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Let k£ be a number field of degree n over Q. We denote by o, d and F
the ring of integers of k, the discriminant of k and the group of units of k&,
respectively. Let K be a quadratic extension of k or K = k x k. We call a
subring of K with 1 an order of K if it is a free Z-module of rank 2n. In this
paper, we consider orders of K with og-module structure. We call such an
order a quadratic order over 0. We shall study the following Dirichlet series:

(0.1) Zy(s) = |d** Y |D(D)],
O

where O runs over all quadratic orders over o and D(£) is the absolute
discriminant of the order . If k = Q, then it is easy to see that

(0.2) Zg(s) = (1 - 27 +217%)((s),

where ((s) is the Riemann zeta function. The purpose of this paper is to
generalize this formula to an arbitrary number field k. We shall describe
Zy(s) in terms of the partial zeta functions of k. As an application, we shall

give another proof of the density formula for the quadratic extensions of k,
which was established by D. J. Wright (see Theorem 4.2 of [1]).

1. Quadratic orders. In this section, we shall study the structure of
quadratic orders over 0. The structure of finitely generated ox-modules is
well known. We need the following three lemmas (see, for example, Narkie-
wicz [3], Chapter 1, §3).

LEmMMA 1.1. Every non-zero fractional ideal of k is a projective oy-
module.

LEMMA 1.2. Let A be a finitely generated torsion free op-module. Then
there exists a fractional ideal a of k and an integer m > 0 such that

A=o0'®a

as or-modules.
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LEMMA 1.3. Let I;, J; (1 <i <1, 1 < j < m) be non-zero fractional
ideals of k and put

Ai=0L&..01;, A=J&...0J,.

Then Ay and As are isomorphic if and only if | = m and Iy... I} =
(a)Jy ...y for some a € k.

Let O be a quadratic order over 0y. Since £ is an 0,-module and con-
tains 1, we have the inclusion o5 C ©. Hence we have the following short
exact sequence of oi-modules:

0— 0 — 9O —O/op — 0.
Since £ /oy is a finitely generated torsion free o;-module, Lemma 1.2 implies
that
O / 0 = orkn Sb

for some fractional ideal b of k£ and some integer m > 0. Computing the
ranks of these modules over Z, we have m = 0 and ©/0;, = b. We denote
by ¢g and 7 the isomorphism of b onto /0 and the natural homomorphism
of O onto O /0y, respectively. Lemma 1.3 implies that the ideal class of b is
uniquely determined by £. It also implies that we may assume o C b. By
Lemma 1.1, b is a projective o-module. Hence there exists a homomorphism

f:9/op — O such that 7 - f =id. Put = f - g(1). Then we have
O =0, + b6 (direct sum).

Since £ is a ring, # satisfies a quadratic equation

(1.1) qa(z) = 2> + a1z +ay =0,

where a = (a1,a2) € b X 0. For any t,s € b, we have t0, s6 € O. Hence
(t0)(s0) = —aqts — aitsf € O.

This implies that a; € b~" and ay € b~2. We note that b~' is an integral
ideal since o, C b. If O is an order of a quadratic extension of k, then ¢, ()
is irreducible over k. If O is an order of k x k, then ¢, (z) is reducible over
k with two distinct roots.

Let a be an integral ideal of k and let a = (a1, as) € a x a?. If q,() is
irreducible over k, then we define an associated oi-module by

O(a,a) = op +a 10 C k(0),

where 6 is a root of the quadratic equation (1.1). If g,(x) is reducible over
k with two distinct roots 61, 02, then we consider the op-module

O(a,a) =ore+a 0 Ckxk,

where e = (1,1) and 6 = (01,03) € 0 X 0. It is easy to see that O(a,a) is
a quadratic order over oy in both cases.
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We say that two quadratic orders 1,9, over 0y are 0p-isomorphic
if there exists a ring isomorphism of 7 onto 5 which is trivial on oy.
Let a = (a1, a2), b = (b1,b2) € a x a®. Assume that there exists an 0-
isomorphism

f:9O(a,b) —» O(a,a).
Then f(60,) = t0, — s for some t € a=! and s € oy, where 0, and 6, are the
0 for O(a,a) and O(a,b), respectively. Since f is an og-isomorphism, we
have
op +a t(th, —s) = op + a"'h,.
This implies that t € ' and s € a. Further, we have
(t710, +t7 1 s) 2 +ar(t710, +t 7 s) +ay = 0,
02 + (25 + tay)0y + (s* + ayst + axt?) = 0.
Hence
b1 =2s+ta;, b = s% + ay st + aot>.

So far we have shown the following proposition.

PRrROPOSITION 1.1. Let a; (¢ = 1,...,h) be a complete set of repre-
sentatives of the ideal classes of k, consisting of integral ideals. Then any
quadratic order O over 0y, is 0y-isomorphic to O(a;, a) for some i and some
a € a; x a?. Further, O(a;,a) = O(a;,b) if and only if i = j, by = 2s+ayt
and by = 8 + a5t + ast? for somet € E and some s € a;.

Let a be an integral ideal of k. We denote by E(a) the subgroup of E
consisting of all units ¢ with e = 1 (mod a). For any a = (a1,a2) € a x a2,
put

Qa(2,y) = yta(z/y) = 2° + a2y + azy?,
A(Qa) = CL% - 4&2
and denote by Q(a) the set of all Qq(z,y) (a € a x a?) with A(Q,) # 0.

We denote by G(a) (resp. G'(a)) the subgroup of GLa(0j) consisting of all
matrices of the form

(1.2) 'y:<i ?) sca, teE (resp. t € E(2)).

The action of v on Q(a) is defined by

(7 Qa)(@,y) = Qalz + 5y, ty).
We denote by [Q,] (resp. [Q,]") the G(a)-equivalence (resp. G’ (a)-equivalen-
ce) class of Q.. Then we can rewrite the previous proposition as follows:
PROPOSITION 1.2. Let a; (i = 1,...,h) be as in Proposition 1.1. Then
the mapping Qq — O(a;,a) induces a bijection of U?Zl G(a;)\Q(a;) onto
the set of oy-isomorphism classes of quadratic orders over oy.
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Now we determine a complete set of representatives for G(a)\Q(a). Take
a complete set of representatives ag,...,aon € a — {0} of the quotient
module a/2a and put

Qa, ;) ={Qqu(z,y) € Q(a) : a1 = (mod 2a)} (j=1,...,2").

Then Q(a) = U§:1 Q(a, o) (disjoint union). It is obvious that the subgroup
G'(a) acts on each Q(a, o).

LEMMA 1.4. Each G(a)-equivalence class of Q(a) consists of exactly
[E : E(2)] G'(a)-equivalence classes.

Proof. If E = J._, t,E(2), then G(a) = U.,_, G'(a)y,, where

(1 0
w=\o 4, )
Hence for any Q, € Q(a), we have [Q,] = Uizl[%-Qa]’. Assume [y,-Q.] =

[V - Qa)’- Then A(y, - Qa) = u*A(v, - Qq) for some u € E(2). This implies
that ¢, /t, = fu € E(2). Hence p=v. =

LEMMA 1.5. Let Qq,Qp € Q(a). Then Q, is G'(a)-equivalent to Qy if
and only if Qa,Qp € Q(a,a;) for some j and A(Qp) = t*A(Qq) for some
t e E(2).

Proof. The necessity is obvious. To prove the sufficiency, assume
Qu,Qp € 9Q(a, ;) for some j and A(Qp) = t?A(Q,) for some t € E(2).
Put s = (by — tay)/2. Then we have

2s = (b1 — o )+ (oj —a1) + (1 — t)a; € 2a,
hence s € a and by = ta; + 2s. Since A(Qy) = t2A(Q.), we have
by = {b2 — t?(a? — 4a2)}/4 = s* + ayst + axt®.
Hence 7 - Q, = Qp, where 7 is an element of G’(a) defined by (1.2). m
PROPOSITION 1.3. The mapping Qq, — A(Q.) induces a bijection
G/ (@)\Q(a, ) < (o + 4a2) [E(2)%
where (o + 4a®)" = (oF +4a?) — {0} C k.

Proof. Lemma 1.5 implies the injectivity of the mapping. The surjec-
tivity is obvious. m

For any integral ideal a of k, we denote by N(a) the absolute norm
of a. Then the following formula is easily deduced from the definition of the
discriminant.

LEMMA 1.6.

D(D(a,a)) = d*N(A(Qq)a™?).
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This lemma implies that D(£)d~2 is a rational integer for any quadratic
order O over 0. We denote it by D(9;04). For any quadratic extension
K of k, we denote by O the ring of integers of K. Then we have

|ID(Ok;01)| = N(Dg ),

where Dy, is the relative discriminant of the quadratic extension K/k.
Using this notation, the Dirichlet series Z(s) is written as follows:

(1.3) Zi(s) =Y _|D(D;01)| .
O

Now it follows from Propositions 1.2, 1.3, Lemma 1.4 and the above equation
(1.3) that

(14)  Zi(s Z >, NA@e)

=1 QGG(M)\Q(W)

Z Y. NA@e)
1=1 QeG’(a;)\Q(a;)
27l

ZZ > N(A@)a;?)"*

i=1 j=1 QeG'(a;)\Q(ai,axij)

ZZ > N((8)a;7*)77,

i=1j=15€(aZ;+4a?) /E(2)?

where (af; +4a7) = (aj; +4a7) — {0}. To calculate the innermost sum, we
shall introduce the partial zeta functions of k in the next section.

2. Dirichlet series of discriminants of quadratic orders. We use
the same notations as in the previous section. Let ri,7r3 be the numbers
of real and imaginary primes of k, respectively. Hence r; + 2ro = n. We
denote by M, the set of real primes of k. If v € M,., we denote by o, the
corresponding embedding of k£ into R. For any subset S of M,., we denote
by hg the product of the real primes in S. Further, we denote by kg the
subset of £* consisting of all elements v € k* satisfying o,(y) > 0 for all
v € S. For any subset A of k, put Ag = ANkg. If O = O(a,a) is a quadratic
order over oy, then A(9) = A(Q,) is determined up to multiplication by an
element of E2. Using these notations, we define the Dirichlet series Zj, s(s)
as follows:

(2.1) Z.s(s ZyD O;01)| 7%,
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where © runs over all quadratic orders over oj with A(D) € kg. We note
that if S is the empty set, then Zj s(s) coincides with Zj(s).

Let f be a non-zero integral ideal of k. We denote by I(f) the multi-
plicative group consisting of all non-zero fractional ideals of k& which are
relatively prime to f. We denote by P(fhg) the subgroup of I(f) consisting
of all principal fractional ideals (§) with § € ks and § = 1 (mod” f). Here
d =1 (mod” §) means that § = /3 for some «, 3 € oy, satisfying (a3, §) =1
and o = # (mod f). We call the quotient group I(f)/P(fbg) the group of
ray classes modulo fhg and denote it by H(fhg). For any b € I(f), we de-
note by [b, fhg] the class in H(fhg) represented by b. Now the partial zeta
function of ¢ € H(fhg) is defined by

(2.2) Crps(s,c)=> N(B)™,
b

where b runs over all integral ideals belonging to the ray class ¢. We need
some lemmas to give an expression of our Dirichlet series Z g(s) in terms
of the partial zeta functions of k. We put E(fhg) = E(f) N ks.

LEMMA 2.1. Let a be a non-zero integral ideal of k and let o be a non-
zero element of a. Put g = (awa™1,2) and § = (2)g~!. Then

S N()a D = [B(Phs) : B)PIN(9) G, . (5, ¢2),
d€(a?+4a?)s/E(2)?
where ¢ is the ray class in H(beS) represented by the integral ideal
()a~tg™".

Proof. Let § € (a? + 4a?)s and put b = (§)a=2g=2. Then b is an
integral ideal prime to f. Since da~2 = 1 (mod*§*) and da—2 € kg, the
integral ideal b belongs to the ray class ¢?. Conversely, if b is an integral
ideal belonging to the ray class ¢, then b = (3)(a?)a"2g~? for some f3 € kg
with 3 = 1 (mod* §?). Hence b = (§)a—2g~2 with § = fa? € (a? + 4a?)s.
Let 01,02 € (a? + 4a?)s and denote by by and by the ideals corresponding
to 81 and da, respectively. Then by = by if and only if §; /6, € E(§*hg). Now
the desired formula follows immediately. m

For any f |2, and for any fractional ideal ¢ of k relatively prime to f, put
os([e. f]) = [*, Fbss].
Then gy is a well defined homomorphism of H(f) to H(f*hg).

LEMMA 2.2. If the order of the group H(§*bg) is odd, then o5 1s an
isomorphism of H(f) onto H(f*hyg).

Proof. The assumption implies that any element of H(§f*hg) can be
written as [c, f°hg]? for some ideal ¢. Hence g5 is surjective. On the other



Orders of quadratic extensions 235

hand, we have the natural surjective homomorphism of H(f*hg) onto H (f).
Hence oy must be an isomorphism. m

The order of the group H(fhg) is given by the following lemma (see
Lang [2], Chapter VI, Theorem 1).

LEMMA 2.3. For any non-zero integral ideal f,
he(§)2#5
#H(fhg) = 2

[E: E(fbs)]’
where ¢ is the Euler function of k.
Now we are ready to prove our main theorem.

THEOREM 1.
_ N(§)*
7 — 2r1+7’2 2ns
ks (8) Z[ E() : Efhs)] Z Gk, 525 (5, 05(c)).

§|2 cEH ()
In particular, if the order of H(4hg) is odd, then
Zis(s) =202 #I 0 () Y ON(HP T [JA - N
fl2 pIf
where (i (s) is the Dedekind zeta function of k.
Proof. Let a;1,..., a0 € a; — {0} be a complete set of representatives

of the quotient module a;/2a;. Then in the same way as when deducing the
equation (1.4), we get

on

(23) Zps(s) = Z > > N((6)a; ).

=1 j=15€(af;+4a?)s/E(2)2

By Lemma 2.1 and the above equation (2.3), we have

Zy,s(s ZZ f fls B2y ]N(g)_2SCk,f2f;s(5a os(cij)),

zljl ]

where g = (a0, ,2), f = (2)g7" and ¢;; = [(ai;)a; g™, f]. For any g|2,
we consider the sum
9 - ZCk f2 ’ 1]

where the summation is taken over all 7, j with (aij a;',2) =g. Then

(24) Zk.s(s) = Z [E(f[;S)E(f)?) ]N(g)_2STg~

g/2

Now we claim that the ray class ¢;; in T represents every element of H(f)

exactly [E : E(f)] times. To prove this, for any ¢ € H (f) take an integral

ideal b relatively prime to § such that ¢ = [b, f]. Since a; g™, .. S ay lg=lis
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a complete set of representatives of the ideal classes of k, b = (vy)a; 'g~" for
some ¢ and v € k*. Since b is integral, we have v € a;g C a;. Hence v = oy
(mod 2a;) for some j. Now the fact that (b,f) = 1 implies (a;;a;',2) = g
and va;jl = 1 (mod” f). Hence [b, f| = ¢;;. It is easy to see that ¢;;y = ¢
if and only if i’ = ¢ and ozi/j/ai_jl = ¢ (mod” f) for some ¢ € E. This proves
our claim, and hence we have established the following equation:

(2.5) Ty =[E: E(f Z Cr f%s 5, Qf c))-
c€H(f)
It is clear that
26 [B(Phs) - B@PIE: B()] _ (B2 : B
[E: EQ2)] [B() : E(7hs)]
Dirichlet’s unit theorem and the fact that +1 € E(2) imply
(2.7) [E(2) : B(2)%] = 2",

By (2.4)-(2.7), we have

(2.8) Zp.s(s) =2m Z

/2
:2r1+7‘2—2n5
275 50 B 1,2, e )

Now we assume that the order of H(4hg) is odd. Then the order of H(f*hg)
is odd for any f|2. By Lemma 2.2, g5 is an isomorphism of H(f) onto
H (). Hence the inner sum of the right hand side of (2.8) is equal to

(2.9) Yo Cepna(s0) = Gls) [T - Nw)™).

N
E(f) - fhs CE;G)C’”"SSQ‘ )

c€H(f*hg) plf
On the other hand, the fact that H(f) = H(f*hg) and Lemma 2.3 imply
(2.10) [E(F) : E(f?hs)] = 279N (f).

Now the second formula of the theorem follows from (2.8)—(2.10). m

COROLLARY 1. The Dirichlet series Zy s(s) converges absolutely for
Res > 1 and can be analytically continued to a meromorphic function on
the whole complex plane. Its only singularity is a simple pole at s = 1 with
restdue

2r—#S7r2 R,
|d|
where R is the requlator of k and w is the number of roots of unity contained
mn k.

)
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Proof. The first statement is obvious because the corresponding one
for the partial zeta functions holds. It is well known that the residue of the
partial zeta function ( 52(s,c) at s = 1 does not depend on the ray class c.
Hence

- Resszlcjk(s)

(2.11) Ress—1(y 25 . (5, ¢) = (1—N(p)™h.
P #H(°hs) H
By Theorem 1, Lemma 2.3 and the above equation (2.11), we have
N(f)? H
(2.12) ReSs:1Zk,s(S) — 9ritr2—2n Z (f) # (f)

T () E(7bs)] #H (b )
X Resg—1(k(s) H(l —~N(p)™H

plf
= 2 I Res 1 () Y (f)
f|2
= 27T27#SRGSS:1§]€(S).
It is well known that
oritragr2 Rh
wy/|d]

(see, for example, [2], Chapter VIII, Theorem 5). Now the desired formula
for the residue of Zj s(s) at s = 1 follows from (2.12) and (2.13). =

(2.13) Ress—1(k(s) =

Corollary 1 and the Ikehara theorem imply

COROLLARY 2.
2 —#Snr2 R,
1D AD) € ks, [D(O;03)] < X} ~v X g5 X — o0
w+/|d|

COROLLARY 3. Assume that the order of the group H(4hg) is odd. Put

A= 2—r17_[_—n/2|d’1/2’

s\
Gk,S(S) = 2”5A5F<2> F(S)mzk,S(S)‘
Then Gy, s(s) satisfies the functional equation
Gr.s(1—s) = Gg.s(s).

Proof. Let (2) = p{*...pg° be the prime ideal factorization of 2 in k.
For any f|2, put

d(s,f) =NH> ][0 - Nw) )

plf
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and
= (s, f).
fl2
Since (s, f) is multiplicative, we have

= Hfi(s)

where f;(s) = >0 ¥(s,pl). Then
fil=s)=N(p)“" 2 fi(s), i=1,....9.
Hence f(s) satisfies
g

(2.14) FA—=s) = f(s) [T N ()72 = f(s)2n =2

i=1
Now the functional equation of the Dedekind zeta function (see [2], Chap-
ter XIII, Theorem 2) and (2.14) imply G s(1 —$) = Gk s(5). m

3. Quadratic extensions. Let S be a subset of M,.. In this section, we
study the following Dirichlet series:

Ek,s(s ZN D)7,

where K runs over all quadratic extensions of k which are unramified at any
v € S. Wright studied this Dirichlet series in [4] and [5] by class field theory
and by developing the theory of Iwasawa—Tate zeta function, respectively.

Let K be a quadratic extension of k. Then O is a quadratic order over
0r. Hence O = O(a;,a) for some i and a € a; x a?. If  is a root of the
quadratic equation g,(z) = 0, then O = o0 + a; '6. Let O be a quadratic
order over oy, contained in K. Since O C Ok, {\ € a;' : M € D} isa
fractional ideal of &k contained in a;'. Hence £ can be written

(3.1) O =0 +a;'bld

for some integral ideal b of k. Conversely, the og-module defined by (3.1) is
obviously a quadratic order over oy contained in K. Hence

) Y [D(D;0p)] ZN D) "*N(8)™2% = N (D /i) *Cr(29).
OCK

Let K =k x k and denote by O g the maximal order of K. Then Oy =
orxe + 0,0 with e = (1,1) and € = (0,1). Any quadratic order contained in
K is of the form oye + b6 for some integral ideal b of k. Hence

(3.3) > ID(O;0r)]7 ZN 25 — (p(25).

OCK



Orders of quadratic extensions 239

By Corollary 1, the Dirichlet series Zx(s) converges absolutely for Re s > 1.
Hence the equations (3.2) and (3.3) imply

(3.4) Zk’s(s) = Ck(QS) + Ck(QS)fkys(S).
By (3.4) and Theorem 1, we have given another proof of the following
theorem which is a special case of Wright’s theorem.

THEOREM 2.
T +reo—2ns

Ek,s(s) = Ce(25) Z[ (f) fhs Z Ckfr;s s, 01(c)) — 1.

fl2 ceH(f)

COROLLARY 4. Denote by cg(X) the number of quadratic extensions K
of k with |N(Dg/y)| < X which are unramified at any v € S. Then

2 =#Srr2 Rh
cS(X)N—WX as X — oo.

w+/1d|Cx(2)
By Corollary 4 and an elementary argument on counting cardinality, we
have

COROLLARY 5. Denote by cg(X) the number of quadratic extensions K
of k with [IN(Dg )| < X which are unramified at any v € S and ramified
at any v € M. — S. Then

7"2 h
co(X) ~ il as X — oo.

w\/ﬁCk
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