)fm, i=12.

nEDB; meH -
Then h = hy + hy. We have
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hallesr € 3 ea®) Y 17l @en)| I Fmllry

nebB; meH
s Z |6L(h)|E|Qenf|r+1
nehBy
<27 Z e (B)|lenlrar by (2)
neB
|95l
<2 Z len ﬁl lenlg, by (5)

Ml
neB; |g/-ﬂ(h~

< 2—2|h|qr—_'-‘”"’" < 2%y 2 -2

|9ﬁ\qr+z 98 |g+2
. g
=272 )" [fnh ‘ ﬁlr —— fml g1
meH r-'+'
2 _ —2 y o
<272 Y |fn(B)] - 1 fmle =272 |R]» by definition of H,
meH
[Pallrt € D leh (B D 1Fm(Qen)l || frnflraa
neBy meH
< S e (M) (@ \'g"‘!w“llfmllqr by definition of H
né& By meH l
g
SN e e, ),
neBy
<272 3 bWl lenlgts ‘ﬁ“’;*l by (2)
nEBg Cu ar
<272 ) el (B - Jenlr < 272|Rl, by (6)
1nE&Bo

<27 Alle4r by (2).
Thus we get the contradiction that
0 % hllesr < [1Ballrsr + [[B2llrr S glAle41 -

Finally, using the Hall-Koenig theorem we choose distinct indices (n,y,)
with 7y, € Ap,. Then with £, = || finllr/|en.. |» we get

[fmlle < tmlenferz < [ fmllia YE 27, m > M,

The conclusion follows by Lemma 2. =

COROLLARY 1. Every unstable Kéthe space satisfies Bessaga's congecture.
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COROLLARY 2. Fvery complemented subspace with basis of an unstable
Kithe space 1is unstable.

In the remainder of the paper we investigate the direct sum of two *un-
like” spaces with regard to Bessaga’s conjecture. Write (E, F) € K if all
linear continuous maps T : E — F are compact.

LEMMA 4. Let B = K(ap,), F = K(by,) be nuclear, have continuous
norm, and assume (E, F') € K. For a subsequence (ny) of N define m, = p
if np—1 < n < ny. Then assuming all considered spaces are nuclear, one
hes:

(l) (I{(akmn) K(bkn)) ¢ K,
(2) (K{Gkn), K (brm,)) € K.
I

Proof. See[15

THEOREM 3. Let By and Ey be nuclear Kithe spaces satisfying Bessaga’s
congecture and (B, Bs) € K. Then if E = E; @ Eg is either isomorphic to
a finite-codimensional subspace of itself or is not isomorphic to any proper
subspace of itself then E satisfies Bessaga's confecture.

Proof. Since in particula.r B and E» have QEP, so does E by a result of
V. P. Kondakov [9]. Let (el) resp. (e2) be bases in E; resp. Eo. Thus (e,,) =
{elYU(e2) is a basis in E. Let F be a complemented subspace with basis (fr.)
of E. By C. Bessaga’s crucial lemma [2] there exists a nondecreasing sequence
(M), My € N, with (fr,) q.e. t0 (€, ). Let {fin)n = {fj : em; € (€h)n} and
F; = span(fim,) for i = 1,2. Then F; and F, are complemented subspaces
of E and by Lemma 4 also (Fy, F2) € K and (E;, F2) € K. Since F; is a
complemented subspace of By & Fs and (Ey, By) € K, by aresult of J. Prada
[17] F| is isomorphic to Dy & Do where D; is a complemented subspace of
E;, i = 1,2. It follows that Ds is fisite-dimensional. Let (dy) be a basis
of Dy which is q.e. t0 (fi nta n fOr some M;. Analogously we find Mo
and a basis (¢,) in a complemented subspace Cz of Ep with (ern) qe. to
(Fomant)n- Since By and. Fj satisfy Bessaga’s conjecture we deduce that
(Fromeaty) U (Fantass) 18 g€ to (dn) U{c,) which is q.e. to a subsequence of
(€x). The conclusion follows easily from the a»ssumptmns on F. =

Remark 2. The assumptions on E = Ey @ Ej in Theerem 3 can be
replaced by the regularity of E or ¥ (see Crone-Robinson [3}).

Remark 3. The authors are informed that using different techniques
V. P. Kondakov has recently obtained the yet unpublished result that the
Petezynski problem has an affirmative answer for unstable spaces with basis.
Since such spaces are known to have QEP, our Theorem 2 would become a
consequence of Kondakov’s result.
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Semigroups with nonquasianalytic growth
by

vO QUOC PHONG (Hanoi)

Abstract. We study asymptotic behavior of Cy-semigroups T'(t), ¢ > 0, such that
()] < «f#), where a{t) is a nonquasianalytic weight function. In particular, we show
that if o{A) MR is countable and Pe(A*) NiR is empty, then lmy_.c E(IT) |7 (2)z| = 0,
Yo & X. If, moreover, f is a function in Li(lﬁ.ﬂ which is of spectral synthesis in a
corresponding algebra L), {R) with respect to {ic{ A)INR, then lims— a—%ﬁ 1T FTY =
0, where F(T) = [° FOYT(t) dt.

Analogous results are obtained also for iterates of a single operator. The results are
extensions of eatlier results of Katznelson-Tzafriri, Lyubich-Vi Quéc Phong, Arendt-
Batty, ..., concerning contraction semigroups. The proofs are based on the operator form
of the Tauherian Theorem for Bemling algebras with nonguasianalytic weight.

0. The classical Wiener Approximation Theorem is equivalent to the
General Tauberian Theorem (see e.g. [5, 10]). In the papers [11], [12], we
have shown that from this theorem one can obtain some new results (or new
proofs of old results) on asymptotic behavior of iterates of power-bounded
operators, and of trajectories of hounded Cp-semigroups (cf. [L, 2, 6, 8]).
On the other hand, Beurling has introduced a more general class of Banach
algebras Ll (R) with a weight a, and proved that the Tauberian Theorem
remains valid if « satisfies a certain condition of nonquasianalyticity (see
e.g. [10]). This theorem has then been used in [7] for spectral analysis of
groups of operators which are dominated by nonquasianalytic weight func-
tions.

In this paper, we extend the results of [1, 2, 6, 8, 1i] to a more gen-
eral case of semigroups 7 = {T'(t) : ¢t > 0} of bounded linear operators
such that | 7(f)|| is dominated by a weight function with nonquasianalytic
growth. We use an operator-theoretical form of the Tauberian Theorem
(Leramas 5 and 6), and a modification of a construction (limit semigroups)
in [11].
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