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1. Introduction. Our aim is to test numerically the new method of
interpolation determinants (cf. [2], [6]) in the context of linear forms in two
logarithms. In the recent years, M. Mignotte and M. Waldschmidt have used
Schneider’s construction in a series of papers [3]-[5] to get lower bounds for
such a linear form with rational integer coefficients. They got relatively pre-
cise results with a numerical constant around a few hundreds. Here we take
up Schneider’s method again in the framework of interpolation determinants.
We decrease the constant to less than one hundred when the logarithms in-
volved are real numbers. Theorems 1 and 2 are simple corollaries of our main
result which is Theorem 3. At first glance, the statement of Theorem 3 seems
to be complicated, but it is much more precise than the above mentioned
corollaries, which are only examples of applications. Let us also mention
that we have been led in Section 3 to some technical lemmas which may be
useful in some other situations apart from transcendental number theory.

A preliminary version of this text can also be found in [6], in the form of
an appendix to lectures given by M. Waldschmidt at Madras Math. Science
Institute. I would like to thank Dong Ping Ping and M. Waldschmidt for
useful comments and remarks during the writing of this paper.

2. Statement of the results. Let oy and as be two real algebraic
numbers which are supposed to be > 1 and multiplicatively independent.
We shall give lower bounds for the linear form

A:b210ga2 —b1 logoq,

where b; and by are rational integers which can be supposed to be > 1
without loss of generality.

For any algebraic number « of degree d over Q and whose minimal
polynomial over 7Z is written as aHle(X — o) where the roots a(?) are
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complex numbers, let us denote by

d
1 i
h(a) = &(log la| + E log max(1, |a )]))

i=1
the usual (Weil’s) absolute logarithmic height of a.

Let D be the degree over Q of the number field Q(a1, az), and let a1, as
be two real numbers > 1 such that

h(o;) <loga; (i=1,2).
For each pair of integers by > 1, by > 1, set
I bl + b2 )
Dlogas Dlogas

Our first result gives the asymptotical value of the constant ¢ when b’ tends
to infinity.

THEOREM 1. For each number ¢ > 48, there exists a number V' (c) such
that

log |A| > —cD*(log b')? log a; log as
for each pair of integers by > 1, bo > 1 with &’ > b'(c).

We can of course compute effectively such a constant b (c) in term of c.
Here is a concrete example.

THEOREM 2. Suppose that loga; > 1, logas > 1 and logb’ > 25. Then
log |A] > —87D*(0.5 + log b')?log a; log as.
Our main result is the following

THEOREM 3. Let K be an integer > 2, let L, R1, Ro, S1, So be integers
> 1 and let p be a real number > 1. Suppose that

(1) R151 2 maX(K, L), RQSQ Z 2K L.
Define

R=Ri+Ry—1, S=851+5 —1, ’}’ZRS/(KL),
g = 1———i—max 7 7

4 12y 4vL2" ALR?’ 4LS?% )~
For integers by > 1, by > 1, set

K-1 2 2_
b= (R~ by + (5 —1b0) ([T #) e
k=1

Suppose now that ay and ag are multiplicatively independent, that the num-
bers by + sby (0 < r < R—1,0 < s < S — 1) are pairwise distinct,
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and that
(2) K(L—-1)logo+ (K —3)log?2
> 2Dlog(KL)+ D(K —1)logb
+9L((0— 1)(Rlog oy + Slogas) + 2D(Rlogay + Slogasz)) .
Then we have the lower bound

|A/| > QfKL+1/2’

where

A=A <LSeLS|A/(2b2) LReLRA/(%l))
= max .

2by ’ 2b;

Theorems 1 and 2 will be deduced from Theorem 3 by plugging the
inequalities o; < aP (i = 1,2) in condition (2) for specific values of the

parameters K, L, Ry, Ry, S1, Sz and p.

3. Technical lemmas. We shall have to investigate the determinant of
a matrix whose entries are monomials in «; and as. It is crucial to know
what sort of monomials appear in the expansion of this determinant. To that
purpose, we shall use some combinatorial results which have been gathered
in this section because their statements are independent of the original prob-
lem.

LEMMA 1. Let K, S and N be integers > 1. Then

al ([V—l] )([N—y} ) N(2N? + 3KN + 3SN + 3K S + 1)
> +1 +1) >
—\| K S 12K S

Proof. Denote the left hand side by E. We shall decompose E into
subsums corresponding to the congruence classes of ¥ modulo K and S
successively.

If v is congruent to k modulo K, where 1 < k < K, then [(v — 1)/K] =
(v — k)/K, so that we can write

E= ;{(iyay) +Il(<§:(K—k:)Sk),

v=1 k=1

where we have set

N —v

and where v in S is congruent to k£ modulo K.

Note that the sequence (a,)1<,<n is non-increasing, so that the sequence
(Sk)1<k<k of partial sums is also non-increasing. By Abel’s summation,
we get,
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K K—1 K—1
SE-k)Sk=> >8> kS,
k=1 k=1 j=1 k=1
from which it follows that
K K—1 K
K K-1
DE RS>y S>> Sk,

k=1 k=

1
the last term being equal to ((K — 1)/2)(2521 ay). In this first step, we

have got the lower bound

oo () () -2 n (]

v=1

where we have set b, = N —v + ((K +1)/2) (1 < v < N). The sequence
(by)1<v<n is also non-increasing. The same argument, with K replaced by
S and (a,) replaced by (b,), provides the lower bound

([ z sx  e

v=1

from which it follows that

N
Ez]ég;<u+5;1><N—u+1+I{2_l>.
But the last sum is elementarily seen to be equal to
N(2N? +3KN +3SN +3KS +1)/12,
and the lemma is proven.
The next lemma is also computational.
LEMMA 2. Let N and S be natural integers. Then
EN: [V_l} _ (2N —5)?
— S |~ 85 '

Proof. Denote the left hand side by F. If N < S, then F' = 0 while the
right hand side is > 0. Suppose now that N > S. By Euclidean division, we
can write N =(a+1)S+b (1 <b< S, a>0). Then

(a+1)S N
v—1 S(a®+ a)
F= Y [S]Jr Y. (et ="+ (at 1)
v=1 v=(a+1)S+1
_N?-SN+bS-b) N N S
N 28 - 25 2 8’

because b is located between 1 and S.
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Let K and L be integers > 1, and let N = K L. Define

v—1
lV:[K] (1<v<N),
so that (I,)i1<,<n is nothing but the sequence of integers (0,...,L — 1),
repeated K times and arranged in increasing order. The next lemma will be
directly used to estimate our determinants.

LEMMA 3. Under the above notation, let furthermore R and S be integers
> 1. For each sequence (r1,...,7N) of integers between 0 and R — 1, with
any given integer repeated at most S times, we have the estimate

N
M_GSZZVTVSM"FG?
where

(L=1)(r1+...+7nN)

v=1
NLR(1 1
2 ’ 2 \12 129 %)

G —
_Rs (Y
T kD T M\ 4y aLRr? )

M =

Proof. In other words, the problem is to estimate the oscillation of the

sum
N
L—-1
U:Z<ZV—2>TU,
v=1
when (r1,...,ryN) runs over the set of sequences of N integers, with values

between 0 and R—1, in which a given integer appears at most S times. Note
first that the terms of o with 1 < v < (N +1)/2 are < 0, while those with
(N+1)/2<v <N are > 0. The symmetry

N1+l =L—1 (1<v<N)
allows us to write o in the form
L—-1 L—-1
o= — Z <l,, — 2>7"N_l,+1 + Z <lu — 2>TV .
(N+1)/2<v<N (N+1)/2<v<N

To estimate of the above sums, we have to distinguish two cases, according
to the parity of L.

(1) Suppose that L is odd. Define N’ = K (L — 1)/2. In this case,

Z (ZV—L2_1>TVZ§I:<[V;(1} +1)7"N/+K+u,

(N41)/2<v<N v=1
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and o is the difference of two numbers of the form
N v—1
= 1 bV )
=2 (%))

where (by,...,bn/) denotes a sequence of N’ integers between 0 and R — 1
with each value appearing at most S times. It follows that

—maxfF+minf <o <maxF —min[.

The substitution b, — R — 1 — b, shows that

e -ming = (-1 ([22] +1)

v=1
1
= (R DE(I*- 1),
giving the upper bound

(R-1)K(L?>-1)
8
We have to find the value min 3. Let us show that

N/
v—1 N —v
i = 1
min 3 ;([ % ]-i— >[ g ]7
that is to say that the minimal value is reached for the sequence b, =
[(N"=wv)/S] (1 <v < N'). Note first that for each minimal sequence (b, ),
we have b; > b; whenever [(i —1)/K] < [(j —1)/K]. Indeed, if we denote by
(b)) the sequence obtained from (b,) by permuting b; and b;, we have

S ([ )= (] [

v=1

lo| < —2minf3.

which must be > 0 by the minimal property of (b, ). As the value of the sum

N v—1

> ("] +1)n

v=1
is invariant under permutations in each subsequence (b1, ...,bx), (brx11,...
...ybak), ..., we may suppose without restriction that the sequence (b,)
is non-increasing. By minimality, it is then clear that the S last values

bn',...,bN/—s4+1 are necessarily equal to zero, the S preceding ones are
equal to one, and so on. In other words, we have b, = [(N' — v)/S] for
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1 < v < N’. We have proven the upper bound
(R—1)K(L*-1)
8

o 1 (= (R P R i (=

The second sum in the right hand side is equal to K(L? —1)/8, while
Lemma 1, with N replaced by N’, gives the lower bound
K(L—-1)(K?*L-1)? 3K*L-1 3KS(L+1
(L-1) (KXL-17 3KL-1) BKS(L+1)
24K S 2 2 2

o] <

1
> — (K%(L3 — 2 _
> (KL = 8L +2)+3KS(L? 1))

for the sum in the middle term. Putting all together and using the trivial
estimate

(R—DK(L*-1) _ RKL* K(L*-1)
8 =8 8

we finally get
RKL? K21 KL K?
=T8T s T8s 18
Neglecting the last term, we can write
|O—|<‘NLR<1_1_|_ 1 )<G_
-2 4 12y  4yL2 ) —
(ii) Suppose now that L is even. Set N’ = KL/2 = N/2. In this case,

(T

(N+1)/2<v<N v=1

The proof runs along the same lines, with sums of the form

(I

for which, with corresponding notations, we obtain the upper bound

s (S (%] 3) 5 (7] )]

v=1 v=1

The right side is better written as

e (R (5] ) S (55 )

v=1
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In the same way, using Lemmas 1 and 2, we finally get

RKL2_K2L3_ L +S_NLR<1_1_ 1 n vy )
8 248 125 8 2 4 12y 6yK2L? A4LR?2)°

Neglecting the third term, we obtain |o| < G.

o] <

Remark. The upper bound || < NLR/8 can be proven very easily in
the following way. We write

azi<l,,—L2_1)rV:§:<ly—L2_l>(m—n)

v=1 v=1
for each complex number 7, because the average value of the sequence
(lu)1<v<n is (L — 1)/2. Choosing the center n = (R — 1)/2 and bounding
lr, —n| < (R—1)/2, we get
N

Ials%z

v=1

L—-1
l, — ——|.

2

If we suppose for instance that L is odd, the last sum is easily seen to be
K(L? —1)/4. We get
K(R—-1)(L?-1) < NLR

8 - 8 7
and the same for L even. Lemmas 1 and 2 lead to subtracting 1/(24+)
from 1/8.

o] <

4. Zero estimate. Let K, L, Ry, Ro, 51,52 be integers > 1. As in The-
orem 3, put
R=Ri+Ry—1, S=5+5-1.
Let b1 and by be two complex numbers. For positive integers n and p, denote

as usual by (;) =n...(n—p+1)/p! the binomial coefficient, and denote
by A the KL x RS matrix with entries

k ap Qg

where (k,l) (0 <k < K —1,0<1<L—1)is the row index, while (r,s)
(0<r<R-1,0<s<S—1)is the column index. It will be convenient to
number the rows by setting

1—1 1—1
ki=1i—1 K[ 7 ], l; {K] (1<i<KL)

The order of the columns is irrelevant. Various zero estimates can show
that under suitable conditions, the matrix A is of maximal rank. Here is an
example.
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LEMMA 4. Suppose that
(1) R1S1 > max(K,L) and RSy >2KL.

Suppose also that the numbers a1 and as are multiplicatively independent
and that the RS numbers rby +sby (0 <r<R—-1,0<s<S—1) are all
distinct. Then the rank of the matriz A is equal to K L.

P roof. We have to show that the K L rows of A are linearly independent.
If not, there would exist a non-zero polynomial P[X, Y], with degree in X
bounded by K — 1 and degree in Y bounded by L — 1, vanishing at the
points

(rba + sby,afa3) (0<r<R-1,0<s<S-1).

Now Proposition 4.1 of [4] shows that the assumptions of the lemma cannot
be satisfied. Notice that our hypotheses are stronger than those of Proposi-
tion 4.1, and that the strict inequalities (a), (b), (¢) in this proposition be-
come the inequalities (1), because of a shift by one in the degrees. Of course,
a suspicious reader could object that the set of points we consider is not the
same as in Proposition 4.1. One can answer that, first, when Rj, Ro, S, .52
are odd, the two sets of points differ by a translation in G, x G,,, and sec-
ondly, that if one of the parameters is even, the proof runs along the same
lines!

5. Arithmetical lower bounds for minors of A. We begin the proof
of Theorem 3. So we have six parameters K, L, Ry, Ry, S1, Sy satisfying
(1) and integers by > 1, by > 1 which are almost linearly independent in the
sense that the numbers by +sb; (0 <r < R—1,0 < s < S—1) are pairwise
distinct. By Lemma 4, the matrix A associated with this set of data is of
maximal rank N := KL. Let A be a non-zero N x N minor of A. For a
suitable ordering of columns in A, we can write

ib ib e lss
A:det<<rj 2;8] 1>o/f”al£sj> :
i 1<i,j<N

The aim of this section is to prove the following lower bound for |A|.

LEMMA 5. Define

g=1—+max< , i , i ),
4 129 AyL2 4LR? 4LS?
G1=gLRN/2, Gy=gLSN/2,
Miy=(L-1)(r1+...4+rn)/2, Ma=(L—-1)(s14+...+5sn5)/2.
Then
log[A] > — (D —1)log(N!) + (M1 + G1)log aq + (M2 + G2) log a2
—2DGlogay — 2DGslogay — 5(D — 1)(K — 1)Nloghb.
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(Recall that we have defined

b\ /(K=K
b= ((R—l)b2+(S—1)b1)< I1 k:!) )
k=1

Proof. For any polynomial P with integer coefficients, denote as usual
by L(P) the length of P, that is, the sum of the absolute values of the
coefficients of P.

Let us now consider the polynomial

N
To(iyD2 + So(i)01\ 5N 10 v SN liso o
P(X)Y) = XHi=1tiTe() Y Hi=1ti80 (i)
ey = S I (70" ,
4 =1
where o runs over the symmetric group Sy, and sg(o) means the signature of
the permutation o. By expanding the determinant A, we get A = P(ay, az).

As
(1<i<N),

(ijg + Sjb1> < ((R — 1)b2 + (S — 1)b1)k’
k; - k;!

and sz\; k; = (K — 1)N/2, we easily see that L(P) is bounded by
NI((R —1)by + (S — 1)by)K-DN/2 N1pE-DN/2
Hivﬂ ki!

To get a good lower bound for |A|, we have to notice that P is divisible by
a large power of X and Y. More precisely, Lemma 3 gives the estimates

M, -G < Zlﬂ”a(i) < M; + G,
My — Gy < Zlisa(i) < My + Gy

Denote by Vi (resp. V3) the integer part of M; + G (resp. My 4+ G3), and
by U; (resp. Us) the least integer > M; — Gy (resp. My — G2). Then we can
write
A= Play,az) = avlawﬁ(l 1)
’ 1 2 a; ’ Qo ’

where 15(X ,Y) is a polynomial with integer coefficients, with the same length
as P, and whose degree in X (resp. Y') is bounded by Vi —U; (resp. Vo —Us).
As h(1/a1) = h(aq) and h(1/az2) = h(az), Liouville’s inequality, in the form
of Lemma 2.3 from [4], gives the lower bound

log 15(1 1)‘ > (D —1)log L(P)

0417062

— D(Vl — Ul)logal — D(V2 — Ug)logag .
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Taking into account the above upper bound for L(P) = L(P), we get
log |Al > — (D —1)log(N!) + Vi log oy + Valog ae
— D(Vy = Uy)logay — D(Va — Us) log as
—3(D—1)(K —1)Nlogb.
Now, from the inequalities D loga; > log a; > 0, we get
Viloga; — D(V; — U;)loga; > (M; + G;)log a; — 2DG; log a;

for ¢ = 1,2, which implies the conclusion of Lemma 5.

6. Analytic upper bound for |A|. Here is the crucial point where the
smallness of |A| is used essentially.

LEMMA 6. Let o be a real number > 1. Suppose that
] < g2,
Then

|A] < o= (V29N () (gb a1 e g lat et

>(K—1)N/2
Proof. Without loss of generality, we may assume that
bl log (&3] < bg log a9,
so that A > 0. Set 5 = b1/ba. Then
logay = Blogag + A/by.

Let us first modify slightly the matrix whose A is the determinant. For any
complex number 7, as

ki

we have by multilinearity

D b bk
(T‘] 2+ 5 1) o 2 (rj +5;8—n)% + (terms of degree < k;)

by
A = det <k: i
Then it is convenient to center the exponents [; around their average value
(L —1)/2. In this way we get

e,

ki

b5
A—ai\/flaé\/bdet(k'(rj—i—sjﬁ n) za>\ rga;\ a),

where \; =1; — (L —1)/2 (1 <i < N). We now write

A/L‘ q Ai a Ai 5 1 . . Ai a 7
@ Tja2 i _ ) (rj-i-sjﬁ)e)\lsj/l/bg =a) (TJ"I_SJIB)(]- +A/0i,j)
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with
e)\z‘SjA/bg _ 1

e
so that
|)\1‘5 A/bQ _
2()2(6 J 1) <1
LSAeLSA/(2b2) =
(here is the unique reason for which it is better to work with A’ instead of

A). Plugging this expression in the determinant A, we get

10:,5] <

(*) A= ai\/llaé\/‘b( Z (A/)N—Card IAI) ,
IC{1,..,N}
where
Ci1 . Ci,N } el
AI = det
91'7102"1 . HinCi’N } i1
and
bhi
2 Xi(rj+s;f)

Cij = 7y (15 + 550 = ke
!

As Zf\il Ai = 0, one can replace in Ay the quantity ¢; ; by civjal_A”’, SO

that

vi(z1) ... vi(zn) }ier
A[ = det
Oinpi(z1) ... Oinpi(zn) ) }igr
where
by

vi(z) = N ia® (1<i<N),

zj=rj+sif-n (1<j<N).
Take now n = ((R—1) + (S —1))/2, so that
(R—1)+5(5 1)
2

We next give an upper bound for |A;|. Let us consider the entire function
@; of the complex variable x defined by

pi(r21) e wi(r2N) } i€l

2] < (1<j<N).

&r(x) = det
9i71<pi(xz1) . 91‘7]\[(,02'(%2]\1) } i1
so that Ay = &;(1). Here is the key point of our argument.

LEMMA 7. For each subset I C {1,..., N} of cardinality v, the function
@ has a zero at the origin with multiplicity > (v? —v)/2.
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Proof. We expand each ¢; with ¢ € I in Taylor’s series at the origin:
901(2) - Zpi,nzn .
n>0

Plugging these expressions into the determinant defining @7, we obtain

Qr(z) = Z (Hpi’mx"i>det

n; i€l i€l 91'7190@'(.1}21) e 0@1\[@,;(%‘21\7) } i€l

n; n; )
zZ1" ZN }ZEI

where the summation indices n;,4 € I, run a priori independently from zero
to infinity. But we see that if n, = ng for some distinct o and 3 in I, then
the corresponding term in the sum is zero, because rows « and (§ in the
determinant are equal. So we may restrict our summation index to the set
of n;, i € I, which are pairwise distinct. For such indices, we obviously have

V2—1/

2

ZniZO—I—...—l—(V—l):
el
It follows that ®; has a zero at the origin of order > (v — v)/2.

The usual Schwarz lemma then implies

|Ar] = |@r(1)] < o=@ /2 max |4 ()|
T|=0

for any real number p > 1. Using these inequalities for all subsets I C
{1,..., N}, together with

’A/’ < Q_N+1/2,
and substituting in (%), we get

Al < oM gM29N —(N—-1/2)(N—v)—(%—-v)/2 b )
Al < 0q7ap 27 max (o ) maxmax |y (z)|

min ((N_1>(N_V)+VQ—V)ZN2_N’

0<v<N 2 2 2

As

we get,

|Al < a{wlaé\/IQQNQ*(NQ*N)/Z max ‘mlax |@r(x)].
z|=¢

Then Lemma 6 is an immediate consequence of the following upper bound:

LEMMA 8. For each subset I C {1,...,N} and each complex number x,

we have
p\ (K-DN/2 i
@/ (z)| < N! (’g') altlGlrlGe
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Proof. Since |6; ;| <1, expanding the determinant @;(x) shows that

N
@1()] < Nmax | [T eil@zom)]
i=1

where ¢ runs over all permutations o € Sy. We have
N N ki
(b27253i)) " (Shizgw))e
[ eitwzow) = T

i=1
and

Z NiZg(i) = Z Ai(To(i) + BSaiy — M)
= Z Ai(To(i) + B54()) = (Z Ai 7"0—(1)> + ﬁ(z Ai Sa(z))

Now Lemma 3 gives respectively the upper bound G; and G» for the absolute
values of the last two sums. We get

‘ Z)\iza(i)
B

By assumption o) < «g. Finally, the exponential term in the product
|I‘G1 I:l?ng

< Gi+p6G;.

vazl ©i(T25(;)) is bounded by a; , as was to be shown. For the
monomial term, it is enough to use the simple bound

(R—-1)+p(5-1)

<
‘Z]|— 2

(1<j<N),

so that

H ‘b2x'za(z)’

< <b2xl((R—1)2+5(S_1))>(K—1)N/2<Ii_—[1k!>L: (|552()>(K_1)N/2'

k=1
Remark. The determinant A is just the interpolation determinant of
the N functions in two variables x,y,
ki

b
pi(w,y) = Fatah e (1<i<N),

evaluated at the N points
(Tj—i-ﬂSj,Sj/l/bg) (1§]§N)
For bounding such a determinant, the general pattern is to expand it in
a Taylor series (around the origin or any other point) of the 2N variables
zj,y; (1 <j < N), determined by the coordinates of the given N points.

In our special case, the second coordinate y is small, so it has been
sufficient to expand ¢;(z,y) to order 1 in y.
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7. End of the proof of Theorem 3. On the contrary, suppose that
the conditions of Theorem 3 are satisfied and that

|A/| < ‘QfKL+1/2'
Lemmas 5 and 6 allow us to give the following estimate for log |A|:
—(D —1)log(N!) + (M1 + G1)log a1 + (M2 + G2) log az
—2D(G1loga; + Galogas) — 3(D — 1)(K — 1)Nlogb
< log|A| < Nlog2 +log(N!) + (K — 1)N log(0b/2)
+ (M1 + 0G1) log ag + (M2 + 0Go) log ap
1(N? = N)logo.
The quantities involving M; and My cancel on both sides of the above in-
equalities. We finally get the opposite of (2) by bounding log(N!) < N log N
and replacing N, G1, G2 by their values. This contradiction proves Theo-
rem 3.

8. Proof of Theorems 1 and 2. As a3 < a{j and ay < af’, it is
sufficient to check instead of (2) the stronger, but simpler, inequality

(3) K(L-1)logo+ (K —3)log2
> 2Dlog(KL)+ D(K —1)logb+ g(e + 1)DL(Rloga; + Slogas).
Now, we have to compare b and b'. This will be provided by
LEMMA 9. For any integers R > 1, S > 1 and K > 2, we have
5((R—1)ba 4 (S —1)by)

b <
- K-1
Proof. We are led to give a uniform lower bound for
B\ 2/(K2=K)
(TI #) .
k=1

Let us show that this quantity is > (K —1)/5 for any K > 2, which is
the meaning of Lemma 9. This is a problem of standard calculus. One can
proceed as follows. First notice that

= (K —1)H¥

k= 1

Now we are reduced to giving an upper bound for kK__l k*. Let us show
that
K—1
K? - K K- K K
klogk < Tlog(K— 1) — T—FE,

k=1



196 M. Laurent

for K > 2. We use Euler-Maclaurin’s summation formula, in the notations
of formula (7.2.4), p. 303 of [1]:

fW+f0) | f(n) = (1)

F)+... ff ) da + 5 + o + Ry
with » =1 and
1 n
_ 3)
Ry < o lflf (2)] da.
We take f(x) = xlogz and n = K — 1 to get
K—1
(K —1)2 (K-1)%* 1
< RS S T WO e M
Zl klogk < 5 log(K — 1) 1 +t7
(K —1)log(K —-1) log(K—-1) 1
+ 2 + 12 + 272’

and it is enough to bound log(K — 1) < K — 2 for any K > 2. Now, we use
the standard lower bound
(K —1)! > (K — 1)K~ (E-D

Putting all together, we get

K—-1 2_

k=1 g
for K > 8. If K = 2,...,7, the inequality between the left hand side and
the right hand side is obvious.

The principle of the proofs of Theorems 1 and 2 is as follows. In each
case, we shall define a system of parameters K, L, Ry, Ry, .51, 53, o satisfying
the conditions (1) and (3). Theorem 3 provides a lower bound for |A’|, and
consequently for |A], if we assume that the numbers rb; +sbs (0 <r < R—1,
0 < s <8 —1) are pairwise distinct. If this last condition is not satisfied,
Liouville’s inequality furnishes a much better lower bound for |A| than the
one which is required.

Let ¢ > 0, ¢ca >0, c3 >0, cy >0 and f be constants (that is to say,
numbers independent of b’, a1, and as) which will be defined in each case.
For simplicity, define B = f + logb’. We set

K = [c; D?Bloga; log as), L = [c2DB],
Ry = [esD%?BY?logas) +1, Ry = [c4D*Blogas],
S = [esD*2BY?loga)] +1, Sy = [e4D*Blogay].

Let us begin with Theorem 1 for which the computations are simpler
because it suffices to compare the leading terms for large B in the inequalities
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involved. First, thanks to Lemma 9, we bound

5(R—1)by+ (S —1)by)
K-1

if we have chosen f > log5 + logcy — log c;. To satisfy (1) and (3) for large

B, it is enough to choose positive constants ci, ..., cs so that

cq4 > +/2c1c9,
(4) cicglog o > ¢ +2g(0+ 1)cacy,
c3 = max(y/c1,1/c2) .

Note that v = RS/(KL) > 2 and then g > 1/4 —1/24 = 5/24. We easily
check that there exist positive solutions of the system (4) which are as close
as we wish to the limit values

64g%(0 + 1)* 2
= —————————— C :7’
og o og o

(loge)* ' 77 log

with g = 5/24. Strictly speaking, these values are not convenient because
they lead to equalities in the first two relations of (4). Now choose ¢ = 5.8,
so that

cp =2364..., co=113..., c3=4.86..., c4=7.33...

b < <efty =P,

C3 = max(\/aa \/a)a Cq4 =V 26162 )

Theorem 3 yields the alternative: either
log |A'| > —KLlog ¢ > —cjcolog oD* B*logay log as

or there exist two integers r and s, with |r| < R —1, |s| < S — 1, such that
rby + sby = 0. Obviously we may suppose that r and s are relatively prime.
Then from Lemma 2.2 in [4], we get

|A| > |rlog oy + slog as| > exp{—Dlog2 — D(|r|loga; + |s|logasz)},
which implies
log |A| > —Dlog2 — 2c3D°/?BY?10g a; log as — 2¢4D*Blog ay log as .

Here, the main term is the third, which is better than required. To conclude,
one has only to remark that for the above limit values, we have cjcs log ¢ <
48 and log |A’'/A| = O(log B).

For Theorem 2, the preceding arguments have to be made effective. We
choose our constants slightly larger than the above limit values. Set

1 =36, ca=15 ¢3=6, c4=06V3+0.04=1043...,
f=049, o=49.

Using systematically estimates of the type
(x —0.04)y < [zy] < zy,
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which are true for any real numbers z > 0 and y > 25, we easily check that
for B > 25, we have

R <11.633D*Bloga,, S <11.633D*Bloga,
v <2578, ¢<0.218

(note that the third term from the definition of g in Theorem 3 is bounded
by 10~%). Lemma 9 gives the upper bounds

5(R—1)by+ (S —1)b1) < 5(Rby + Sby)
K-1 - K
showing that log b < B. Inequalities (1) are consequences of the lower bounds
Ry > 6D%2BY?1ogay, Ry > 6vV3D?Blogas,
Sy > 6D3%2BY?loga;, S, >6v3D?*Blogas .
To check the main inequality (3), it is convenient to break it into two parts
(3.1) K(L—-1)logo> D(K —1)B+ g0+ 1)DL(Rlogay + Slogas),
(3.2) (K —3)log2 >2Dlog(KL).
The reader will easily check that the left hand side of (3.1) is > 81.15D%B? x
log a; log az, while the right hand side is < 80.89D*B?loga; logas, for

B > 25. The condition (3.2) is quite surely satisfied for B > 25. By Theo-
rem 3, we know that either

log |A'| > —K Llog ¢ > —86D*B?log a; log as ,

b < < 1.620

or
log|A| > —Dlog2 — DRloga; — DSlogay > —24D3Blogay logas .
Finally, the bound (quite weak for B > 25)
1+log L +log S + log R < D*B?log a; log as
provides us with the required lower bound

log |A| > —87D*B%loga; logas .
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