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ALEKSANDAR IVIC (Belgrade) and ToM MEURMAN (Turku)

1. Introduction and statement of results. Let
oo

(1.1) Hj(s) = th(n)nfs (Res > 1)
n=1

be the Hecke series attached to the Maass wave form ¢;(z) corresponding
to the eigenvalue \; = w5 + 1/4 (k; > 0, j > 1) of the non-Euclidean
Laplacian acting on the space of all non-holomorphic automorphic functions
with respect to SL(2,Z). The set {¢;} forms an orthonormal base of the
subspace spanned by all cusp forms. The t;(n)’s are real-valued and are the
eigenvalues of the Hecke operator T'(n), which means that, for Imz > 0,

d
T = 3 Y (S = e )
ad=n b=1
The series in (1.1) converges absolutely only for Res > 1, but the function
H;(s) can be continued analytically to an entire function over the s-plane.
It satisfies the functional equation

(1.2) Hj(s) = X;(s)H;(1 - s)
with
(1.3) X;(s) = 2% 1?2 (1—s+ir;) (1 —s—ik;)(gj ch(mr;) —cos(ms)).
Here ¢; is the parity sign of the Maass wave form ¢, namely
oo itei(rtiy) = gz +iy),
! -1 if gj(—z +iy) = —g;(z +1y).

Starting with the pioneering works of N. V. Kuznetsov [17]-[19] and

H. Iwaniec [11], spectral theory and Hecke series have become increasingly

important in analytic number theory. Recently Y. Motohashi made heavy
use of this theory (see [23], [24], [10] and Ch. 5 of [9]) to establish precise
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formulas for the fourth moment of |((1/2 + it)|. A comprehensive account
on spectral theory and Maass wave forms is found in the works of H. Iwaniec
[12], [13].

The aim of this work is to study the partial sum of the coefficients
in (1.1), namely

(1.4) Ti(x) =) t(n),

n<x

its mean square integral, and the summatory function of t?(n) In (1.4)
the dash denotes that the last term in the sum is to be halved if x is an
integer. The accent in our investigations is on the fact, often encountered
in applications, that x; does not have to be fixed, but may vary with x.
Naturally this causes difficulties, since all estimates must then be uniform
in k;. The results that we obtain (see Theorems 1-3 below) are the sharpest
ones hitherto.

If k; is fixed, then it was shown by Hafner-Ivié¢ [7] that
(1.5) Tj(z) < 22/°.

Such a result follows from a general theorem of Chandrasekharan—Nara-
simhan [3] on Dirichlet series with a functional equation containing gamma-
factors. The second author proved (Corollary to Theorem 1 in [20]) that

(1.6) Tj(x) — Hy(0) <o a1F/3F (i < 2/?),

where as usual € will denote arbitrarily small, positive constants, not neces-
sarily the same at each occurrence. In fact, [20] treats the more general case
when t;(n) in (1.4) is multiplied by an exponential factor exp(2wihn/k).
In (1.6), @ > 0 is a constant for which

(1.7) ti(n) <. n*te

uniformly in ;. The famous Ramanujan-Petersson conjecture for Maass
wave forms asserts that o = 0. It is known that a < 1/5 from the work
of J.-P. Serre (see [22] and [25]), and recently D. Bump et al. [2] proved
that a < 5/28. In bounding Tj(z) it will be enough to consider the range
x1/? < k; < . Namely, Deshouillers-Twaniec [5] proved that

(1.8) > loj(n)? < ch(mry)(x + ;) log(2 + 2/ ;)

uniformly in x;, where p;(n) denotes the nth Fourier coefficient of the Maass
wave form ¢;(z). Also for the quantity

(1.9) aj = |oj(1)[*/ch(me;)
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H. Iwaniec [14] proved the lower bound

(1.10) >, Hj_s.

Now if one uses

(1.11) 0j(n) = 0;(1)t;(n)

and the multiplicative property

(1.12) ti(m)t;(n) = > tij(mn/d®) (m=1, n=>1),
d|(m,n)

then it follows from (1.8) and (1.10) (see H. Iwaniec [15]) that, uniformly
in K,
(1.13) > (n) <. K.

n<x

Hence from (1.13) one obtains, by using the Cauchy—Schwarz inequality,
that uniformly in ;,

(1.14) > ti(n) <. k5.

n<x

Our first result improves (1.14) for x; < a:

THEOREM 1. For any given ¢ > 0 and z'/? < k; < x we have
/
(1.15) Ti(x) = ti(n) < rjte.
n<x

This is compatible with (1.6), since by the functional equation (1.2) we
have [H;(0)] = [X;(0)H;(1)], and by (1.3),

ki lejch(mr;) — 1
X;(0) = 2| L—=—"25—
1% (0) 27 sh(mk;)

while on using (1.6) and (1.14) one finds that

itj(n)nflz j‘ou2(2t](n)> du = }j + j?
n=1 1-0 i

‘Xlﬁj,

H;(1)

1-0 n<u —

0. (kS) + H;(0)x; % = O(r5) + X;(0)H; (1)r; 2.

Thus H;(1) <. x5 and consequently r;|H;(1)] < |H;(0)] <. /ﬁ;}“. This
shows that H;(0) may be large if x; is not fixed. Therefore, apart from e,
the bound in (1.15) is in a certain sense the best one can hope for.

Our mean square result on Tj(z) is contained in
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THEOREM 2. If X <Y < 2X, k; < X2 and h(k;) (< Ky 12 ) is given
by (4.6), then for any given € > 0 we have, uniformly in r;,
Y

(116) [ (Ty(@) — H,;(0) - hlxy)) da

X
) 1 HJ 2\ —3/2 e
47r2 E £2( f nt—| o dz 4+ O (X1Fe).

The analogue of Theorem 2 holds for holomorphic cusp forms. This is
due to M. Jutila [16] (see Th. 1.2 and Notes to Ch. 1).
From (1.16) we obtain without difficulty the following

COROLLARY 1. For kj < X112 and any given € > 0 we have, uniformly
mn Kj,
2X

(117) [ TH(a)de = {\/i; ! itg(n)n—3/2}x3/2 + H?(0)X

X

n=1
+OA(K2XY? + k)P X + ry X3/ X5}
If kj is fized, then

X 1 o]
(1.18) [ T} () do = {W > t?(n)n_‘g/z}X?’m + 0. (X1F9),

Note that, for Y = 2X, the main term on the right-hand side of (1.16)
is
2X
1 2 1/2 V81 3/2
Suppose now that Ty (x) = oa!/4) as  — oc. Since H;(0) <. x!**, for

Kj < x1/4721 and any given €; > 0 we deduce that the left-hand side of
(1.16) is o(X?3/?), which is a contradiction. Thus we obtain

COROLLARY 2. If k; < /4= for any given e, > 0, then Ti(z) =
Qx/).

To assess the strength of Theorem 2 it may be remarked that (1.18) is
analogous to the mean square formula

X o)
(1.19) [ 2%(z)dz = {6; > d2(n)n_3/2}X3/2 +0(X log* X),
1 n=1

where

Zd )—z(logz+2y—1)—1/4

n<x
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is the error term in the classical divisor problem. Here d(n) is the number of
divisors of n, and v is Euler’s constant. The omega-result Tj(x) = 2(z'/*)
is the analogue of the classical omega-result A(x) = 2(x'/*), which follows
from (1.19). For A(z) even sharper omega-results are known, but their
analogues for T} (x) are hard to obtain, since little is known about the arith-
metical structure of the t;(n)’s.

The error term in (1.19) is the sharpest one known. It is due to E. Preiss-
mann [26], while K.-C. Tong [30] and T. Meurman [21] had O(X log® X).
The method of [21] was a substantial simplification of Tong’s work, and
yielded also the analogue of (1.19) for the important function

T
E(T) == [ [¢(1/2 +it)]* dt — T(log(T/(2m)) + 2y — 1).
0

It can clearly be used for general mean square formulas, for example the ones
considered by Chandrasekharan-Narasimhan [4]. A variant of this method
will be used for the proof of Theorem 2. Since the function A(x) is less
difficult to handle than Tj(z), the error term in (1.16) appears to be the
limit of the present methods.

To deal with the summatory function of #5(n) we introduce the arith-
metical function

(1.20) ¢j(n) =Y loj(n/d*)|.
d?|n

In terms of the generating Dirichlet series, (1.20) is equivalent to

(1.21) Cj(s) = ¢(2s)L;(s),
where
(1.22) Li(s):== Y loj(m)Pn™°,  Cj(s) = ¢;(n)n~"

From (1.11) and (1.13) we obtain, uniformly in x;,
(1.23) Z lo;(n)|? <. ;K5 ch(rky)z, Z cj(n) <e a;k; ch(mry)z,
n<z n<x

so that both series in (1.22) converge absolutely for Res > 1. In fact, C;(s)
possesses meromorphic continuation having only a simple pole at s = 1 with
residue 2ch(mk;). It satisfies the functional equation (see N. V. Proskurin
[27] for a proof of these facts)

(1.24) T25C5(5)0,(s) = 7217905 (1 — 5)0;(1 — ),
where

(1.25) 0;(s) = I'(s/2+ir;)[(s/2 —irk;)T*(s/2).
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The proof of (1.24)—(1.25) is obtained by the so-called Rankin—Selberg con-
volution method (see D. Bump [1] for an extensive account).

Suppose now that x; is fixed. As in the proof of (1.5) we can appeal to
the method of Chandrasekharan—Narasimhan [3] to evaluate the summatory
function of ¢j(n). In their notation g =r =0 =1, A =2, u = 3/8. We use
their Remark (5.5), since (e.g. by the Wiener—Ikehara—Tauberian theorem)
Yones Ci(n) = (1 4+ 0(1))2z ch(mk;) as  — oo, so that a = b = 1. Thus
(4.2) of [3] yields

(1.26) > ¢j(n) = 2w ch(mky) + O(@/3T31/2) 4 O(2/477)
n<zx
= 2x ch(nk;) + O(x3/?)
if n = 3/20. In view of (1.9), (1.11) and (1.20) it is seen that from (1.26)
one obtains by a convolution argument
12
(1.27) 3 2(n) = + 0(*).

T 20
T

n<zx

This result corresponds to R. A. Rankin’s classical theorem [28] for holo-
morphic cusp forms. H. Iwaniec [12], [13] states (1.27) with the incorrect
constant 6/(m%«;) in the main term, as is also done on p. 244 of [9].

When £; is not fixed, we naturally cannot expect to obtain formulas for
the above sum with error term as good as O(z%/®). What we shall prove is

THEOREM 3. If « is the constant defined by (1.7) and k; < z'=% then
for any given € > 0 we have, uniformly in x;,

12 20
(1.28) Zt?(n) == +05(x5(/<a]1-/(2 20) /2

T 24
T

n<x
n min(K§1+10a)/(3+6a)$1/2 4 g (3+60)/5 Ii;1$1+2a))).
The asymptotic formula (1.28) shows that, under the truth of the Rama-
nujan—Petersson conjecture aw = 0, we can extend (1.27) (with an additional
e-factor) to the range r; < z'/5, namely

12z
2 3/54¢ 1/5
(1.29) nimtj(n) . ; + O (x / ) (ki <=z / ).

If 1/10 < @ < 1/2 and k; < x(3¥62)/8 then the error terms in (1.28) are
Os(wa(ﬂ§1+10a)/(3+6a)x1/2 +b,c(:wrescy)/t%))'

Note that (1.28) improves the result of N. V. Proskurin [27] (in the special
case when kj, = kj, = k;), who investigated the summatory function of

95, (n) Oja (n)
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2. Proof of Theorem 1. For the proof of Theorem 1 we shall need the
following

LEMMA 1. Let s =0 +it, —e < 0 < 1+ ¢ for a small, fired € > 0, and
t>1. Then

(2.1) Hj(s) <e (kj +t)' 7772,
and if |t — k;| > 2, then
H;(s)
22)  Xi(s)= — 2t
( ) ](S) Hj(l . S)

t—Hj
t—i—/ij

= 2 e (L2 — K22

eZit(1+O< ! ))
|t — Kyl

o — €j ift</€j—2,
t i if t> R+ 2.

Proof. By using standard properties of the gamma-function one can
rewrite the functional equation (1.2) as

0j(s)Hj(s) = 0;(1 —s)H;(1—s)  ife; =1,
0]‘(1—1-8)]{]‘(8):—0]‘(2—8)]{]‘(1—8) ifsj:—l,

—sp(E b (2 s
0i(s)=m F<2+2/€]>F<2 2/@).

Hence by using Stirling’s formula in the form

t 1
I'(s) = V2r|t]o1/? exp{ - gyty —i—i(tlog It — ¢+ % (a _ 2)) }

« <1 + o(?)) (1t > 1),

oo
[Hy(1+e+it)] < Y [t(n)ln~' 7% < w5,

n=1

where

where

one obtains (2.2). By (1.13) we have

and by (2.2),
|Hj(—e +it)] = |Hj(1+ & 4 it) X;(—e +it)] < £5(k; + 1) 7.

Therefore (2.1) follows by the Phragmén-Lindel6f principle (see (A.36)
of [8]).

We now pass to the proof of Theorem 1, supposing that z!/? < kj <
and starting from the Perron inversion formula for Dirichlet series (see e.g.
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(A.10) of [8]). If 25t < T < 2'~°1 and « is the constant defined by (1.7),
then by the residue theorem we have

(23) Y t(n)

n<zx
1 1+e+aT ds
= f H;(s)x®— + O (xttoter—)
2 14+e—iT 8
1 T <ds
—e—1T

+ Og(aclJrO‘J“ET*1 + max (k; + T)1*“+2Ex”T71)

—e<o<l+e
—e+1iT ds
_ . — . 87
=5 _g_fiT Hj(1 = 5)X(s)2°~

+ OE(RJH_E 4 gitoter—1)

—e+iT

1 s—1 sds
= Z tj(n)<2m. f n® Xj(s)x 8)
ngn?/m —e—iT
1 dt
. —e—1 - itX' _ .
+ ;;/ ti(n)n Re{m:s 1f(am) 5( €+Zt)—a+it

4 Og(,ﬁ-‘rs + xl—&-a—i—aT—l)

=3, X, O T,

say. Here we used (2.1), the functional equation (1.2), and exchanged the
order of summation and integration in view of the absolute convergence of
H;(1—s) for Res < 0. In the integrals in ), which is a non-empty sum
since K; > x1/2 we replace the segment of integration [—& — iT, —e + T by
the segment [1/2 —iT',1/2 + ¢T]. By the residue theorem, (1.3) and (2.2)
we obtain

—e+iT

— [ nX(s)

211
—e—iT

S

= —X,;(0) + O{(nz)*?1log T + _Eg}’azcl/Q(nx)”T_l(nj +T) 27}

< Ky + (nz)/?log T.
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Therefore by using (1.13) we obtain

24) Y <w Y Itm)nTt +2 P logT Y fty(n)|n
n<k3/x ngn?/m

<. K 1+2£

To estimate ), we use (2.2) to write

T

) dt
2.5 X (—e+it
@9 [ @)X+ i g
F Voteit|t — k; |" 4. dt
N it —1—2e42it (1,2 2 +e—it|l — Kj 2it
_f (ZC’I’Z) CtTT € (Z|t —I{JD 7t—|—/{,] (& 17

1

+O ( 1+25)
_f d; |t2 2 1/2+5 zF(t) dt +O ( 1+25)’

where d; is piecewise constant,

t_
F(t) = F(t;kj,z,n) =2t + K log‘t n A tlog [t? — /<a§| + tlog(4mxn),
K

J

and * indicates that the interval [k; —2, k;+2] is excluded from integration if
it intersects [1, T (its contribution is trivially < 1). The total error coming
from the error term in (2.2) and from replacing —e-+it by it is <. /i]HQE. We
divide the interval of integration in the last integral in O(log T") subintervals
of the form [T7, T3], where 1 < T7 < T < 2Ty < T, and note that

Am2rn —2t
F'(t) =log ———— F'(t) = ———.
=108 e F'0= 5 g

In the subinterval of [T1, T3] in which
(2.6) F ()] > 2/t

we estimate the corresponding integral by the second derivative test
(Lemma 2.2 of [8]) as

(2.7) Ko (Ty + my)F2ETH2 < TVHHEE 4 elh2e
providing that the subinterval in question is not empty. If (2.6) fails to hold,
then ¢? < 3 2 holds. Hence [t* — 3| <3 % and

A7 2 2 2

>logl>3

F'(t) > log 3

2 - ]\
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Therefore, by the first derivative test (Lemma 2.1 of [8]), the bound in (2.7)
certainly holds for the corresponding portion of the integral over [T}, T5].
Hence we obtain

(28) D < (T4 w72) N [ty <o (T2 4 p)a

n>n?/a:
From (2.3), (2.4) and (2.8) we obtain
(2.9) ) ti(n) << (rj + &' TOT T TV < (1 4 aUF)/3)5e

n<x

if T = x(2t20)/3 GQipce z(1+2)/3 < H§-2+2a)/3 < n?/6, Theorem 1 follows
from (2.9).

3. Some auxiliary results. In this section we lay the groundwork
for the proof of Theorem 2, and state five lemmas. In the next section we
shall obtain a suitable explicit formula for Tj(z) that will be squared and
integrated termwise to produce Theorem 2. It would be possible to treat also
the case k; > X 172 but the difficulties involving the transitional region of
the K-Bessel function terms would be overwhelming, and for this reason we
shall be working with the condition x; < X 1/2 Such a condition, however,
is not necessary for this section, except in Lemma 2.

LEMMA 2. Let 1 < N < z, kj < z'/2. Then for any given ¢ > 0 we
have uniformly
2

:12 > ti(n) (n + jx>3/4 sin G, (4my/n)

472
n<N

+ H;(0) + O (z1/?roteN—1/2),

where a is the constant in (1.7) and

(81)  Ty@)=

2

Gr(u) == (u® + 4k*)Y/2 — 2k arsh <H> + f’

(32) u 4
arshu = log(u + (u? +1)Y/2).

LEMMA 3. For x > 0 we have

(33) T0) = T S t50) [ (i (r0) = -, (40 o
17 n=1 0
+ 4e; ch(nk;) Z tj(n) f Ky, (4my/nw) dv.
n=1 0

The series occurring in (3.3) are boundedly convergent for x lying in any
fized interval [z1,x2] C (0,00).
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The proofs of Lemmas 2 and 3 are found in [20]. For the definitions and
relevant properties of the J- and K-Bessel functions the reader is referred
to the monograph of G. N. Watson [31].

LEMMA 4. For x > 0 and s > 1 we have
—Join() + J_2ix(x)

sin(imk)

2 —1/4
= or~1/2 <4 + m2> cos G ()

(3.4)

2

—3/4
+ <Z + /i2> (a™ (z, /i)eiG*‘(w) +a (z, m)e‘iG*ﬂ(w))

+ O((2* + k%) 7%/,
where G, (x) is given by (3.2) and

(3.5) a*(z, k) < 1, aaxai(a:, k) < 1/x.

This is deduced from the well-known asymptotic formulas for the
J-Bessel function (see A. Erdélyi et al. [6] or T. Meurman [20]). We shall
also need two lemmas on integrals with the J-Bessel function. Henceforth
we let for brevity
—Join(u) + J_2ik (1)

sin(imk)

2

K::u + K-,

2
4

(3.6) J =

)

Then we have

LEMMA 5. For k > 1 the integral

I:= f {uJd — 7r*1/2(u2K73/4 sin Gy (u))'} du
0

is convergent, and moreover,
(3.7) I < kY2
Proof. We have
(3.8) (WK 34sin G (u)) = 2uK 3/ *sin G (u) + u?(K~3/*sin G, (u))’,
(3.9) Gl (u) = 20" KY/2,
Therefore by the first derivative test [~ uK~3/*sin G, (u) du < k2, and

it remains to show that I = I(1) converges and that I(1) < &~ /2, where
we set

I(s) == jous{J— 7 V2u(K 34 sin G, (u))'} du.
0
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In fact, I(s) is holomorphic for 0 < Res < 1. Namely, by using (3.9) one
can write I(s) = I1(s) + I2(s), where

Ii(s) = 8\3/% f wT2K ™ sin G (u) du,
0

Ir(s) = f w{J — 2 V2KV cos G (u)} du.
0

The holomorphy of I1(s) for 0 < Re s < 1 follows then by the first derivative
test, and that of I5(s) by Lemma 4.
Let now 0 < Res < 1/2. By using the Mellin transform formula

227LL((s + v)/2)

T —s2+1) (—Rev < Res < 3/2)

f J,(x)z*Vdr =
0
it follows that
h 1 1
(3.10) f utJ du = —m 125 sin <m>1"<8 * + iﬁ)F(H - im).
5 2 2 2

Integration by parts yields

(3.11) f WK 34 sin G (u)) du = —(s 4 1) f u K~3/* sin G, (u) du,
0 0

and the integral on the right-hand side of (3.11) is, by the first derivative
test, holomorphic for 0 < Res < 1. Hence by analytic continuation we infer
from (3.10) and (3.11) that

I(1) = —4r [P + i) * + 202 [ uK =3/ sin Gy (u) du.
0

By the first derivative test it is seen that the above integral converges and
is <« k~'/2. This proves the lemma.

LEMMA 6. For k> 1,

(3.12) [ {ud = 77 2P KT sin Go(u) '} du < (U? + £2) 714,
U

Proof. We note that by (3.8) and (3.9),
(2K 34 sin G (1)) = 2uK ~3/4sin G . (u)
- %U3K_7/4 sin G (u) + 2uK ~1/* cos G . (u),

and we insert this expression in (3.12). The third term is cancelled by the
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main term given by Lemma 4. Hence it remains to show that
(3.13) ‘ f uK =3/ sin G, (u) du‘ + ‘ f WK~ sin G () du
U U

< (U2 + 52)—1/4’

(3.14) [ uK =34 a* (u, 5)eF M du < (U + £2) 7
U
and
(3.15) f uK %4 du < (U? + ,4.!2)—1/4.
U

The bound in (3.13) follows from the first derivative test, from the one in
(3.14) by an integration by parts and from (3.5), and the one given by (3.15)
is trivial.

4. The explicit formula for T;(z). In this section we derive an explicit
formula for T)j(x), which is suitable for the proof of Theorem 2. We start
from (3.3) of Lemma 3.

By using Lemmas 5 and 6 (G (u) is defined by (3.2)) we find that

iy

(41) sh(mk)

f {Jain(4mv/n0) — J g4 (47/n0) } dv

0
= 20/mx(4rnx + k) 3/ 4sin G (4my/n)

1 Y () — T gi (u
*5m {“2 (—zsh(mz)()

- \/1% <u2 ("‘f + 52) M G,i(u)),} du

= 2y/mz(4nnz + k)3 * sin G, (4ny/nz)

1 OOO{ Joir () — T2k (w)

8mn —ish(mk)

- \}7? (u2 (f + ﬁ) i Gm(u)>l} du

+O(n~Y(nx + 274,
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To transform the second series in (3.3) note first that

|IC(1+ir)|?
8m2n

f Ko (4my/mv) dv =
0
Hence

(42)  dejch(mry) [ Koi, (4my/nv) dv
0

= 1
= —de;j ch(mr;) [ Kai, (4my/nv) dv + a5 ch(my) [D(1+ ir;)|?

r 1 1
= —4e; ch(nk;) f Kiw,; (4m/nv) dv + {Xj(O) + 2—71_2|F(1 + ilij)|2}n,

where X(s) is given by (1.3). At this point we recall that (see G. N. Wat-
son [31])

1 o0
Koiw,; (x) = Teh(rry) _i cos(z sht) cos(2k;t) dt.

In the above integral write
cos(xsht) = Re(e’™ )
and shift the line of integration to Im¢ = /2. Since
sh(t + mi/2) =icht

we obtain

00 oo ) T 1/2
) —xzcht —x(14t/2) Y —x
(4.3) Kyix,; (x) <<6fe dt §Of e dt = <2$> e

uniformly in ;. At this point we suppose that X <z <Y < 2X, and make
use of the condition r; < X 1/2 " required for Theorem 2. Then by using
(4.3) we have
o oo
ch(mk;) f K, (4m/nv) dv < €™ f (nw)~ Y44V gy

o
< e™in ! f ut e du
4m/nx
< n—l(nx)1/4e'rmj—47r\/ﬁ

< n Y nx+ /{?)_1/4,
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which is the same as the error term in (4.1). Thus (4.2) gives

(44)  dejch(mr)) [ Kai, (4my/nv) dv
0

—{Xj(0)+217T2!F(1+mj)\2} +O( (n@ + K3)~ 1/4>.

We insert (4.1) and (4.4) in (3.3), noting that by the functional equa-
tion (1.2),

0)> ti(n)n~" = X;(0)H,(1) = H;(0),
and using (see (1.13))

D lts(m)nT (e + w5) T < wGaT

The resulting formula is contained in

LEMMA 7. Suppose kj < X2 gnd X <z <Y < 2X, let G,;(u) be given
by (3.2), and let

(45) S;(z) = jﬁit ( (;i)>_3/4s1nc: (4nv/nz),

(4.6)  h(x) :{W%lw i (ujzif/v(fgsg({r_;;m(u)

e (f o >_3/4 sinc:ﬂ(u))/) a1,

Then we have, uniformly in k;,

(4.7) Tj(z) = Sj(z) + Hj(0) + h(k;) + O (k5X ~H/4).

We shall now further transform the above formula for T (z), but we wish
to note here that by Lemma 5,

(4.8) hky) <o k52,

since H;(1) < 5. Thus h(x;) is the “small” constant appearing in (4.7),
whereas H;(0) may be considered “large”, in view of

|H;(0)] = [H;(1)X;(0)] > r;[H;(1)].

Our goal is to truncate the series S;(x) and estimate the resulting error.
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Let for brevity ¢ = (k;/(2m))? and consider

—3/4
(4.9) V =V(z; M, k) :=2'/* Z ti(n) (n + Z) sin Gy, (4m/nx),

n>M

where M > 23, so that Kj < X1/2 < g1/2 < pML/s, By partial summation
and (1.6) it follows that

V= gl f (3 5 {(y + a/x) "/ sin G, (4 )Y dy

n<y

— x1/4( Z tj(n)>(M+q/a:) 8/45in G, (47r\/7)

n<M
= — 2m2/4 f (Zt ) Yy +q/z) Y4 cos G, ;(4my/yz) dy
M n<y

+ O ( 1/4M71/4)

= 2m3/421 (28 M) + O (a'/* M1,
k=0

where

(4.10) I(W f (Zt ) Yy +q/z) V4 cos G, (4my/yx) dy

n<y

We replace the sum in (4.10) by the expression given by Lemma 2, namely

th( W\fz n)(n+ q/y) ">/ *sin G, ,(dmy/ny)

n<y n<W
+H;(0) + 0:(WT) (W <y <2W),
where av < 1/5. Since H;(0) <. K Hs we obtain

2w

-5 o J g

n<W

x cos G, (4m/xy) sin G, (4m\/ny) dy
+OE((/€}+5+W°‘+6)W 1/4)'

To evaluate the above integral we let

W(y) = Gy, (47 /) £ G, (4 /),
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so that
4% (2 —
7' (y)| = 2 2 17/2(35 n)z 2)1/2
(4m?yx + K5)1/2 F (dn%yn + K7)
(z/y)'/? ifn <x/2,
> < |z —nl(zy)"V? if2/2 <n <2z,
(n/y)*/? if n > 2x.
Hence by the first derivative test
2W
[ @+ aq/z) Ay + )7 4@ dy
W
n =3/ 12 =1/2 ifn<z/2,
L e VAW Y2 | — |7t if /2 < n < 2,
n=o/AW—1/2 it n > 2.
This gives

IW) < Y |tj(n)|n= 34w —1/2g=1/2

n<z/2

+ > [t ()=t W 2 — |

x/2<n<2z,|n—x|>1/2

+ ) ()W

n>2x
+min(e ™AW 2|7 2t (ng)
+ (K-J}JFE + Wa+€)W_1/4,

where ||u| is the distance from u to the nearest integer, and n, is the integer
satisfying |n, — x| < 1/2, if it exists. All three sums above are easily seen
to be < W~1/2_ and moreover,

min(e W2 2] 7 2T )t (ng)| < min(W 2 a7 1),
(H}—i-s +Wa+a)W—1/4 < (Ml/ﬁ—i—a +Wa+s)W—1/4 < 2Wa+s—1/4 < W—1/25

for W > Wy(e) if 0 < € < 1/100. Altogether we certainly have, for W > M,
(4.11) I(W) < min(W =122z =1, 1).

Let now

1 M—l —25
ko := max (O, os( =] )>
log 2
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By using (4.11) we have, since M ~1/4 < z3/4,
V¥t N 1@ M)+ 2% Y T2FM)| 4 2 A
0<k<ko k>ko

< k0$3/4 + ‘%,3/4”1,”71 Z (QkM)*l/% + x71/2
E>ko

< k0$3/4 + $3/4”$H_1(2k0M)_1/25 + $—1/4.
It follows that

(4.12) V< {x—1/4 if |lz|) > oM/,

2 *log(1/|la)) if x| < @M~V

Indeed, in the first case kg = 0 and we get V < x_l/ 4. But in any case

log(M~H|=[|7**) _
log 2

< ko < log +— H H

so that

V < x3/410g —1—1‘3/4”%”71( IHxH 25M) 1/25_‘_.%,71/4 < a:3/410g

1
| (el

Thus finally from Lemma 7, (4.9) and (4.12) we obtain the desired expression
for T (x). This is

LEMMA 8. Suppose kj < Xl/z, M>a23 and X <2 <Y <2X, and let
G (u) be given by (3.2) and h(k) by (4.6). Then

4.13)  T)(x) mfz ( 1(”1')2)_3/48111@ (4m/rz)

n<M 2m
+ H;(0) + h(k;) + R;(z),
where uniformly

—1/4 . —1/25
(4.14) Ry(z) <. {K, T if ||z|| >aM )

log (1/l|zll) if ol < @M1,

5. Proof of Theorem 2. We can now use the fundamental Lemma 8
to prove Theorem 2. Suppose X <Y < 2X, k; < X'/2 choose M = X100
n (4.13), (4.14), and consider

Y
Fy = F(X,Y) = [ (T(x) — H;(0) — h(s;))* da.
X

Setting

o= 25 T oo () ) i

n<M
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we have
Y

(5.1) = [ W(z)do +2 fw )R, (x) da:—i—fR2
X
14

X
We have by (4
(5. 2)

2
fR2 Jdo <o kX2 X2 [ <log iz ||> doe <. X1/%te,
ol <X =3

);

We write
Y
(5.3) [ Wi (@) da = Fjy + Fjs,
X

say, where

1 Y 1/ ks \ 2\ ~3/4
o A , 1/2 1Ky
= ) Z t](m)t](n)xfx <m+ T <2ﬂ_) )

m,n<M;m#n

x<n+1<;ﬂ‘r>2>3/4sme (dm/mz) sin Gy, (47/ni7) de
37 2 f (s L(2)) " w6, v as

n<M
Consider first Fj;. In view of (3.9) we have
‘ 0 |m — n|

O (G nj(47f\/7)iG (4my/nx))| > m»

and consequently by the first derivative test

%
f < X (mn) 4 (mY? 4 n'/2)m —n| 7L
X

Hence
Fp<X S ltm)tm)m= 4 n n — m)™

m—3/4p—1/4

=X ) > ltm)t(n)

n<M m<n/2

+X D> |tm)t(n)|

n<M n/2<m<n

n—m
m—3/4p—1/4

n—m
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Trivially we have

m—3/4y,—1/4
Z Z |tj(m)tj(”)’ﬁ
n<M m<n/2
< DT YT i (m)Im T < XE
n<M m<n/2

By writing m = n — k and using |ab| < 3(a? + b?) we obtain

—3/4,,—1/4

> )T

n<M n/2<m<n

< Y Tt Y =Kk

n<M 1<k<n/2
—1 -1 (Vs (1 —
< logM - max M, >k > It;(n)t;(n — k)|
k<M /2 max(2k,M1/2)<n<M;
< logM - max M, Z k! Z t5(n) < X7,
k<M1/2 7L<M1

where (1.13) was used. Thus

(5.4) Fj < X'Te.

It remains to consider Fj,. We use
sin® G, (4my/nx) = (1 — cos 2G,;, (4m\/nz))

and estimate the cosine terms by the first derivative test. This gives

oo\ 2\ ~3/2
e o foroe () o

n<M

Since M = X 1'% we obtain

Y 1/ i\ 2\ ~3/2
Z t?(n) fa;l/2<n+ (2;> ) dr < X3/? Z t?(n)n*3/2

n>M X n>M
< XMV <,

and consequently

1 & Y o\ 2 —-3/2
= J 1+e
(5:5) Fpp =1 nz::lt )J" x < ( QW) ) dx + O.(X'F9).
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Thus from (5.3)—(5.5) it follows that

(56) [ Wi(z)dw

] &= Y oo\ 2\ 372
=gz bm [ 1/2< (2‘7> > du + 0-(X'77),
™ s

n=1 X

and the main term on the right-hand side of (5.6) is <. k5X3/2 <. X3/2F¢,
By (5.2), (5.6) and the Cauchy—Schwarz inequality we obtain

f W, ( z)de <. X',

and (5.1) gives then (1.16).
To obtain (1.17) from (1.16) write first

2X 2X
[ T}@)de = [ (T() - H;(0) = h(k;))* dx
+ (H;(0) + h(r;))*X
2X
+2(H;(0) + h(k;)) [ (Tj(x) — H;(0) = h(x;)) da.
X

The first integral on the right-hand side of (5.7) is evaluated by (1.16), if we
note that, for x; < X2 and X <z < 2X,

L (K ? _3/2_ —3/2 K5

and the contribution of the error term is

0o 2X
Zti(n 5/2 2 f.Tl/QX d.%'<< H2X1/2+E
X

By Lemma 7 and the first derivative test we obtain

2X
(5.8) [ (Tj(x) — H;(0) = h(r;)) da <o XP/4T<.
X
Since H;(0) <¢ K j and h(k;) <c K 1/2
and (5.8).

, we then obtain (1.17) from (5.7)
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6. Proof of Theorem 3. As stated in Section 1, N. V. Proskurin [27]
investigated the summatory function of g;, (n)o;,(n), where x;, and k;, are
not necessarily fixed. If k;, = k;, = k;, then his results are

12

1/2
(6.1) Z tf(n) = TFT%_ + Oa($7/6+€ + JJHEH]'/ + xl/ZH}—i-s)?
n<zx
(6.2) Z cj(n) =2z ch(nk;) + O (o Ch(ﬁﬁj)</€?/2+€ 1 p19/18+e
n<zx

+ $7/10+5H?/5 + $_1/21€?+€)),

12x
(63) S 2(n) = 2L 4 0, (53/4E 4 g2He 12

n<zx 7T2C¥j
(6.4) Y cj(n) = 2xch(rs;)
n<x

+ O-(aj ch(mry) (k]2 + 2%/51 4 /3357,

where o is defined by (1.9) and ¢;(n) by (1.20). In the proofs Proskurin
used the complex integration method and the bound (1.7) with o = 1/4 for
(6.1)-(6.2), and with o = 0 for (6.3)—(6.4). Since o = 0 is a form of the
Ramanujan—Petersson conjecture for Maass wave forms (Proskurin states,
erroneously, that it was proved by N. V. Kuznetsov), it follows that (6.3)
and (6.4) are conditional results. Note that the error terms in (6.1) and
(6.2) are very large.

The starting point in our proof is, as in [27], the Perron inversion formula
for Dirichlet series. For ¢ < T < x it gives

14e+iT
1 z® 2m—1_1+2a+e
65 Yem =5 [ Cils)ds+0.(o,()PT  attr),

n<z 14+e—iT

where C;(s) is defined by (1.22). It is in the nature of Perron’s inversion
formula that the exponent o must appear in (6.5). By using the method of
Chandrasekharan—Narasimhan [3] this could be avoided, but on the other
hand, considerable difficulties would arise since x; is not necessarily fixed.
Thus we found it expedient to use (6.5), but unlike Proskurin, who used
Perron’s formula also to evaluate the sum in (6.1), we find that for this sum
the convolution method seems to yield better results. In the course of the
proof we shall use (1.23), which was not available to Proskurin, and proceed
somewhat differently in treating the integral in (6.5). In fact, it does not
seem clear how Proskurin estimates the saddle-point exponential integrals
occurring in his proof.
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We apply the residue theorem and the fact that C;(0) = 0 to obtain

1+e+iT 8
— f Cj(S)de:233’Ch(7T/€j)+Il+I2+13+I4—|—I5,
2me _ s
14+e—iT
where 2z ch(7mr;) comes from the residue of the integrand at s = 1, and
where we set

1 —e+24 o
I = % f Cj(s)? ds,
—e—21
1 —e—2i e 1 —e+iT e
12 = 27’]'('@ f C](S)? dS, 13 = 27’]'('@ f CJ(S)? dS,
—e—iT —e+27
14+e+:T —e—iT
1 x® 1 x®
_[4: 7@ f C](S)? dS, 15: % f C](S)? ds.
—e+T 14+e—:T

We may write the functional equation (1.24) as

(6.6) Cj(s) = (s)C;(1 = 5),

where
1-— 1-— 1-—
ol (ANE I of (R P § o (Rt
() 4s—2 2 2 2
(s)=m .

i p(;-kmj)F(;_mj)Fz(;)
Hence, by Stirling’s formula, we have
(6.7)  yi(—e+it)
e (1 125y /214 )M (g 172 + 1)1+

In view of (1.23) we have Cj(1 + ¢ +it) <. a;ch(mr;)r5, hence by (6.6)
and (6.7) we have, for [t| < 2,

(6.8) Cj(—e +it) <c ajr; " ch(mky),

and the same upper bound holds for I;. By applying convexity (the
Phragmén-Lindeldf principle) to C;(s) it follows that

1+e
(6.9) L+, <T™" [ |Cj(o+iT)|a" do

<L (kjz)ajch(mr;)(z/T + T + K;j).

We note that Iy = I3, and use the functional equation (6.6) in I3. In view
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of the absolute convergence of the series for C;(1 — s) we obtain

0o T
. 1 —e—1 . it dt
(6.10) Iy = 5 nzlcj (n)n 2] (e +it) (an) ' ——.

Stirling’s formula gives, for 2 <t < T and |x; — t/2| > 2,
Vi (—e +it)

, 1 1
_ A(Kj,&,t)t1+25‘/€§ _ t2/4‘1/2+eezG(t) (1 + O(t) + O(’H_t/2|>)
J

Here
) t
A(/ij,&,t)zcaexp Esgn 7_’€j 7
4 2
and

(6.11)  G(t) = G(t, k)
:=dtlogm — (t — 2k;)log|t/2 — Kj| +t — 2k
— (t+2r;)log(t/2 4+ Kj) +t + 2r; — 2tlog(t/2) + 2t.

The integral in (6.10) is estimated by the technique similar to the one used
for the proof of Theorem 1. The portion for which |k; — t/2| < 2, if it
is non-empty, is estimated trivially as <. H;/ ate
be <. Otj,‘ﬁi;/2+€ ch(mkj). The error terms in the formula for ~;(—e + it)
contribute a total <. (k;z)%; ch(mk;)(k; +T). The integral coming from
the main term is split into O(logT) subintegrals of the form

, and its contribution will

T2
(6.12) [ (s, e, )Pt (Ty < Tp < 2T < T),
T
where ¢ is piecewise monotonic and satisfies
QO(Hj,E,t) <<8 1—112E max(/fj,Tl)lJr% (Tl S t S Tg),
while h(t) := tlog(zn) + G(t) with G(t) given by (6.11). Hence
K (t) = log(rzn) — log |t/2 — k;| — log(t/2 + K;) — 21og(t/2),
8k3 — 4t 4 — 26317 + 8k
'(t) = —L——-, K'(t) =4 I
212 — 4k7)?

2 _ 4:2)
t(t? — 4k3)

Let us fix a small, positive §. For the values of ¢ for which
(6.13) [R"(t)| > &/t
we estimate the corresponding portion of the integral in (6.12) as

<. Tll/%_25 max(k;, Tl)H'Q6 <, TY?t2 max(r;, T)H'QE.
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The values of ¢ for which (6.13) fails to hold are those which lie in the interval

2 —\"? 246\
Hence if § is sufficiently small and (6.14) holds, then A"'(t) > 552. Thus

the portion of the integral in I3 over the interval in (6.14) (which we denote
by J) can be estimated by the third derivative test (p. 90 of [29]) as

<. fi;+4€ max ‘h/”(t)|_1/3 <. /{?/34‘4&
teJ

uniformly in n. Note that this contribution can exist only if 7' > x;. In this
case we thus obtain

(6.15) ) cj(n) = 2ach(rr;)
n<az
+ O (e ch(mrj) (kj2)* (P T~ + /{?/3 + 7Y% max(x;, T))),
where we have set § = 1+ 2« for brevity. If T' < x; then in (6.15) the term
KJ?/ ® on the right-hand side may be omitted. The optimal 7" in the range
T > kj is
T = max(k;, *%/%),

and we choose this T"if x; < 23P/8. The optimal T in the range T < Kj is
T = 5 min(k;, /13-_2/33:2ﬂ/3),

and we choose this T"if x; > 23P/8_ In either case 2 < T < x, as required.
Hence, from (6.15), it follows that

(6.16) Y cj(n) = 2xch(rr;)

+ O (aj ch(mkj)(kjx)° min(n?/?’ + 23075, /ij_lltﬂ + mi/gxﬁ/g‘)).

Finally, we deduce (1.28) from (6.16). By the Mobius inversion formula,
(1.20) gives

oM = S ulde; (n/d?).
d2|n
In view of gj(n) = 0;(1)t;(n) and (1.9) it follows that
S = Y Em) = (agch(rr) Y uld)es(m).
n<z d?>m<z
—8/(30)
J
give weaker estimates.) Using (6.16) we obtain

Suppose now that max(1,zk ) <y < x. (Values of y in the range

y < x,ﬁj—g/(?’ﬁ)
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Y = (aj ch(mry)) !

(@ Y em+ D Gm) > w(@)

A<,y m<z/d? m<z/y \/§<d§\/:v/7m

2
= Y ud) =m0 D () () a0
A deI/ZH;‘I/(Bﬁ)
+ OE( > (ko) (r; t2Pd™0 + m§/3xﬁ/3d—2ﬂ/3))
21280 L gy

+ 0. ((aych(mr)) ™ D7 ejm)(w/m)H2).

m<z/y

Here the explicit term and the third error term together give
12z
2a;
by (1.10) and (1.23). The first and the second error terms together give

OE((Kjx)s(min(x1/2H§5/3*4)/(35) + ."L‘3B/5, /-ij_ll‘ﬁ) + H?/3l"8/3y(3_26)/6)),

+ O (wjay~'/?),

by considering the cases k; < 23P/8 and Kj > 23P/8 separately. Now the

optimal y is y = :c/ij_Q/(?’_m and this satisfies the asumptions on y if x; <

x(3=0)/2 Thus we obtain
Y =12z/(7%a;)
+ OE(Q:E(min(x1/2m§5ﬂ_4)/(3ﬂ) + xsﬁ/s’ Hj—lxﬁ) + x1/2n;/(3_ﬁ))).
Then (1.28) follows, since § =1+ 2a.
The asymptotic formula (1.28) with & = 1/4 (o = 5/28 is known by [2])
improves (6.1), while (1.28) with o = 0 improves (6.3).
In conclusion, it may be remarked that in the course of the proof we

used the trivial bound ), . p(n) < x. However, if we assume the Riemann
hypothesis, which is equivalent to the statement (see Ch. 14 of [29]) that

Z p(n) <e 1‘1/2+67

n<x

then a conditional improvement of Theorem 3 may be obtained.
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