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Second order evolution equations with parameter

by JAN BOCHENEK and TERESA WINIARSKA (Krakéw)

Abstract. We give some theorems on continuity and differentiability with respect to
(h,t) of the solution of a second order evolution problem with parameter h € 2 C R™.
Our main tool is the theory of strongly continuous cosine families of linear operators in
Banach spaces.

1. Introduction. We consider the second order evolution problem

d*u

ﬁ:Ahu"i_f(h:t)v tG(O,T],
@ u(0) = uf,

/(0) = u,

with parameter h € (2, where (Ap)pepn is a family of linear (possibly un-
bounded) operators from a real Banach space X into itself, u is a mapping
R— X, f: 2xR — X, 2is an open subset of R, and u,u; € X for
h € £2.

It is well known (see e.g. [1], [6]) that if A}, is the infinitesimal generator
of a strongly continuous cosine family {Cy(t) : t € R} of bounded linear
operators from X into itself, for h € {2, and f satisfies some regularity
conditions, then the problem (1) has exactly one solution u, given by

t
(2) up(t) = Cp(t)usp+Sp(t)up + f Sp(t—s)f(h,s)ds, t€l0,T], hes.
0
In (2), Sy, for h € 2, is the operator sine function associated with C},
defined by
¢

(3) Sp(t)x = f Cr(s)xds, zeX,teR.

0
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The purpose of this paper is to present some theorems on continuity and
differentiability with respect to (h,t) of the solution of problem (1). Similar
questions for the first order evolution problem are considered in [7]-[9].

2. Preliminaries. Assuming that X, Y are Banach spaces we let
B(X,Y) be the Banach space of all bounded linear operators from X to Y.
If X =Y, then B(X, X) is denoted by B(X). The space of closed linear
operators from X into itself will be denoted by C'(X). For a given operator
A, D(A), R(A) and P(A) will denote its domain, range and resolvent set,
respectively.

DEFINITION 1 (cf. [6]). Let Aj, € C(X) with domain D(Ay) = Dy, for
h € 2. We call the family (Ax)nen R-continuous at hg € (2 if there exists
a Banach space Z and a family T, € B(Z, X), h € {2, such that

(i) R(Ty) = Dy, and the mapping Z > z — T}z € Dy, is bijective for all
h € (2,

(i) the mappings 2 5 h — T, € B(Z,X) and 2> h — V;, = AT, €
B(Z,X) are continuous at hy.

The continuity in (2 is defined to be the continuity at every point of (2.
We shall use the following simple lemma (cf. [7], Corollary 1).

LEMMA 1. Let A, € C(X) for h € 2 and suppose A € P(Ay) for all
h € 2. Then the mapping

2>5h— A, € C(X)
is R-continuous at hg € {2 if and only if the mapping
23h—(A—A,) " € B(X)
18 continuous at hg.

Our main tool in this paper is the theory of strongly continuous cosine
families of linear operators in Banach space. The basic ideas and results of
this theory can be found for example in [6].

Recall that the infinitesimal generator of a strongly continuous cosine
family C(t) is the operator A : X D D(A) — X defined by

(4) Az = (d*/dt*)C(t)z|,_,, =€ D(A),
where
(5) D(A):={z € X :C(t)x is twice continuously differentiable in ¢} .
Let
E :={z € X : C(t)z is once continuously differentiable in ¢} .

It is known (see [6], Proposition 2.2) that D(A) is dense in X and A is a
closed operator in X.
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If A is the generator of C(t), there exist constants M > 1 and w > 0
such that

(6) @) < Me*™  forteR.
Moreover, let us notice (see [6], (2.17)-(2.19)) that
St)X CE and S(t)EC D(A) forteR,
(d/dt)C(t)r = AS(t)r forx € Fandt R,
(d?/dt*)C(t)x = AC(t)x = C(t)Az  for x € D(A) and t € R.
The proof of the next propositions can be found in [2].

PROPOSITION 1 (see [6]). Let C(t), t € R, be a strongly continuous cosine
family in X satisfying (6), and let A be the infinitesimal generator of C(t),
t € R. Then, for ReX > w, A2 is in the resolvent set of A and

(7) AR(N\%; A)x = f e MC(t)xdt  for xe X,
0

and

(8) RO} Az = f e MSt)xdt  forz e X.
0

PROPOSITION 2. Under the assumptions of Proposition 1, for Re A > w,
A2 is in the resolvent set of A and

ME!

O) I/ AO = A7 € Ty

for k=0,1,...

3. Assumptions and some helpful lemmas. Let {A;},ecn be the
family of linear operators defined in the Introduction. We make the following
assumptions on {Ap, }ren:

(Z1)  For each h €2, Ay, is the infinitesimal generator of a strongly con-
tinuous cosine family {C}(t) : t € R} of bounded linear operators
from X into itself.

(Z2)  The domain D(Ap) = D, for h € {2, is independent of h and the
family {C},(t)} satisfies the inequality (6) with constants M and w
independent of h € (2.

Under assumptions (Z;) and (Zz), for each h € 2, Aj satisfies (9) with
constants M and w independent of h € (2.
In the sequel we shall need the following assumption.

(Zs)  There exist constants M > 1 and w > 0 independent of h € 2 such
that for Re A > w, A? is in the resolvent set of A; and

(10) INN® = Ap) M < M(IA = w) ™"
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The assumption (10) is stronger than the inequality resulting from (9)
for k = 0. Assumption (Z3) has a technical character.

LEMMA 2. Suppose assumptions (Z1)—(Z3) are satisfied. If the mapping

(11) 2>5h— A, e C(X)

1s R-continuous, then the mapping

(12) Us(Mh) — (A2 = A4, e B(X),
where

(13) U:={(\h) eCx 2:ReX>w},

15 continuous.

Proof. Fix (Ao, ho) €U and let (A, h) €U. The assertion follows directly
from the equality
(A2 = Ap) ™" = (A5 — Apy) ™
= (A5 = A = Ap) 7T = An) T (A5 = A) T = (A — Apy) T
THEOREM 1. Under the assumptions of Lemma 2, the mapping
(14) N2 xR> (h,t) = Sp(t)r e X
is continuous for each x € X.

Proof. By assumption (Z;), the formula (8) holds for each h € {2 and
ReA > w, i.e.
R(\% Ap)x = f e MSy(xdt, he, ReA>w, re€X.
0

A formal application of the inverse Laplace transform yields (cf. for example
[4], p. 31)

1 c+ioco
(15)  Sp(t)z = T f MR\ Ap)zd\, teR, hef, zeX,

Y
where ¢ > w is any constant, i.e. the line integral in (15) is taken along the
straight line Re A = ¢. From (15) it follows that

I : _
(16) Sn(t)r = o [ et (e +io)® — Ap] " ado,
—0o0

where A\ = ¢+ i0, 0 € (—00,00), is the path of integration in (15). By (10)
we get
1

17 (c+io)t +i 2_A —1 <M ct
(17) e (e +io) o)l < Me Ve +o2(Ve? +o? —w)

][ -
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From (17) it follows that the improper integral in (16) is absolutely conver-
gent uniformly in (h,t) € £2 x I, where I C R is any bounded set.

Fix (ho,to) € 2 xR, a compact neighborhood K C £2 x R of (hg,ty) and
an interval [a, b] CR. By Lemma 2 the integrand in (16) is uniformly contin-
uous in K X [a,b] as a function of (h,t, o). Therefore, using the well known
theorem on the continuity of the improper integral with respect to param-
eters, we get the continuity of the mapping (14) at (hg,tp). This completes
the proof.

LemMmA 3. If
(i) the mapping 2> h — Ay € C(X) is R-continuous,
(ii) the mapping 2 x R > (h,t) — Bp(t) € B(X) is continuous,
then the mapping
(18) 2 xR > (h,t)— Bp(t)Ap
15 R-continuous.

Proof. Fix (ho,tp) € 2 x R. By (i) there exist a Banach space Z and
operators Uy, Up,, Vi, Vi, € B(Z,X) such that Uy, Up, map Z bijectively
onto D(Ap), D(Ap,), respectively, AyUp = Vi, ApyUpy = Vi, and ||Up —
Uyl — 0 and ||V}, — Vi, || — 0 as b — hy.

Define Uy, (t) := Uy, and Vj,(t) := By, (t)Vj,. We have

(19) TR (t) = Uno (to) | = U — Uy |l — 0
and
(20) VA (t) = Vig (t0)l| = |1 Bi(£) Vi — By (to) Vi

< || Br(t) — By, (to) ||| Va |l
+ | Bro (to)[[IVi — Vi |l — 0

as (ha t) - (h’O’tO)‘
On the other hand,

Vi (t) = B (t)Vi, = Bu(t) AnUp, = (By(t)Ap)Un(t)
and
vho (to) = Bho (tU)Vho = Bho (tO)Aho Uho = (Bho (t())Aho)fjho (to) .

Now the R-continuity of (18) follows from (19) and (20). The proof of Lemma
3 is complete.

THEOREM 2. Under the assumptions of Lemma 2 the mapping
(21) 2 xR (ht) = Cp(t)r e X

is continuous for each x € X.
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Proof. From the known formula
Ct+s)—C(t—s)=2A5(t)C(s), t,seR,
(see [6], (2.23)), it follows that
(22) (Ch(t) — Da =2A,57(t/2)x, teR, he, zcX.
If x € D(Ap) = D we have
(23) (Ch(t) — Iz = 253 (t/2)Apx .

Lemma 3 with By, (t) := 252(¢/2), Theorem 1, and (23) show the R-continu-
ity of the mapping

(24) QxR (ht) = Ch(®)lp -

On the other hand, by (6) and (Z,), C(t) : X — X is a uniformly bounded
operator for h € 2 and t € [a, b], where [a,b] C R is any bounded interval.
This gives the continuity of (24) in the norm of B(X) (see [3], p. 206). Using
the Banach—Steinhaus theorem we obtain the assertion of Theorem 2 (cf.

[4], p. 9).

4. Continuity with respect to a parameter. Let (Ap)nen be a
family of linear operators from X into X such that assumptions (Z,), (Z,)
are satisfied.

LEMMA 4. Let hg € 2. If for any x € X,
(25) hlin}} Ch(t)x = Chy(t)x  uniformly in t € [0,T]
—ho

and the family (Ap)nen is R-continuous at hg, then

(26) hlin% Crh(t)x = Cpy(t)x  uniformly in (t,x) € [0,T] x K,
—ho

where K is any compact subset of X.

The proof is the same as that of Proposition 1 in [7] with &(t,h) =
Ch(t) — Chy (t).

As a consequence of Lemma 4 we have
COROLLARY 1. limy,_p, Sh(t)x = Sh, (t)x uniformly in [0,T] x K.

Proof. By (3) we have
T
1Sk (82 = So (W) < [ Cn(s)a = Chg(s)al| ds.
0

By (26), for any € > 0, there exists § > 0 such that if |h — ho| < d, then
|Sh(t)x — Sy (t)z|| <eT  fort e [0,T], z € K.
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THEOREM 3. If the assumptions of Lemma 4 are satisfied, the mappings
(a) 25 h—u) € X,
(b) 25 h —u; € X,
(c) f:2x]0,T] - X
are continuous and
is C1 for h € £2, then for every h € {2 there exists exactly one solution uy,
of the problem (1) and

i () = o (),

uniformly in t € [0,T].

Proof. By the assumptions, the solution of (1) is given by (2). Thus,
by standard calculation we have

(27)  un(t) — uny(t) = (Ch(t) = Chy (£))ujp + Chy () (up — uj)
+ (Sn(t) = Sny (t))up, + Sho (8) (ug, — up,)

+ [ [Sn(t =) = Sho(t — 5)|fn(s) ds
0

t

+ f Sho(t = 8)[fn(s) = fno(s)] ds.
0

Let K be a compact neighborhood of hg. Since the mappings (a), (b), (c)
are continuous, the sets K1 = {u) : h € K}, Ko = {u} : h € K} and
Ks = {fn(s) : h € K,s € [0,T]} are compact subsets of X. By Lemma 4
and Corollary 1,
[Cnlt) = Crg Ol "= 0, [Su(t) = Sny (D))}, "= 0,
and
h—h
[Sn(t = ) = Sho(t = 5)]fn(s) —"0,

h—>h0

(
uniformly in ¢, s € [0,T]. By assumption (Z3) we have
1Cho () (i, — upy )|l < Me T Jup — up || =0,

uniformly in ¢ € [0, 7] and

t
IS@)zl < [ Me*|al|ds <
0

t
—(e”" =1 .
2 e =Dl

Therefore

M
|SR(®)] < U(e“T —1) forhe.
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Hence
1 1 h—ho h—ho
[1Sho (0) (up, — upy)[l —="0 and  Spy(t = 8)[fn(s) = fno(s)] — 0,
uniformly in ¢, s € [0,7]. Thus the left hand side of (27) converges to zero,
uniformly in ¢ € [0, 7.

COROLLARY 2. If the assumptions of Theorem 3 are satisfied for any
ho € {2, then the mapping

u: 2x[0,7] 5 (h,t) — up(t) € X

1S continuous.

5. Differentiability with respect to a parameter. Let us recall (see
[7], p. 223) the definition of differentiability of 2> h — Ay.

Let D be a normed vector space over R such that there exist a Banach
space Z and a bounded, linear, bijective mapping T : Z — D. Setting
sB(D,Y) ={A: D — Y : Ais linear and AT € B(Z,Y)} we see that
sB(D,Y) is independent of (Z,T).

DEFINITION 2. Let {2 be an open subset of R. A function 2 5 h —
Ap, € sB(D,Y) is said to be (continuously) differentiable at a point hy € 2
if there exist a Banach space Z and a bounded, linear, bijective mapping 7" :
Z — D such that the mapping 2 > h — AT € B(Z, D) is (continuously)
differentiable in the Fréchet sense.

d
Al = AT T,
o= (@)

The higher differentiability classes are defined in the standard manner.

LEMMA 5. If Au®+£(0) € D(A), Aul+(df /dt)(0) € E, A is the generator
of C(t) and f:[0,T] — X is of class C* then the problem

In this case we put

d*u

i Au+ f,
(28) u(0) = u?,

du, .

%(O) =u,

has exactly one solution which is of class C* in [0,T].
Proof. It is well known that, under our assumptions, the solution of the
problem (28) has the form
t
u(t) = Ctyu + St + [ S(t—s)f(s)ds.
0
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Hence
d? d
2= o) (Ad® + f(0) + S(t) | Au' + —f(o)
dt dt
t
d*f
+ Of S(s) gz (t = s) ds.
Thus w = d?u/dt? is the solution of the problem
d*w d’f
iz = AT G
(29) w(0) = Au’ + £(0),
dw df

—(0) = Au' :
o (0) u (0)
By Proposition 2.4 of [6] we conclude that u is C* in [0, T7].

LEMMA 6. Suppose that the assumptions of Theorem 3 are satisfied at
every ho € 2. If Apu® + fr(0) € D, Apu), + (dfy/dt)(0) € E for h € £,
fn = f(h,)) : [0,T] — X is of class C3, d*>f/dt* : 2 x [0,T] — X is

continuous and the mappings

d
23 h— Apuf + fr(0), Qah—>Ahu,1l+%
are continuous, then the mapping
d2uh
dt?

2 x1[0,T] > (h,t) — (t)e X

is continuous in [0, T].
Lemma 6 is an immediate consequence of Lemma 5 and Theorem 3.
Now we prove
THEOREM 4. Let {2 be an open subset of R and suppose that assumptions
(Z1)—(Z3) hold. If

(1) the mappings 2 > h — Ay, 2 3 h — u) are continuous in 2 and
differentiable at hg € 2,

(2) fn:[0,T] — fr(t) is of class C® for h € 02,

(3) the mappings

2> h—>Ahu?L+fh(0),

d
25 h— Apul + (fth(()),

of
2 [0,7) 3 (h1) = 55 (b 1)
are continuous,
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(4) Apud + fr(0) € D and Apu} + (dfy,/dt)(0) € E for h € 12,

then there exists exactly one solution up(t) = u(h,t) of the problem (28)
which is of class C? with respect to t and differentiable with respect to h
at ho.

Moreover,

i n () — une (t)

o
h=ho h . hO - uho (t) )

uniformly in t € [0,T], and uj, is the solution of the problem

d2u§‘L / / !
dt20 = Anoun, + Apgting + fay >
U;L() (0) = (u(}JL())/7
duj,
1 (0) = (uf, ).

Proof. We proceed similarly to the proof of Theorem 2 in [6]. For h, hg
€ {2 we have

2 _ _ A, — A -
d (Uh uho):Ah<Uh uh0>_|_ h houh0+fh Tho

dt2\ h — hg h — ho h — ho h—hy
and
un(0) —un, (0) _ up) — uj,
h — hg h—nhy ’
duy, dup,
VO -,
h — ho h — hg
If we take
Ap — Ap, o — fno
— for h # h
Fy—{ h hy et T, M7 o
A/houho + ffllo for h = hy,
0 0
Up — Up,
W) s for h % ho,

(ufp,) for h = hy,

1 1
Up — Up,
— 0 forh#h
U}ll: h—ho or 7& 0

(up,) for h = hy,
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and
Up, — Upy,
vhzz_ihg for h # hg,
then vy, for h # hg, is the solution of the problem
d?vy,
A F
a X
v (0) = vy ,
duy,
E(O) =y,

Therefore Theorem 4 will be proved if we can show that Theorem 3 can be
applied.

Since the family (Ay)neq and the mappings 25> h — vl € X, 25 h —
v} € X satisfy all the assumptions of Theorem 3, we only have to prove that
the mapping {2 5 h — F}, satisfies them as well. Taking A € P(Ap,) and
T = (Ap, — M)~ we have

Ap — Ap Ap — Ap 1
_ t)= | ——2T|T t).

Then, by Lemma 5, T~ uy,, is of class C? in [0, T]. This completes the proof.

Theorem 4 is the key to establishing theorems on higher regularity of
the solution of (28) with respect to the parameter h.
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