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Values of polynomials with integer coefficients
and distance to their common zeros

by

FRANCESCO AMOROSO (Pisa)

1. Introduction. Let fi,..., f;, € Z[z1,...,z,] be polynomials of max-
imum degree D and height (= maximum absolute value of the coefficients)
< H defining an affine variety V C C” of codimension k. Denote by dist the
distance in C™ with respect to the norm |w| = max; |w;|. In [B] W. D. Brow-
nawell proved the following inequality of YLojasiewicz type:

For any w € C™ we have

min{dist(w, V), 1}(”“)2 < CP(H max{1,|w|}*) max | fi(w)|” "

where C; = exp{11(n + 1)} and Cy = (n + 1)2.

This result is essentially the best possible, except perhaps for the values
of the constants and for the exponent (n + 1)? in the left hand side. S. Ji,
J. Kollar and B. Shiffman [J-K-S] have recently proved a similar result for
polynomials over a field of arbitrary characteristic without this exponent
but with an ineffective dependence on the coefficients. In spite of that, we
can look for other relations between the values of the f;’s and the distance
to their common zeros in C". For a polynomial f € Z[x1,...,z,] we denote
its size (= degree + logarithmic height) by t(f); for « € C™ we also denote
by t(«) the minimum size of a non-zero polynomial f € Z[zq,...,z,] for
which f(a) = 0 (if there are no such polynomials we put t(c) = c0). In this
paper we deal with the following problem:

Let w be in the unit ball of C™ and suppose that
W mas ()] < exp{~C{max 1(£)}")

for some C' greater than a constant A = A(n) and for some 7 > n+1. Find
the best value n = n(r,n, k) for which there exist constants e = e(n,k) and
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B = B(n) such that

(2) min |a — w| < exp{—B~1C%(a)"}.

acC”

fi(a)=0

Roughly speaking, we are looking for an upper bound for transcendence

measures in terms of approximation measures (for definitions see [P2]). If
n = 1, this problem is completely solved: we can take n = 7. In the gen-
eral case, only partial results are known. For example, using a theorem of
P. Philippon, it is easy to see that we can choose n = 7 —n (here —n cor-
responds to D~ in Brownawell’s inequality), and we conjecture that this
exponent can be replaced by 7. In the present paper we prove this in three
special cases: if 7 = n+ 1, if V is discrete, or if n = 2. Our first result is the
following theorem:

THEOREM 1. For any integer n > 1 there exist two constants A, B > 0
having the following property. Let f1,..., fim and w be as before and assume
that (1) holds for some T > n + 1 and some C > A. Then, if the affine
variety V defined by the fi’s has codimension k, we can find o € V such that
(2) holds with

T—(n+1)
3 = 1 [ S _
(3) n max{n—i— + ik n}
and
e:{l ifn=71—n,
2—ntk  otherwise.

Notice that n =7 if 7 =n+ 1 or if k = n (i.e. if V is discrete).
The case m = 1 is of particular interest. First of all, Theorem 1 allows us

to give a positive answer to the following conjecture of G. V. Chudnovsky
(see [C], Problem 1.3, p. 178):

For any integer n > 1 there exists a positive constant C such that for
almost all w in the unit ball of C™ (in the sense of the Lebesgue measure in
R?™) the inequality log |f(w)| < —Ct(f)"*! has only finitely many solutions
fE€Zxy,... z).

Indeed, it is easy to see that for any n € N there exists a positive constant
C such that the set of w’s in the unit ball of C" for which the inequality

oo —w| < exp{—C’t(a)”+1}

has infinitely many solutions a € C" is negligible for the Lebesgue measure
(see the proof of [A], Proposition 5). Using Theorem 1, we immediately
obtain Chudnovsky’s conjecture.

Moreover, for m =1 and n > 2, (3) can be easily improved to

tre sy
n=max{n + ,T—1
n—1
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(see Theorem 2 in §3), which implies the full conjecture n = 7 for n = 2.
On the other hand, in [A] we proved (in a slightly weaker form) that we
can choose for n the maximum between 7 — 2 + 7/n and the positive root
of 22 + (1 — 7)x +n — 1 — 7 = 0. This result approaches our conjecture
for 7 — oo, but, unfortunately, the proof given in [A] contains some minor
errors. In the appendix we shall give a proof of the slightly weaker result

n >0, 772—|—(1—7')77+n—7':0

(which also approaches our conjecture) and corrections of other mistakes
which occur in [A] (}).

2. Technical results. For the proofs, we use the theory of Chow forms,
as developed by Yu. V. Nesterenko (see [N1], [N2] and [N3]) and by P. Philip-
pon (see [P1] and [P2]). We briefly summarize the notations employed by
Nesterenko. Given a homogeneous unmixed ideal I of rank n + 1 — r in the
ring Z[zo, ..., T,] having Chow form F = F(ul,...,u") € Z[u},...,ul],
we denote by H(I) the maximum absolute value of the coefficients of F,
by N(I) the degree of F with respect to uj,...,ul, and by ¢(I) the num-
ber N(I)+ log H(I). Given w’ in the projective space P" over C, we define
|1, as

[T = H(x(F))/]o'[""D,
where H(k(F')) is the maximum absolute value of the coefficients of the
polynomial

K(F) € C[S;k] i=1,...,r
0<j<k<n

obtained by replacing in F the vectors u’ by S'w’, with S* (i = 1,...,r)
being skew-symmetric matrices in the new variables s;k (0<j<k<n).
For more details, see [N3] (Nesterenko uses the notation |I(w’)| instead of
|I|,). Given a homogeneous polynomial Q € Z[zo,...,z,] and v’ € P" we
let

QLo = 1Q(W)]/|w'|%# 4.
We start with an easy consequence of the box principle.

LEMMA 1. Let n > 1 be an integer and let ' € P™. Then there erist
two positive constants ¢, and co depending only on n such that for any
real number N > ¢ there exists a non-zero homogeneous polynomial QQ €
Zlxo, ..., x,] with size < N satisfying

Qlur < exp{—caN"™+1},

Proof. Let H and d be two positive integers and let A be the set of

homogeneous polynomials Q € Z[zg,...,x,] of degree d with non-negative

(1) I am grateful to Yurii Nesterenko who drew my attention to these mistakes.
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coefficients bounded by H. This set has cardinality (H + 1), D = (d:"),
and for any @ € A we have |Q|.» < DH. Let

= min — ’.
Q1.Q2€4, Q1 £Qo Q1= Qs

The ball in C with centre at the origin and radius DH + §/2 contains the
disjoint union of the open balls of centre Q(w')|w’'|~? (Q € A) and radius
d/2. This gives

2DH D
R

and so there exist two polynomials Q1, Q2 € A, Q1 # @2, such that
Q1 — Q2| <2DH'P.

The polynomial @Q = Q1 — Q2 has degree d, height (= maximum absolute
value of the coefficients) < H and satisfies |Q|,» < 2DH'~P. The lemma
follows upon taking d = [N/2] and H = [exp{N/2}|. =

Given ', o’ in the complex projective space P™, we put

Maxo<i<j<n |W; a —wha,

J
maxo<i<n || Maxo<i<n Wi

d(a/,w') =

Remark. Let w’ = (1,w) where w is in the unit ball of C" and assume
d(a/,w") < 1. Then oy, # 0 and the vector o € C" defined by a; = o /oy, (i =
1,..., ) satisfies |o — w| < max{1l, |a|}d(a/,w’). This gives max{1, |a|} <
(1 —d(c/,w"))"t and so
o — w| < d(o/ W)
a-wi= 1—d(a/,w')
In particular, if d(o/,w’) < 1/2, we have |a — w| < 2d(a/,w').

LEMMA 2. For any integer n > 1 there exists a constant A > 0 having
the following property. Let k < n be a positive integer, let T > k+ 1, n €
[n+ 1,74+ n—k] and 6 > 1 be real numbers and let w' € P". Assume that
there exists a homogeneous prime ideal p C Z[xo, ..., x| of rank k such that
pNZ={0} and

|l < exp{=Ct(p)/*}
for some C > Af. Then either there exists o' € Vp(p), the projective variety
defined by @, such that
d(a’,w') < exp{—A~'0t(a’)"},
or there exists a homogeneous prime ideal ¢’ C Z[xg,...,x,] of rank k + 1
such that ' NZ = {0}, ¢’ D p and

|9/ | < exp{—AT1071Ct () HImmEN /Gy,

Moreover, if k =n or if n < 7 — k, the first case occurs.
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Proof. Denote by cs, ..., c19 positive constants depending only on k, n,
7 and n. If ' € Vp(p) we put o/ = w; otherwise let o’ € Vp(p) be such that
d =d(w',a’) > 0 is minimal. Using Lemma 6 of [N3], we see that

(4) —8 > Ct(p)T=R/k _¢q.
Moreover, Corollary 3 of [N1] gives

(5) Ho') < cat(p)/".

Hence

(6) —3 > (Ceg ™ —e3)t(a/)"7F > A7 tot(a/)"

provided that n < 7 — k and A is sufficiently large. Now assume nn > 7 — k
and put

N =0"Y(p) " (-6)"
where

:n—(n+1)+7'/k>0 and g = k—+1
n+n+k—r1

>1/n.
ay prpg e L

From (4) and from n < 7+ n — k we obtain
N > 07Vt(p) " (Ct(p)/* ! — c1)"
> 07Y(C — ¢1)Vt(p) Tk /(nt(nd Dk=T) > ()

provided that A is sufficiently large. Therefore, Lemma 1 gives a non-zero

homogeneous polynomial @ € Z[zo, ..., x,] which satisfies
(7) tQ) < N,
(8) |Qlor < exp{—c2N" 1}

We distinguish three cases:

e First case: Q ¢ p and p := coN"1(=§)71 < 1. By (8) we have
Qo < exp{ud}. If & < n, Lemma 4 of [N3] gives a homogeneous ideal

I C Zlxo,...,x,] of pure rank k + 1 whose zeros coincide with the zeros of
the ideal (p, @) and such that

(9) t(I) < est(Q)t(p),

(10) log 1] < plog|plur + cat(p)H(Q)-

Taking into account (10), (7), n <7+ n —k and (9), we get
1og [ < —caCN™ 1 (=8)""t(p)/* + cot(p) N
= e 1O (t(p)N) P+ BHD) | (VN
< —(e2071C — c6) (e (1)) AT/ (L),
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Proposition 2 of [N2] gives a homogeneous prime ideal g’ € Z of rank k + 1
whose zeros are zeros of I such that ¢’ NZ = {0} and

(11) log|¢'|y < —cr(071C — eg)t(g!) Tt/ (R
S _699—1Ct(p/)(n+1—n+'r)/(k:+1)

provided that A is sufficiently large.
If £ = n, the same Lemma 4 of [N3] gives plog |p|. + cst(p)t(Q) > 0,
which cannot occur if A is sufficiently large.

e Second case: @ ¢ p and p > 1. Taking into account (5) we obtain

(12) —5> Clog(n+1)y/((n+1)y71)t(a/)k(n+1)w/((n+1)y71) > Aflgt(o/)n
since
k(n+ 1z (p—n—-1)n—-17+kn+1)) >0
(n+1)y—1 " T+(n+1)—n -

e Third case: Q € p. Using (7) and (5), we obtain
t(a') Q) < 07t(p) " (=0) < cj07t(a’) T (~0)"
and
(13) —6 > A7tot(a)).
Our assertion comes from (6), (11), (12) and (13). =
By induction we deduce the following

PROPOSITION 1. For any integer n > 1 there exists a positive constant B
having the following property. Let k < n be a positive integer and let ' € P™.
Assume that there exists a homogeneous prime ideal o C Z[xg,...,z,] of
rank k such that p NZ = {0} and

9l < exp{—Ct(p)™/*}

for some C > B and some 7 > n+ 1. Then there exists o/ € Vp(p) such
that

d(a/,w") < {=B7'Ct(a/)"}

— 1
n:max{n—l—l—l—m,T—k}

where

and
o — { 1 ifn=1—k,
2=tk otherwise.
Proof. If n =7 — k, Lemma 2 gives our claim. Assume
—(n+1)

.
= 1 .
n=ntly n+1-—k
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From 7 > n 4+ 1 we obtain n > n 4+ 1. We shall prove the proposition by
induction on k.
e k =n. Lemma 2, with § = A71C, gives @’ € Vp(p) such that
d(a’,w') < exp{—AT2Ct(a/)"}.

e k < n. We apply Lemma 2 with § = C'/2. If there exists o/ € p such
that

d(o/, ') < exp{—AT1CY2t(a/)"}

our assertion follows. Otherwise, there exists a homogeneous prime ideal
o' D p of rank k + 1 such that o' NZ = {0} and

||r < exp{—ATICM (") /KDY,
with 7/ = n + 1 — n + 7. By inductive hypothesis, we can find o/ € p with

d(a’,w') < exp{—B2C% " "t(a/)"}
where
!
— 1
n/:n+1+w:n' -
n—k
Using Theorem 2 of [P2] (with Inq = ... = Iyk+1 = (Qn) and the

polynomial @y of size < N given by Lemma 1 as in the proof of Lemma 2)
we find a result similar to the previous one but with a worse exponent:

For any integer n there exist constants A, B > 0 having the following
property. Let k < n be an integer, T > n+ 1 a real number and let W' € P".
Assume that there exists a homogeneous prime ideal ¢ C Z[xg,...,Ty] of
rank k such that o N Z = {0} and

|plur < exp{—At(p)7/*}.

Then we can find (1,a) € C™ such that

d(a’,w") < exp{—B t(a’)"}
where
T—(n+1)
= 1+k——m—~.
n=ntl n+1—k)r
3. Proof of the main results. We have a relation between the value

of a homogeneous prime ideal p at w’ € P and its projective distance from
the variety defined by p. Our next task is to put it in terms of polynomials.

LEMMA 3. Let Py,..., P, € Zlxg,...,x,]| be non-zero homogeneous poly-
nomials of size < T and let w' € P™. Let ¢ = max;|P;|,, and assume
e < exp{—AT""} where A > 0 depends only on n. Then there emists
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an unmized homogeneous ideal J C Z[xo,...,z,] of rank k < n such that
VIQ[zo, ..., 2] N Z[zo,s ... 2] DI = (Pyr,...,Py) (%) and

t(J) < BiT*, || < B2
where A, By and By are positive constants depending only on n.

Proof. Denote by ¢ 11,...,¢n16 (h = 1,...,n + 1) positive constants
depending only on n. We will show by induction that for h = 1,...,n+1
there exist unmixed homogeneous ideals J, C Z[x, ..., z,] of rank h such
that J, NZ = {0} (for h < n) and

(145) t(Jn) < cp i T |Jpler < g2
Since the last inequalities fail for h = n + 1, our assertion will be proved.

e h =1. We take J; = (P;) and we apply Proposition 1 of [N3].

e h = h+1. Assume (14}, satisfied for some h < n and for some ideal Jj,.
We denote by Jj 1 the intersection of the primary components of J;, whose
radical contains I and by Jj o the intersection of the other components.
Using [N2], Proposition 2, and Gelfond’s inequality [G], Lemma II, p. 135,
it is easy to see that

t(Jn1) < cnisT",  t(Jn2) < cpasTh,

(15)
’Jh,l‘w/‘JhJ’w’ < €Ch’12 exp{ch,14Th} S €Ch’12ich’14/A.

. . . . _1
Since we are assuming that our claim is wrong, we must have | Jp, 1] > eB2
therefore

(16) | Jn.oler < gonazmenaa/A=1/Bz

A classical trick (see for instance [P1], Lemma 1.9) allows us to find homoge-
neous polynomials ay,...,a, € Zlxo,...,z,] with dega; = max(deg P;) —
deg Pj (j =1,...,m) such that P = a1 P, +...4 ay, Py, is not a zero-divisor
on Zlxo, ..., Tn]/Jn2. Moreover, we can choose the a;’s in such a way that
their heights are bounded by the number of irreducible components of Jj, 2
and so, a fortiori, by ¢; 13T". From this, we obtain

t(P) <cpasT,  |Qlur < emte.

Using (15), (16) and the last inequalities, Proposition 3 of [N2] gives an
unmixed ideal Jyy1 C Zlzo,...,x,] of rank h 4+ 1 such that inequalities
(145+1) hold. m

Using Proposition 2 of [N2]|, we easily deduce

PROPOSITION 2. For any integer n > 1 there exist two constants A, B > 0
having the following property. Let 7 > n+1 be a real number and let W' € P™.

(%) rank(.J) may be greater than rank(I).



Values of polynomials with integer coefficients 109

Assume that there exist non-zero homogeneous polynomials Py, ..., Py, €
Zlzo, ..., xpn] of size < T such that max; |Pi|, < exp{—CT7"} for some
C > A. Then there exists a homogeneous prime ideal o C Zlxg,...,x,| of

rank k <n such that pNZ ={0}, p O (P1,...,Py) and
[plor < exp{=B~'Ct(p)"/*}.
Proof of Theorem 1. Let f1,..., fn be as in Theorem 1, let P; =
h f; be the homogenization of f; (i = 1,...,m) and let w’ = (1,w) . Applying
Proposition 1 to the homogeneous prime ideal g given by Proposition 2

(which has rank > k since 2o € p) and using the remark before Lemma 2,
we obtain our claim. =

To improve the previous theorem when m = 1, we need the following
lemma of Chudnovsky (see [C], Lemma 1.1, p. 424).

LEMMA 4. Let f € Clxy,...,z,] of degree < d and let w € C™. Then for
any A € N™ there exists a zero a € C™ of f such that

(W)
A OxA

(here (Al = A1+ ...+ \p).

\\a—w' < 2 f(w)|

THEOREM 2. For any integer n > 2 there exists a constant B > 0 having
the following property. Let f € Zlx1,...,x,] of size < T and let w be in the
unit ball of C™ such that

[f(w)] < exp{—-CTT}

for some C > B and some 7 > n + 1. Then there exists o € C™ on the
hypersurface {f = 0} such that

(17) lo — w| < exp{—B~1C%(a)"},
where
iy
7N =maxqn+ ,T—1
n—1

and

o — { 1 ifn=1—1,

2712 otherwise.

Proof. We can assume f irreducible and D,, f = 0f/0x1 # 0. Inequal-
ity (17) with n =7 — 1 and e = 1 is easily proved applying Proposition 1 to
the principal prime ideal p = (f). Moreover, if

Do) = e { = Get0y .
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Lemma 4 gives o € C™ such that f(a) =0 and

log oo — w| < —%t(f)T.

In this case, (17) is proved with n = 7 and e = 1. Otherwise, using Propo-
sition 2 with P, = "f and P, = "D, f, we can find a homogeneous prime
ideal p C Z[z1,...,z,] of rank > 2 (actually = 2), containing the ideal
("f, "Dy, f), such that |p|. < exp{—c17Ct(p)7/?}. Proposition 1 and the
remark before Lemma 2 give (17) with

T—(n+1) 4T 2

= 1 _— =
=L n—1 " n—1

and e =212 u

Appendix: Corrections to “Polynomials with high multiplicity”
(Acta Arith. 56 (1990), 345-364). In this section we refer to lemmas,
propositions, theorems, numbers of equations and lines of the paper [A]
using italic type.

The inequalities (5) on p. 354 are not true. More precisely, define for
k=1,...,koand j=1,...,sg,

k—1 sp
Ajr = VP(@j,h)\ U U Ve(pin),
h=1j=1
where the symbols have the same meaning as in [A]. Lemma 4 on p. 354
gives
k—1
iw(Jk) > H(tkM —tpM)  for any w € Ajy.
h=0
If A;), is not empty, it is a non-empty Zariski open set in Vp(gp; ), and so
ejr > le;l(tkM — tp M) as claimed on p. 355, I. 9. So, inequalities ()
hold if Aji # 0. On the other hand, from (4) and the definition of these
sets, it is easy to see that

ko
(18) vucl) U Velpiw).
k=1 j:1 ..... Sk
Ajk¢@

Now, the same arguments used on p. 354, l. 8~11 give a polynomial

9k € ﬂ £34,k
Jj=1,...,5k
A]'k#@

of size < ¢gT/M. Asin [. 12 we put g = HZ(’Zl gk- Then (18) ensures that g
is zero over V), and we have t(g) < ¢7T/M.



Values of polynomials with integer coefficients 111

Unfortunately, a problem now arises in the inequality in I. —8/—7, p. 362
in the proof of Theorem 2, since (5) is available only if A;; # (0. This addi-
tional complication does not occur if n = 2 (s; = 0 since f is irreducible),
so our result

3
is still true (but it is now sharpened by Theorem 2). In the general case,
however, we can easily deduce from Proposition 2 and from Theorem 1 a
weak form of Theorem 2:

4—n
T<n+max|0,—— ), n=2,

< +—n
T .
=1 n+1

A more precise formulation of this result is the following theorem, an-
nounced in the introduction:

THEOREM 3. For any integer n > 1 there exist constants A, B > 0 having
the following property. Let f € Z[x1,...,x,] and let w be in the unit ball of
C™. Suppose that |f(w)| < exp{—CT"} for C > A and 7 > n+ 1. Then we
can find o € C™ on the hypersurface {f = 0} such that

la — w| < exp{—B~'Ct(a)"}
where 1 is the positive root of N> + (1 —7)n+n—7=0.

Proof. We define M > 1 as the first integer for which there exists
A € N with |[A| = M such that

1

Prw|_ C,
M| 02 ‘>_2t(f)‘
Let
_ log M

Lemma 4 gives o € C" with f(a) =0 and

(19) a—wl<{ - ey}

On the other hand, Proposition 2 with

A

(Pr,... P} = {;ggj{, A< M — 1}
and Lemma 6 of [N3] give a point « of multiplicity > M on the hypersurface
{f = 0} such that
la —w| < exp{—c1sCt(f)" "}
By Theorem 1, t(a) < c19t(f)/M, hence
la — w| < exp{—coCt(a) T/ 1wy,
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Combining the last inequality with inequality (19), we find w € C™ on the
hypersurface {f = 0} which satisfies

Since

o — w| < exp{—ca1 Ct()™{T—m)/(—w),r—u}y.

) . T—n
min min ,T—Up =1,
1—wu

0<u<l1

our assertion follows. m

[J-K-S]
[N1]
[N2]
(N3]
[P1]
[P2]
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