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On local motion of a general compressible
viscous heat conducting fluid bounded by a free surface

by EWA ZADRZYNSKA (L6dZ)
and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. The motion of a viscous compressible heat conducting fluid in a domain
in R? bounded by a free surface is considered. We prove local existence and uniqueness of
solutions in Sobolev—Slobodetskil spaces in two cases: with surface tension and without it.

1. Introduction. In this paper we consider the motion of a viscous heat
conducting fluid in a bounded domain 2, C R? with a free boundary S;. Let
v = v(z,t) be the velocity of the fluid (i.e. v = (v1,v2,v3)), 0 = o(x,t) the
density, ¥ = ¥(x,t) the temperature, f = f(x,t) the external force field per
unit mass, r = r(z, t) the efficiency of heat sources per unit mass, p = p(p, ¥)
the pressure, p and v the constant viscosity coefficients, o the constant
coeflicient of surface tension, x the constant coefficient of heat conductivity,
¢y = ¢y (0,9) the specific heat at constant volume, py the external (constant)
pressure. Then the problem is described by the following system (see [4], Chs.
2 and 5):

o(vg +v-Vov)+ Vp — pAv —vVdive = of in QT
ot +div(pv) =0 in 7,
0cy (0 + v - VI) + dpy dive — kAY
(1.1) .
— % Z (Viw;, +0j,2;)° — (v — p)(dive)® = or  in T,
ij=1
T -n—ocHn = —pon ongT,
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olt=0 = 0o in §2,
19|t:0 = 19() iIl Q,

where ¢(z,t) = 0 describes Sy, 7 is the unit outward vector normal to the
boundary (i.e. m = V¢/|Va|), 27 = Use(o,r) $2¢ % {t}, £2¢ is the domain of
the drop at time ¢ and 2, = 2 is its initial domain, ST = Useo,r) St < {t}-
Finally, T = T(v, p) denotes the stress tensor of the form

(12) T =ATi;} = {—pdij + p(viz; + vja,) + (v — p)di; divo}

= {-pdij + Di;(v)},

where i,j = 1,2,3, D = D(v) = {D;;} is the deformation tensor. Moreover,
thermodynamic considerations imply that ¢, > 0, kK > 0, v > %u > 0. By

H we denote the double mean curvature of S; which is negative for convex
domains and can be expressed in the form

(1.3) Hn = Ag, (t)z, x = (x1,x2,23),

where Ag, (t) is the Laplace—Beltrami operator on S;. Let S; be given by
r = x(s1, 82, 1), (s1,82) € U C R?, where U is an open set. Then

0 12 O

1.4 Ag (t) = g~/ Y g
(1.4) s.(t) =g 9.0 90,

Cn D s D
=g 2 " g% 57 (a,8=1,2),

where the summation convention over repeated indices is assumed, g =
det{gapta.p=1.2; Gop = Ta - Tp (To = 01/034), {g*P} is the inverse matrix
to {gap} and {gnp} is the matrix of algebraic complements of {gag}.

Let the domain {2 be given. Then by (1.1)5, £, = {z € R3 : 2 = x(£,t),
¢ € 2}, where x = x(§,t) is the solution of the Cauchy problem

Ox
(1.5) o —v@t), leo=8€ 02, £=(8,6,8).
Therefore the transformation z = x(&,t) connects Eulerian x and Lagran-
gian £ coordinates of the same fluid particle. Hence

(1.6) r=¢+ [ (€ s)ds = Xu(6,1),
0
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where u(&,t) = v(X,(§,t),t). Moreover, the kinematic boundary condition
(1.1)5 implies that the boundary S; is a material surface. Thus, if{ € S = S
then X, (§,t) € S; and Sy = {z:x = X, (§,t), £ € S}.

By the equation of continuity (1.1)2 and (1.1)5 the total mass M of the
drop is conserved and the following relation between g and (2; holds:

(1.7) [ olztydz =M

2

The aim of this paper is to prove the local-in-time existence and unique-
ness of solutions to problem (1.1) in Sobolev—Slobodetskil spaces (see def-
inition in Sect. 2). In the case of compressible barotropic fluid the corre-
sponding drop problem has been considered by W. M. Zajaczkowski in [13]
and [16], while papers [14] and [15] refer to the global existence of solution
to the same drop problem. Local existence of solutions in the compressible
barotropic case was also considered in [5], [6], [12], while in the incompress-
ible barotropic case local existence is proved in [2] and [10].

This paper consists of four sections. In Section 2 notation and auxiliary
results are presented. In Section 3 we prove the local existence and unique-
ness of solution to problem (1.1) in the case ¢ = 0. In this case there is no
surface tension. Finally, Section 4 concerns the local existence and unique-
ness of solution to problem (1.1) in the case o # 0, i.e. when the shape of
the free boundary S; of {2, is governed by surface tension.

2. Notations and auxiliary results. In Sections 3 and 4 of this paper

we use the anisotropic Sobolev—Slobodetskii spaces WQI’Z/ 2(QT), le R}F (see
[3]), of functions defined in Q7 where Q7 = 27 = 2 x (0,T) (2 CR3 is a
domain, T < 00) or Q7 = ST =8 x (0,T), S = 912.

We define Wzl’l/ 2(QT) as the space of functions u such that

@) Nelygrrgn = | 5 IDEGulE, o)
| +2i<[1]

D¢ dju(s.t) ~ Dg dju(€’, 1)

p> (fff € — ¢/[3r20-1) —— ded¢/ dt

|a|+2i7[l] 002 0
|Dgoju(é, t) — DEoju(E, B 1/2
+ fff ’t_t,’mw e dt dt df)]
2 0 0
E[ Z | Dgdyuly or + Z ([DEdRul_y) 2,07 ¢
Jal+2i<[1 o +2i=[1]

. 1/2
+ [D?azuﬁ/Q—[l/2},2,QT,t)] < 00,
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where we use generalized (Sobolev) derivatives, Dg = 8“160‘230‘3, (90;? =
80‘7/(%? (1=1,2,3), a = (a1, 0, 03) is a multiindex7 la| = o1 + ag + as,

' = 9'/0t* and [I] is the integer part of [. In the case when [ is an integer
the second terms in the above formulae must be omitted, while in the case
of [/2 being integer the last terms in the above formulae must be omitted
as well.

Similarly to Wl’l/ 2((ZT), using local mappings and a partition of unity
we introduce the normed space Wl 1 2(ST) of functions defined on ST =
S x (0,T), where S = 0f2.

We also use the usual Sobolev spaces Wi(Q), where [ € Ry, Q = 2
(2 C R? is a bounded domain) or @ = S. In the case Q@ = 2 the norm in
WL(£2) is defined as follows:

lllwz ey = ( S IDgul, 0,

la|<[1]
|DO‘ Doc (§/)|2 , 1/2
+|Z:[l] }sz;f 1§ — §’|3+2(l i d§d§>
1/2
E( Z ’D§U|29+[D5 ul? ng) 7
la| <[]

where the last term is omitted when [ is an integer. Similarly, by using local
mappings and a partition of unity we define W(S).
To simplify notation we write

llullig = |]uHW21,L/2(Q) ifQ=0"orQ=25%1>0;
lullee = llullwyo) ifQ=RorQ=S51>0,
and Wy (Q) = W(Q) = Ly(Q). Moreover,
lullz,@ = lulp.g,  1<p<oo.
Next introduce the space I é’l/ ?(£2) with the norm

lull oz = > I1Dg0ullo.0 = lulsoo

la|4+2i<i
and the space L,(0, T} Fl 1/2(9)) with the norm
HUHLP(O,T;Fé’l/Q(Q)) = lul;0p0r, wherel <p<oo.
Moreover, let C%(27) (a € (0,1)) denote the Holder space with the
norm
p ‘U(f,t) — ’U,(f/,t/)’
(VE-EF T 1t vP)e

Hu”C“(QT) = su



Motion of a heat conducting fluid 137

let C%(027T) be the space of continuous bounded functions on 27 with the
norm

[ullco (or) = sup [u(, )]
and let C%1(Q) (Q C R? x (0,T)) denote the space of functions u such that
Dgoju € C°(Q) for |af +2i < 2.
Finally, the following seminorms are used:

T

3o N2
bilugr = ([ “p2ar)

0

where Q = 2 (2 C R? is a bounded domain) or Q = S, and « € (0,1);

[uli2,@ = [uli2,0.c + [uli2,Q, 5

where

[Wizge= Y [DEOjuli—p2q.e
loe|+2i=[1]

[Wizge= > [DEOfulie—u/22.0.0
|| +2i=[1]

Q=02xJ (2 CR3isadomain, J = (0,T) or J = (—o0,T)) or Q =S xJ.

In the case when J = (0,7") the seminorms [Dgagu]l_[,m% and
[D?azu]l/g_[l/g]g’@’t are defined in (2.1). In the case when J = (—o0,T)
we define the above seminorms in the same way.

Let X be whichever of the function spaces mentioned above. We say that
a vector-valued function u = (uq,...,u,) belongs to X if u; € X for any
1<e <.

In the sequel we shall use various notations for derivatives of u (where u
is a scalar- or vector-valued function u = (u1,us2,u3)). If u is a scalar-valued
function we denote by Dgu (where € € 2 C R3) the vector of all derivatives

of u of order k, i.e. D?u = (Dgu)|a|=k- Similarly, if u = (u1,ug,us) we
denote by Dgu the vector (D?uj)|a|:k7 j=1,2,3-By Dgtu we denote the vector
(D?Q;Uj)|a‘+2i:k7j:1’273 in the case when u = (u,us2,us) and the vector
(D?8§U)|a|+2i:k in the scalar case. Hence

|Dful = > |Dgu| and |Dful= Y |Dgdjul.
|a|=k |a|+2i=k

We also use the notation Veu = D%u or Ug = D%u.

Next, we denote by w - v either the scalar product of vectors v and v, or
the product of matrices v and v.
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Finally, we denote by D'E,tUDé,tU the following number:

P s
(2:2) DuDew= > YD DedunD0]v,
|a|4+2i=k m=1n=1
|Bl+25=1

where u = (u1,...,up), v = (v1,...,05) (k>0,1>0,p>1,s>1). The
product of more than two such factors is defined similarly.
We use the following lemmas.

LEMMA 2.1. The following imbedding holds:
l «@ 3
(2.3) W (2) CLy(2) (2CR?),

where |a|+3/r =3 <1, 1 € Z, 1 < p,r < o0; Ly(2) is the space of functions
u such that |Dgulp,o < oo; WL($2) is the Sobolev space.
Moreover, the following interpolation inequalities hold:

(2.4) |Deulp.o < cel_”‘|Déu|r,g +ce ulra,

where k = |a|/l +3/(lr) — 3/(lp) < 1, € is a parameter and ¢ > 0 is a
constant independent of u and €;

(2.5) |Dgulq,s < CEl_H‘DéU’r’Q + e "ulr o,

where k = |a|/l +3/(lr) —2/(lq) < 1, € is a parameter and ¢ > 0 is a
constant independent of u and €. =

Lemma 2.1 follows from Theorem 10.2 of [3].
LEMMA 2.2 (see [7]). For sufficiently reqular u we have
10 u(t)l2i-1-2i,0 < e(l|ulla,or + 107u(0)lar-1-2i.0) ,
where 0 <2¢ <2l —1,1€ N and ¢ > 0 is a constant independent of T'. m
LEMMA 2.3. Let u(&,t) =0 fort < 0. Then

‘t—t/|1+2°‘ |t_t/|1+2a

A . / |u(§7t) _u(§7t/)|gQ A A / |u(€7t) _u(§7t/)’%Q
dt dt = < dt dt :

T

L1 F OB

dt
o t2a
0

where Q = 2 (2 CR? is a domain) or Q =S =012, and a €R. m
LEMMA 2.4. Let 7 € (0,1). Then for all u € WQO’T/2(QT),

T T T AYP T
dt (- t) —u(- )5 o -
(2.6) 6[|u|g79f gclafdtéfdt/ S Of\ug,gdt,

|t7tl|1+’r
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where c1, ca do not depend on T and u. For T = oo the last term in (2.6)
vanishes. m

This was shown in [11], Lemma 6.3.
3. Local existence in the case ¢ = 0. In order to prove local existence

of solutions of (1.1) we rewrite it in the Lagrangian coordinates introduced
by (1.5) and (1.6):

nug — pNVou — vV, Vo - u+ Vp(n,y) =ng  in 27,
n+nVy-u=0 in 27,

neo (0, 7) v — KVoy = —ypy(1,7) V- u

3
g Z (&a, - Veu; + &, - Veus)?

(3.1) + (v — ) (Vo - u)* +nk in 27
Ty (u,p) -7 = —pon on ST,
n-Vyy=79 on ST,
ult=0 = vo in (2,
nlt=0 = po in 2,
Ylt=0 = Yo in £2,

where u(f’t) = U(Xu(fvt)vt)7 ’Y(f,t) (X ( ) )7t)7 77(§7t) = p(Xu(fvt)vt)7
g({,t) - f(Xu(gvt)vwv k(§7t) = T(Xu( 7t)? )7 Vo, = g:rvi = {gzma&}a

Tu(uap) = _pl + ]D)u(’LL) )
Du(u) = {:u(gkriafkuj + gkl’jafkui) + (V - M)(Siij ’ u}

(here the summation convention over repeated indices is assumed and 1 is
the unit matrix) and 5(&,t) = 9(X, (&, 1), t).

Let A = {a;;} be the Jacobi matrix of the transformation x = X, (¢, 1),
where a;; =0;; +fg O¢,ui(&,7) dr. Assuming that |Veul|o or < M we obtain

3.2 0<ci(l—Mt)? <det{ze} <eco(l+Mt)3, t<T,
3

where c1,co > 0 are constants and T' > 0 is sufficiently small. Moreover,

¢
detAzexp( f Vu'udT) = po/n.
0
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Let S; be determined (at least locally) by the equation ¢(x,¢) = 0. Then
S is described by ¢(z(&,t),t)|t=0 = ¢(§) = 0. Thus, we have

b(, t _ o
A(a(e 1), 8) = — 22Dl and () =~~~
Vod(@: Dl lo=ae.r Ved(©)]
First we consider the linear problems
Luzut—uvgu—uV5V§-u:F in 27,
(33)  De(u)-mo=G on ST,
ult=0 = ug in 2
(where D¢ (u) = {1(0g;uj + O¢;ui) + (v — p)di;0¢, ur }) and
’yt—ﬁvgsz in 27,
(34.) ng - Vg’y = ﬁ on ST 5
Ylt=0 = Y0 in (2.
We assume
(35) 22 ( ) 2 ; ( )
1Dz ,Glijssm <00, up € W5 (82)
and
K ewW2iol), Fe W3—1/2:3/2-1/4 T ’
|D5,t’Y|1/4,ST < oo, 7o € W5(£2).
Moreover, we assume the following compatibility conditions:
(3.7) D¢ (De(u(0)) -1 — G(0)) =0,  [a[ <1, on S,
and
(3.5) D (7o - Ver(0) = 5(0)) =0, fo] <1, on S
First we consider problem (3.3). Define functions v; for i = 0,1 by
(3.9) Vi = Ofuli=g in £2.
Hence
(310) Py = ug, 1 = pAug + vV divug + F(O) .

LEMMA 3.1. Let £2 C R? be either a halfspace or a bounded domain with
smooth boundary 082 and let T < co. Assume that

(3.11) o € WP (R2), W1 € Wy(R2).
Then there exists v € Wy2(27) such that
(3.12) Ofv)imo =i in 2 (i=0,1)
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and

(3.13) [vlla,0r < c(l[volls.e + [[¥1]

where ¢ > 0 is a constant independent of T.

179)7

Proof. Using the Hestenes—Whitney method (see [1]) we can extend 1)y
and 1 to functions 1y € W3 (R?) and ¢; € W3 (R3) such that

[Yollsrs < cllvolls,2,  [l1llrs < cll¥ill1,e.

where ¢ = ¢(§2). Then from [16] (Lemma 6.5) we deduce that there exists
v e Wi (R? x R} ) such that

(3.14) Oitlimo = s,  i=0,1,

and

(315)  [[Tllaponry < cllldollams + d1]l1ms) < ellltbolls,e + e ]l1,0) -
Therefore v = v|r satisfies conditions (3.12) and (3.13). =

Now we prove the following theorem.

THEOREM 3.1. Let S € VV24_1/2 and let assumptions (3.5) and (3.7)
be satisfied (T < c0). Then there exists a solution of (3.3) such that u €
Wy 2 (027) and
(3.16)  lulls,0r

< (D)1, 0r + 1Glls-1/2,57 + 1DZ 1Glijas7 + [u(0)]3,0,2)

where ¢ is an increasing continuous function of T and

(3.17) [u(0)[3,0,2 = |luollz,e + [|Osult=o|l1,22 -
Proof. Introduce the function
(3.18) w=u-—v,

where v is the function from Lemma 3.1. Then instead of (3.3) we obtain
the problem

wy — pAw —vVdivw=F —Lv=f in 027,
(3.19) De(w) - o =G —De(v) - o =g on ST,
W= =0 in 2,
where in view of the compatibility condition (3.7) we have
(3.20) f(0)=9(0) =0.
It is sufficient to consider problem (3.19) in 27 = RT = R3 x [0, 7]
because using a partition of unity and appropriate norms (see [8], Sects.

20, 21) we obtain the existence and the appropriate estimate of solutions of
(3.19) in a bounded domain f2.
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Thus, consider problem (3.19) in R? and extend functions f, g, w by
zero for ¢t < 0 to functions f1, g1, wi. Then instead of (3.19) we get the
following boundary value problem:

1) Lwy = f1 in Dy(T) = R3 x (—o0,T],
3.21 ~
De(wy) -7ig = g1 in F3(T) = R? x (—o0,T].

Next using the Hestenes—Whitney method extend f; and g; to functions f,
and g defined on R3 x (—00,00) and R? x (—00,00), respectively. Then
instead of (3.21) we have the problem

Lwy = f5 in Dy = R3 x (—00,00),
(3.22) _

De(ws) -7ig = g2 in B3 = R? x (—00,00),
and the estimate

(3.23) 1Fally 5, < ellfilly 5,7 -

Next we extend fo by the Hestenes—Whitney method to a function f3 €
W2 (R*) such that

(3.24) 1fsllzzs < cllfell, 5,
Consider now the system
(3.25) Lws = f3 inR*.

By potential techniques (see [8], Sections 12 and 21) and (3.23), (3.24) there
exists a solution ws € Wi?(R%) of (3.25) and

(3.26) |ws|la,re < (D) fll2,rT,

where ¢(T) is an increasing function of 7.
Introduce the function

(327) Wyg — W2 — W3 .
By (3.22) and (3.25) we have

Lw4 =0 in 54 y
(3.28)

De(wy) - 7o = g2 — De(ws3) -Mp =¢g3  in Eg.

Again by potential techniques there exists a solution wy € W24 ’2(154) of
(3.28) and

”w4H4,54 =c ]3—1/2,2,53 < C([92]3—1/2,2,Eg + Hw3H4754)

g3
< e(T)([g1l3-1/2,2,E3(T) + | fll2,r7)
where we used (3.26) and the Hestenes—Whitney method for g;. Hence
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(329) Hw4||4,RT < C(T)([gl],g_l/g’zgs(ff) + ||f||2,RT) .

Further, using Lemma 2.3 we have

(3.30) [91]3—1/2,2,}53(T) = Z [D?gl]l/Q,Q,Eg(T),f + [8’591]1/2,2,53(T),5

lo]=2

+ Z [D?91]1/4,2,E3(T),t + [81591]1/4727}53@),15
|| =2

< C{ Z [D?g]1/2,2,R2x[o,T],5 + [atg]1/2,2,R2x[0,T},g
|a|=2

+ Z [Dg gl1/a,2,r2x[0,1),¢ + [0e9]1/4,2,R2 x[0,7),¢
|| =2

T D2 g|2 1/2
¢,t912 r2
()

0
< c(llgllz—1/2,57 + |D§,t9|1/4,ST) )

where ST = R? x [0,T].

Taking into account the right-hand side of (3.19) and (3.18), 23
(3.22), (3.25)—(3.30) we conclude that there exists a solution u € VV2 )
of (3.3) satisfying

(3.31)  lulla,rr
< (D) (| Flla,rr + [[v]la,rr + [Gll3-1/2,57

+1DZ .Gl s 57 + vemollz—1/2,57 + 1D 4 (vemo)lija,57)

where

Ve = E Vig,; N0k -

i,j,k=1
By Lemma 3.1 we have
(3.32) ol re < clollsms + 61l .25)
and
(3.33)  [Jvemollz—1/2,57 < [[UeMoll3—1/2,9x(0,00) < CW&H&Rix(o,oo)

< cllvllsnr < clldollszs + d1llz).
4-1/2.
where we have used the fact that S € W,

It remains to estimate |DZ ; (vefio)l1/4,57. We have
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(3.34) |Dg,t(vgﬁo)|1/4,ST
T | Do Dgv + Do Div + g DEv + Mod: Dvl3 g dt) 1/2

_ ( / .

T |D2mo|3 5| DEvl3 g + |Dv3 g + D23 g + 0:DivE g /2

<cl [ dt
t1/2 ’
0

where we have used the fact that S € W24 ~1/2 and Lemma 2.1, and where
the products are understood in the sense of (2.2).
Next, by Lemma 2.1 we get

- |DEmol 5| DE ¢vlf s
f Av dt < ¢ f 71/2 S dt .
0

Hence in view of Lemma 2.4, (3.34) yields

1DZ , (vemio)ly /4,57
Oo ‘Déag,s + \D;?ﬁl%,s + \ngg,s + \Déaﬁg,s 12
<cl [ dt
0

t1/2

co Fan J an(( DN D0l
0 0

— p|1+1/2

|D§ﬁ(§, t) - D§5(§7 t’)’%,s |8tD%5(’£7 t) - 8t/D§%(£v t/)@,s

It — t/[1+1/2 It — t/[1+1/2
|DED(E,t) — DEB (& )3 6\
‘t _ 75l|1+1/2 '
Therefore
(3.35) |D§,t(7’£ﬁ0)|1/4,sT < c||v]|4,pr ,

where we have used Theorem 5.1 from [8].
Taking into account (3.31)—(3.33) and (3.35) we get (3.16). This com-
pletes the proof of the theorem. m

In the same way we can prove

THEOREM 3.2. Let S € W;ilﬂ and let assumptions (3.6) and (3.8)
be satisfied (T' < 00). Then there exists a solution of (3.4) such that v €
W2 (027) and
(3.36)  [[Vll4,07

< e(T)(|K 2,00 + |Fll3=1/2,57 + IDE A1 /4,57 + [7(0)]3,0,2) ,



Motion of a heat conducting fluid 145

where ¢ is an increasing function of T and

(3.37) 7(0)]3.0,2 = 170ll3,.2 + 19 7le=0ll 1,2 -

Now we have to consider the following problems:
Ny — ,uvgu —vVeVe-u=F in 07,
(3.38) De(u) -mp =G on ST,
uli=0 = uo in 2

and
new(n, B)ye — kVigy =K  in 27,

(339) ng - V§’7 = ;\Y/ on ST ;

Vt=0 =0 in 2.
First we consider (3.38). The following theorem is proved in [15].
THEOREM 3.3. Assume that
Sew, V2 Fewp (QF), G e wy PR ST,
|D§,tG|1/4,ST < 00, Ug € W23(Q),
1€ Loo(0,T5 151 (£2)) N C(27F) (e € (0,1)), 1/n € Loo(27).

Moreover, let the compatibility condition (3.7) be satisfied. Then there exists
a unique solution u € W24’2(QT) to problem (3.38) satisfying the estimate

(3.40)  ullg,or < O1(11/nlso, 07, Nloc,0r, T Fll2,0r + |Glls=1/2,57
+ |Dg,tG|1/4,ST + ¢2(|77|2,0,oo,9Ta ||77||Ca(QT))||U||2,QT]
+ ¢3(|1/77|OO,QT7T)|u(0)|37079 )

where ¢; (i = 1,2,3) are nonnegative increasing continuous functions of
their arguments. m

Now we consider problem (3.39). Assume that 1 € Lo (0,T; 1" (£2))
and 8 € W,"*(27). Applying Theorems 10.2 and 10.4 of [3] we find that
n e C%(NT) and B € CY(27T). Therefore, there exists a bounded domain
V' C R? such that (n(&,t),8(&,t)) € V for any (&,t) € 27,

LEMMA 3.2. Assume that n € Loo(0,T; T3 (22)) N C*(027) (where a €
(0,1/2)), 1/n € Loo(27), n >0, B € Wy*(27), 1/8 € Log(27), 8 > 0,
co € C2(R2), ¢, > 0. Then ney(n, B) € Loo(0,T5 T3 (2)), ne, € C*(2T),
1/(ney(n, ) € Loo(£27) and
(341) |ncv(naﬂ)|2,0,oo,QT

< wl(HCvHCZ(V)a ||1/Cv||CO(V)a |77|2,0,oo,QTa ||ﬁ||4,QT7 |ﬁ(0)|3,0,9) )
)

(342) ‘77%(7775 |oo,QT < HCUHCO v |77|oo,QT7
V)



146 E. Zadrzyniska and W. M. Zajaczkowski

(343)  [1/(nev(m, B))loo,0r < [11/eoll go iy 1/loo, 07
(3.44)  |Inco(n, B)llcaar)
< Ya(llevll gz @ys nllcaary, 18lla, 07, 18(0)]5,0,2, T) |

where 1; (1 = 1,2) are nonnegative increasing continuous functions of their
arguments.

Proof. By the assumptions we can choose V such that V' C R%. Thus
(3.42) and (3.43) are obviously satisfied. In order to obtain (3.41) we cal-
culate the derivatives Dgdj(nc,) (where |a| +2i < 2) and next we apply
Lemmas 2.1 and 2.2. To prove (3.44) we also use Lemmas 2.1 and 2.2 and
the Sobolev imbedding theorem. m

THEOREM 3.4. Assume that
Sew, VP K e W QT), 5 e wi PV ETY g e WE(12),

N € Loo(0,T; 1 (2)), 1/n € Loo(27), n € C*(2T) (0 < a < 1/2),
n>0,8€Wy*02T),1/8 € Loo(2T), >0, ¢, € C*(R2), ¢, > 0.
Moreover, let the compatibility condition (3.8) be satisfied. Then there exists

a unique solution v € Wy(2T) to problem (3.39) satisfying the estimate
(345)  [Vlls,0r < dalllesllcowy, 11/ coll oy [Mloo,27 5 [1/0] 0,07, T)
x [IK|l2,0r + [1Fll3-1/2,57 + |D§,ﬁ|1/4,ST
+ ¢5(||Cv||c2(V)v ||1/Ccho(V)7 |77|2,0,OO,QT7 ||77||CQ(QT)>
181l4,7,18(0)]3,0,2, T)[[7ll2,027]
+ o611/ cvllco w7y 11/nlo0,00, T)Y(0)l3,0,02

where ¢; (i = 4,5,6) are nonnegative increasing continuous functions of
their arguments.

Proof. Since by Lemma 3.2, e, (n, 8) € Loo(0,T5 Fg’l(ﬂ)), ney(n, B) €
C(2T) (a € (0,1/2)) and 1/(ncy(n, B)) € Loo(27), using the same argu-
ment as in Theorem 3.3 and inequalities (3.41)—(3.44) we prove the existence

of a unique solution v € W24 ’Q(QT) of problem (3.39) satisfying the estimate

(3.45). m
Now consider the problems
nuy — quUu — UV Ve -u=F in 0T,
(3.46) Dy (u) -7 =G on ST,

ult=0 = ug in 2,
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and
ne(n, B)y — kVay =K in 027,

(3.47) n-Vey=7 on ST

Ylt=0 = Y0 in 2,

where 7 = (X, (€, 1), 1).

The following theorem concerns problem (3.46).

THEOREM 3.5. Assume that

SeWs V2 Few2l(Qr), G e Wit/23271/4 (g1,

uy € WH(R), 0 € Lo (0,1 157 (2)), 1/ € Lo (£27),

neCT) (a € (0,1), we Wi (2T)nCo0,T; I*?(2)), T < .
Moreover, let the compatibility condition (3.7) be satisfied. Assume that T

1s so small that

(3.48)  T*(|wll4,er +[w(0)]s,0,2)
T

%7 ([ lweloe.c2 ., [1/mloc 0 Il 0 [0, 00, [0(0) 30,0, T) <6,
0

where ¢7 is an nonnegative nondecreasing continuous function of its argu-
ments, a > 0 is a constant and 6 > 0 is sufficiently small. Then there exists

a unique solution u € Wy (27) N C0,T; Fg’g/z(())) to problem (3.46)

satisfying the estimate

(3:49)  lully,or < G111/ Moo, 07 Moo, om, T Fll2,0r + |Gll3-1/2,57
+1DZ,Glyja,st + 2(Inl2,0,00, 27 10l oo (2m)) 10l 2,07 ]
+ &5(11/n]00,07, T)u(0)[3,0,2 ,

where ¢; (i =1,2) are the functions from Theorem 3.3, and ¢4 is a nonneg-
ative increasing function.

Proof. In order to prove the existence of solutions to (3.46) we rewrite
it as
nuy — ,uvgu —vVeVe-u
=F + u(Viu— Viu) + v(Vy Ve -t — VeV - 1)
=F+F in T

(3.50)
De(u) - o = G+ (De(u) - g — Dy (w) - 1)

=De(u) - (Mg — 1) + (De(u) — Dy(u)) - A=G+G  on ST,

Ult=0 = u in £2.
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Using Theorem 3.3 we have the following estimate for solutions of (3.50):
(3.51) lullaor < é1(1L/nlee.0r, oo 0r TIF + Flla,0r

+ G + Glls—1j2.57 +1DZ,G + DZ,Glyjasr

+ @2 (I1l2,0,00,07 11l o (2m)) lJull2, 7]

+ @3(11/1l oo, 27, T)u(0)]s,0.02 -

First we estimate HﬁHQQT By the form of the operator V,, we obtain

(352)  [|Fls,0r
S C||(§IV§)2’IL — Vgu”Q’QT + CH&IV;;‘(&EV§ . u) — Vng . UHQ7QT

< cll(&Ve)*u = Veull,or

+cll€Ve(§a) Ve - ullo or + cll(€3 — D) DZulla,or

Y

t t
2 1 1 2

< C[Hfl Of Dew dTDgqu,QT + Hf2 Of Dew dTD&uHQ,QT}
where f; = fi(1 + fg we dr) (i = 1,2) are smooth functions of their argu-
ments; &, = %—1 = T¢/det{z¢}, T¢ is the matrix of algebraic complements
of {z¢} and z¢ = 1+f0t we dr. The products on the right-hand side of (3.52)
(and below) are in the sense of (2.2).

Now, applying Holder and Minkowski inequalities and Lemmas 2.1-2.2
we get

t t
2 2
(353 ||n JDgwdTugHQ’QT—FHfQEfwngDquZQT
< [T |[wll} o ulls,or +T%2|wll o [[ulls o

+ T 2wl 0r |lu

l4, 07
+ T2 ||w]f} or ([ulla,0r + [[w(0)]3.2)
+ T2 (|wllg,0r + 1w(0)]ls.0)([ullg,0r + [u(0)s.0)],

where ¢ = c(fOT |we |00, dt).
Next consider

t
@M)IMMWWS%EJ%W%MLWM

gc( > ‘D?3§<f3ftw£d7“€55>‘st
0 ,

la|42i<2
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+ ) [D?‘?f(ﬁjwﬁdmfa&)]l/ww
: ST,

|| +2i=2
t
+ Z [D?@i (f3 f e dTuE¢5)]1/4 ST t) ’
| +2i=2 0 Y

where f3 = f3(1+ fot we dr) is a smooth function of its arguments.
By the Holder and Minkowski inequalities, Lemma 2.1 (inequality (2.5))
and Lemma 2.2 we have

(355 3 \Dgal(f?, f we dqusf)]
|| +2i<2
< TV |w|l g or ullaor + Tllwl} grllulla.er + T*2(lw|f grllulls,.or
+ T2 w]|f or (Julla,or + [u(0)]3,0,0)

+ T2 (Jwlla,or + [w(0)]3.0,2) (Jullaor + [u(0)]s0,0)] =1,

where ¢ = c(fOT |we |00, 02 dt).
Now consider

R S (O R |
|| +2i=2 0 o

We shall only estimate some terms of I;. For example we have

n={ [y Dbwan? e drucod©)

0o s S
- g(fgpg,wdrgﬁj?, drug de')(€) dgdg/dt}l/Q
T t
IL£3 (Jy we dn))(€) = [ Jy wer dr))(€)2
o [ g g 1stiens s

2 4 2 217 12 / 1z
x( fDEwdT’ ‘ fwng’ Jue || e |2 de de dt}
0
[D2w(€) — D2 w(¢')] dr|?

wof [ R 2

0 s s

¢ 9, 5 N 1/2
x( ngwdT‘ ‘ fwng‘ |u5]2|¢§|2d§d§’dt}
0 0
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t o , d 2 t 1/2
[ i)~ e @i [ pwar] el e i}
S S

T
{
+C{fff lug (&) — uer (&) )wadﬂ‘fw dr‘ T2 dede’ dt}l/Q
by el ‘ L
{
0

/
I |6e (&) — der(€) ‘ ngwdT‘ ‘ fwng‘ lug|? dé de’ dt}l 2‘
5 S

€ —¢'[3
Using the Taylor formula we get
‘fo Dgw dT]2
(3.56) {
[ e

| fD?wdT\ | fwgd¢\2|ug|2|$§|2dsd£’dt}w

w(E)]dr?

el [ g RO

0o s s

t 9t 9 N 1/2
x‘(f<D§uuhj} j’wgdr‘h%rﬂ¢42d§dguﬁ}
0 0

A | D2w(€) d 1/2
I e - 5, o !ngwdT\ e de e
0o s s

T \Dgu ¢ , 1/2
+c{ [/ e ) ijg d7|(j’wfdﬂ|¢g dgdgcﬁ}

0o s s

T \Dgﬁb t ) 1/2
+c{ [T - £|’ f gudf“j“uzdr‘|ug dgdgcﬁ}
0o s s

=L+ LB+ +1;+15,

Whereg:9f—|—(l—«9)§,0<0<1.
Obviously, we have

1 < 7wl o full o

For 12, we obtain

T t 5 t 9 B
I3 < c{ f sup’ f Dgwdr‘ Sup‘ f we dT‘ sup |ug|* sup |o¢|?
0 S 0 S 0 S S
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[D2w(€) — D2w(E)] dr|?
) ”rfo tu©) D2l
|€ ¢'|
<CT1/2Hw||4 ar T ||w| g or T"?
|DZw(§) — DZw(E")?

1/2
{ff 1l ar drfd{’dt} ull4, o

0o s S

1/2
de d¢’ dt}

< 2wl or lulla,or

where we have used the fact that Dfw € W21/2’1/4(ST) and Lemma 2.1
(inequality (2.5)).
Next we estimate

T t 4 ~
Ig’gc{ f sgp‘ ngwdT‘ SI;P|U£|QSUP|¢£|2
0

xsup‘fDéw d‘<ff’g§d§> }2

< CT3/2||U)H47QT||UH479T :

The other terms both of (3.56) and of (3.55) can be estimated in the
same way.

Therefore, by the above considerations

t
> [peoi(fs [wedruede)] | <O+ Thulaan!,

|a|+2i=2

where I is defined in (3.55).
Consider now

> [eai(s [ weoncio)], ..,

|a|4-2i=2
T T 1/2
gc[fffmdgdtdt’] =1,
S 0 0
where
t
A(&,t,t/) = ‘Dg,t (fg f We dr Ué%&) (t)
0
‘2

t
— D2, (fs [ wedruede)(t)
0
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As before we only estimate some terms of I3. Set

Bt V) = ’( ! ft DgwdT)Q ftwgdmg&g)(t)
0 0
t

(s J Dtwr)’ Ofwg irucd) )
We have

T T 1/2
B B(&,t,t)
(3.57) Iy :[fff e dgdtdt']
S 0 0

“(J1]

t /
5 (fy we dr) — f4( [y we dr)[?
|t—t/|3/2

1/2
‘ Dgwdf} ’ fwng’ e | |¢>5|2d§dtdt>

ff T ‘fo D2wd7'—f0 D2wd7]2
s 0

— /32
0

r T|ug >—u£ Ik 2 12
ff — )3/ ’fDEwdT‘ ‘ fwng‘ |¢£’ dfdtdt>
0 0

T Tt t 1/2
|y wedr — [y we dr? 4

f f : it t/‘g/z ‘ ngwdT) |ug || e |* d€ dt i’

0 0 0

f

o
| f otuinl| f e oo acarar)
(J

<

U)%

=0+ I+ + 1.

Using the Taylor formula we obtain

(fff |f0 DgwdT fJ/DgwdTP

— VP2
S 0 O
t 2 2 " 1/2
x‘ [ DgwdT) ‘ fwgdf( |u5\2\¢5|2d§dtdt’>
0

Sc(ofOfTrt \1/2(f|D2 DI )
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t 9 t 9 B 1/2
X Sup‘ f Dgw dT’ sup‘ f wWe dT‘ sup |ug |? sup |ope|? dtdt’)
S 0 S 0 S S

A 1/2
f T2 sup |ug|? dt dt/)
S

t 0

T
< T wllf gr sup [w®I o[

0
< eI wl? gr (el or + [0(0)|30.0) ulls o7

where t = 0t + (1 —0)t, 0 < 6 < 1.
In the same way the other terms both of (3.57) and of

Z [D?@f(fg fw5d7u555>]
0

‘ 1/4,57 ¢
|a]+2i=2

can be estimated.
Thus, from the above considerations we obtain

(358)  IGls-1jzsm < T2(|wllg,or + [w(0)]30.0)
T
< o( [ Tl dtwllior. [wO)s0.0.T)
0

X ([[ulla,or + [u(0)]3,0,2) ,

where ¢ is a nonnegative nondecreasing continuous function of its arguments.
It remains to estimate ID§7tGI1/475T. We get

_ T |D3 (f3 [y we drugde)[3 Yz
£t\J3 3 €PE) 12,87
(359)  1DZ,Glijssr = ( f ” 1172 : dt)

0
< C[T1/4HUJH4,QT ||| 4, 0r + TS/4H“’H4,QT ||| 4,007

+ Tl or lulls,or + T [wlla,or (lulla,or + [u(0)3,0,2)

+ TV (JJwlla,0r + [w(0)]3.0,0) ([ulla,0r + [u(0)]s0,.2)] -
By (3.51)—(3.59) we get
ull4,0m < 1(11/0|o, 07, 1o, 0, T) 1 Fll2,0r + |Gll3-1/2,s7

+ 1D ,Glija.57 + ¢2(In2,0,00, 07 11l co (7)) 1l 2, 0]

+ 03(|1/1 s, 0, T)u(0)[3,0,0 + T (w4, 07 + [w(0)]3,0,2)
T

x 67 (11/nloe, s e, 075 [ [0l At ] o7, [w(0)ls. 0,0, )
0

X ([[ulla,or + [u(0)]s,0,2) ,

where a > 0 is a constant.
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Therefore if 6 > 0 is sufficiently small (3.49) follows from (3.48). To
prove the existence and uniqueness of solutions to problem (3.46) we use the
method of successive approximations. Put u,, in the right-hand side of (3.50)
in place of u and replace u by wy,+1 in the left-hand side of (3.50). Then
by the contraction theorem we have the existence of solutions of problem
(3.46) for sufficiently small T'. Therefore the theorem is proved. m

In the same way the following theorem can be proved:
THEOREM 3.6. Assume that
Sewy V2 K e WHHQT), 5 e Wi/ (6T,
1D2 Al1/a.57 < 00, 70 € W5(£2), n € Loo(0, T I3 (£2)),
1/ € Loo(27), 1> 0, n € C*(027) (a €(0,1/2)),
Be Wy (27), 1/B € Loo(27), B> 0, ¢, € C*(RY), ¢, >0,
we WE2(0T)n o0, T; 1% 2(2)), T < .
Moreover, let the compatibility condition (3.8) be satisfied. Assume that T

18 so small that
T

(3:60)  T*(lwlla.cr + [w(0)ls0.0)65( [ lwche.cdt, leuloar
0

11/ eollgowrys 11/ so, 275 [Nloo,275 18lla,075 15(0)]3,0,2,

lwlla.cr, [w(O)ls0.0,7) <.

where ¢g is a nmonnegative nondecreasing continuous function of its argu-
ments, a > 0 is a constant and § > 0 is sufficiently small. Then there exists

a unique solution v € Wy*(2T) N C%0,T; F§’3/2(Q)) to problem (3.47)
satisfying the estimate
(3.61) [IVlla,er < dallicvll 2wy 11/ coll ooy 11/ Moo, [0]oo 07, T)
x 1 Kll2,0r + [Vll3-1/2,57 + |D§,ﬁ|1/4,sT
+ ¢5(HCUH(12(V)7 HI/CUHCO(V)7 |77|2,0,oo,.QT7
[Inllce o), [1Bll4,07,18(0)s,0,2)17]l2,07]
+ 0611/ coll oy, /Moo, 07, T (0)|3,0,2

where ¢; (i =4,5) are the functions from Theorem 3.4, and ¢ is a nonneg-
ative increasing function. m

Now consider the continuity equation (3.1),. Integrating it we have
t
(3.62) nE ) = oo exp |~ [ Vo u(,r)dr].
0

The following lemma holds (see [15]).
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LEMMA 3.3. Let oo € W3(£2), u € C°(0,T; W3(2)) N W, *(27T). Then
the solution (3.62) of the continuity equation satisfies n € C°(0,T; W3 (12)),
n € CO0,T;W3(2)) N La(0,T; W3(£2)), mee € La2(0,T; W5 (2)) and the
following estimates hold:

(3.63)  sup Infls.c < U1 (T2 ulls,0r ) (T2 ulla,or +1lleolls,o

(3.64) HntHL2(O7T;W23(_Q)) < 7/12(T1/2HU||4,QT)T1/2HU||4,QTHQOHB,Q>
(3.65) HT]ttHLg(o,T;Wg(Q)) < 1/13(T1/2HUH47QT)(T1/2 + 1)[Ju
(3.66)  sup [lnell2.0 < Da(T2||ull 4, o) sup [[ulls.2lleolls.2

4,0T HQOH&Q?

11/ 00,07 < JS(TUQHu||4,.QT)|1/QO|OO,Qa
100,07 < JG(T1/2||UH4,QT)\QO|00,Qv
(3.68)  Inllce(ary < Yr(T?|ully,or) s (T |[ul4,0)
+ T (|ullg,or + [[u(0)]I3,2)]lle0llco () »

(3.67)

where ; (i =1,...,8) are nonnegative nondecreasing continuous functions.
|

Now we are able to prove the existence of solution to problem (3.1).

THEOREM 3.7. Let § € Wi "2, f € C21(R3 x [0,T]), r € C>'(R3 x
[0,7]), 9 € CZLR3 x [0,T)), vo € W3(R2), 99 € W3(£2), 1/ € Loo(£2),
190 > 0, 0o € WQB(Q)’ 1/@0 € LOO(Q)’ 0o > 07 Cy € 02(R2+)a Cy > 07
pE C3(Ri). Moreover, assume that the following compatibility conditions
are satisfied:

(3.69) Dg‘(Dg(vo) -7 — p(00, Y0)Tio + pofin) = 0, lal <1, on S,

and

(3.70) Dg(g - Vo — 9(€,0) =0, |a| <1, on S.

Let T* > 0 be so small that 0 < ¢1(1 — CKT*)? < det{ze} < co(1 +
CKoT*)? (where x(&,t) = £+f0t uo(§,t) dr fort < T*, ug is given by (3.74),
Ky is given by (3.91) and the constant C = C(Ky), which is a nondecreasing

continuous function of Ky, is given by (3.94)). Then there exists T** with
0 < T** < T* such that for T <T** there ezists a unique solution (u,~y,n) €

W2(02T) x W2(027) x C°(0, T; I *?(£2)) of problem (3.1) and
[ulls,or + [7]l4,07 < CKo,

Sup Im3,2 + sup 1nell2,2 + el oo, mwz 2)) + el oo, 0w ()

< & (T, T°Ko)|looll3,2 ;
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11/nlo, @7 + [1]oo 07 < Po(T?Ko)|1/ 00]0s,02 + @3(T2Ko)| 00] o2

where @; (i = 1,2,3) are increasing continuous functions of their arqguments,
a>0.

Proof. We prove the existence of solutions of problem (3.1) applying
the method of successive approximations. To do this consider the problems

2
77mat‘um+1 - ,vaum Um+1 — Vvum vum *Um+1

3.71) =~V 2> Ym) + Nmg in 27,
Do, (Umi1) - () = [p(hm, Ym) — poli(um) — on ST,
Um+1]t=0 = Vo in (2;

M Co (N> Ym )0 Ym 41 — KV, Ym41
= = YmPy(1hm; Ym) Va,, * tim
3
(3.72) " gi;f&% Vetm; + &, - Vetmi)®
+ W =) (Va, - tm)? + mk in T,
() -V, Ymt1 =7 on ST,
Ym+1|t=0 = Vo in 2

(where F(¢,t) = 0(Xy,, (§,1),£) = (& + [y up dr,t)) and
ONm + MmVau,, *Um =0 in QT,

(3.73)
Nm|t=0 = 00 in 2.
For ug we take a function from Lemma 3.1 such that
(3.74) Olugli=o = i in 2 (i=0,1)
and
(3.75) luolls,or < ellvolls.e + lrle),

where 1; = 0ul—¢ are calculated from problem (3.1), i.e.

(3.76) o =wvo, ot1 — pVzvo — vVeVe - v+ Vep(00,%0) = 00g(0) .
Similarly, for vy we take a function from Lemma 3.1 such that

(3.77) Oiyoli=o =0 in 2 (i =0,1)

and

(3.78) 170ll4,07 < e(lloolls,2 + lloilli,e),
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where 0; = 0i7|i=o (i = 0,1), i.e.
oo = o,
(3.79) 770%@071903)01 — £V = —op~ (n0, o) Ve - vo
+ 5 Y (Bevo; + 0e,v00) + (v — 1) (Ve - v0)? + mok(0),
ij=1

and 79 is a solution of the problem
(3.80) Ano + Mo Vueo =0, 1olt=0 = 0o -

Assume that u,, € Wy?(27T) and v, € Wy?(2T). Then by Lemma
3.3, 1/ € Loo(27), 9y > 0 and n,, € C¥(27). Next, since v, (t) =
fg O Ym (T) dT + 71, (0) we have

A 1/2
() 2 00 =T [ 0l dr) .
0

Thus, from the assumption that 1/¢y € Lo (£2) and ¥ > 0 it follows that
for T sufficiently small, 1/7,, € Loo(227) and ~,,, > 0.

Now assume that inequalities (3.48) and (3.60) with w = uy,, 7 = Nm
and 3 = 7, are satisfied with sufficiently small 4. Then by Theorem 3.5
there exists a unique solution w1 € Wy?(27) (where T = T(4) is also
small) of (3.71) such that
(3.81)  [um+1lla,0r < G1(11/Mmloo,07, [Mmloo,0r, T)

X IVt (s Y )Ml 2,07 + 111mgll2, 07

+ P> Ym) — PolP(Um ) |l3—1 /2,57

+1DZ A1p(ms Ym) — pol(um) i ja, 57

+ G2 (Inml2,0,00,07 5 1M llca(2r)) | tm |2, o]
+ @511/ 1m0, 07, T) [ (0)]3,0,2 -

Similarly, by Theorem 3.6 there is a unique solution ,,+1 € W24 72(QT)
(T'="T(6)) of (3.72) such that

(3-82)  [[ym+1lla,er
< ¢4(HCchz(Vm)7 Hl/CvHCO(Vm)a 11/ Nm oo, 7 (Mmoo, 07 T)
X [H’Vmp'y(nm7’Ym)vumumHZQT
F(Varwm) 2,07 + 11mkll2.0r + [Flla-1/2.57 + 1DE Al1ja.57
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+ ¢5(HCU”CQ(Vm)7 ||1/Cv||co(Vm)7 |77m|2,0,oo,QTa
[mmlloa @y [vmlla,er, [1m(0)]3,0,2)[¥m ll2,07]
+ 5011 eullonr 211/l Dl Ol 0.0

where V,, C R% is a bounded domain such that (1m (¢,t), ¥m(£,t)) € Vi, for
any (&,t) € 7.
In order to estimate the terms on the right-hand sides of (3.81) and
(3.82) we use the same methods as in Theorem 3.5. Thus, we get
(3:83) [V, (s Ym) |2, 007
= €2V ep(Nms Yim) 2,07 < Hfm(an%nm +p'yD%’7m)H27QT

< Y DO r(pn Dt + PyDEYm)]l2, 07
ol +2i<2

< c||f1||c2(am)IIpch(vm)al(Ta(sgp 1011, + sup 1m13,02),
T([|tem 4,07 + sup [um (t)]3.0,2 + [[vmlla,0r + sup VYm (t)]3,0,2), T""),

2,07 — ||7mp7(nm77m)f1 : D%umHZQT

< clfille=@,)IPllcsw,, 22 (T (sup [ 0nmll1.0 + sup [nmlls.2),

T (|t 4,07 + sup U ()]3,0,2 + | ¥mll4,07 + sup [V (t)]3,0,2, T"?)

and

(385)  [[(Vuy, - tm)?[l2,07 + H 23: (S Vetimg + &, 'Vf“’m’)QH

i,j=1
<N (f2Veum)?|l2,0r

< ll allen, s (T (lumlla.0r + 5D [ () 3.0.0). 7).

2,07

In (3.83)—(3.85), f; = f’;(fg Diu, dr) (i = 1,2) are smooth functions,
G, C R? is a bounded domain such that fOT D%um dr € G,, for any (&,t)

€ 0T a; (i = 1,2,3) are nonnegative increasing continuous functions of
their arguments which are polynomials such that «;(0,0,0) =0, a > 0 and
a; >0 (i =1,2,3) are constants.

Next, we obtain

(3.86)  llmgllz0r < el fllcan g, @a (T (sup [1mlls.0 + sup |0mm|1.2),

T*(lumlla,or + sup [um ()]s 0.2), T)
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(3.87)  llmklz.0r < clrlceng,,)0s(T(5up I0mlls,2 + sup [ Omll1.2),

T(lumlla,0r + Sup |um (t)]3,0,2), T)
and
(3.88)  [[Flls—1/2,57 + IDZ A1 /457
< elldllczag,, @6 (T (lumlle.or +sup [um ()]s.0.2), T)

where Q,,, C R3x [0, 7] is a bounded domain such that (§+fg U, AT, 1) € Quy
for any (¢£,t) € 27, «a; (i = 4,5,6) are nonnegative increasing continuous
functions of their arguments which are polynomials such that «;(0,0,0) = 0,
and a; > 0 (i =4,5,6) are constants.

Finally, we have
(3-89)  [l[p(m,vm) = polii(um)lls—1/2,s7

+ 102 {[p(1m Ym) — poli(tm) 1 ja, 57

gc{ S D20 (s vm) — pol P57

o +2i <2
+ Z [D?({)Z{[p(nm77m)_po]f}]l/zST,g
| +2i=2
+ E (DO [p(1hms Ym) _pO]f}]1/4,ST,t
|| 4-2i=2
T |2 _ 2 1/2
n ( f |D£’t{[P(77m,t’I72) polf}5 s dt> }
0

< lflles@, ) IPlles @, 0 (T (P 1mlls, 2 + sup [ Gettm|l1,2),

T([Jull4,0r + sup [um (t)]3,0,2 + [|7mll4,0r + sup Y (t)]3,0,2), T7),

where a7 has the same properties as a1 and as, ay > 0 is a constant, and
f= f(f(f D%um dr) is a smooth function.
Let

Ym(t) = lumli o0+ [vmlio + sup fum®)50.0+ sup [vm(®)500,
TG(O,t) TE(Ozt)

b= lleolls,2 +[1/00loe,2 + |20]oo,2 + |um (0)[3,0,0 + [ (0)]3,0,2
Cm = ||p”03(Vm) + ||f||cz,1@m) + HTHc?,l@m) + ||19H02,1@m) + Hcv||c2(vm)

2
+ Hl/CUHCO(Vm) + Hf”c2(ém) + Z HfiHm(Em) :
i=1
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Hence, taking into account inequalities (3.81)—(3.89) and using Lemma 3.3
we obtain

Ym+1 (t) S ﬁl (taym (t)') b7 Cm,s t)

t
+ Ba(t Y (1), ym (), b, ¢m) [ Ymia(7)dr,
0

where f3; (i = 1,2) are nonnegative nondecreasing continuous functions of
their arguments and

B1(0,b, ¢, 0) = [¢5(¥5(0)[1/00l0,2, T) + Pt (Cm P5(0)[1/ 00| 0,2, T)] -
In view of the Gronwall lemma we have
(390) Ym+1 (t) < /61 (taym (t)a bv Cm, t)
X eXp[tﬁ2 (taym (t)v Ym (t)a b> Cm)] .
Using (3.75) and (3.78) we get
(391)  yolt) < (vl + 0120 + o0l o + o112, 0) < cb = Ko.
Assume that
(3.92) ym(t) < CKy Vt<T*

(where C' > 0 is a constant which will be chosen later, and 7% > 0). We
shall prove that

(3.93) cm <€,

where ¢ is a constant independent of m and C.
In fact, by Lemma 3.3 and (3.90) we have

Mmoo, o7 < Ve(T*2CKo)|00] 0,0 < K
for sufficiently small 7% = T*(CKy) (where K is a constant independent of
CK)). Similarly
[Vmloo, 07 < Po + T*Y/2CKy < K for sufficiently small T* .
Hence there exists a bounded domain V' C Ri such that V,,, C V for any m.

Thus, we proved that HPHCS(Vm) + HC’UHC2(Vm) is estimated by a constant
independent of m and Ky. In the same way we can prove that there exist

bounded domains G C R and Q C R?® x (0,7) such that G,,, C G and
Qm C Q for any m. Thus we have proved (3.93).
Now inequalities (3.92)-(3.93) yield that for ¢ < T* we have

ym+1(t) < /81 (taCK()a ba 57 t) exp[tﬁQ(taC-[(bv OK07 b7 E)] < CK07
if C = C(Kj) is chosen so large that
(3.94) 31(0,b,7,0) < CK,
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and if T is sufficiently small (C(Kj) in (3.94) is a nondecreasing continuous
function of Kj).

In this way we have shown that there exists a sufficiently large C' =
C(Kp) (satisfying (3.94)) such that C'(Kj) is a nondecreasing continuous
function of Ky, and a sufficiently small 7% > 0 such that for t < T and for
m=20,1,... we have

(3.95) Y1) < CKo .

(By (3.95) and (3.93) inequalities (3.48) and (3.60) with w = wy,, n = Ny,
and 3 = v, are satisfied with sufficiently small § and sufficiently small T
independent of m.)

Now we prove the convergence of the sequence {wy,, Ym, m }. Consider
the following system of problems for the differences U,,+1 = tm41 — Um,

L1 = Ymt1 — Ymy Hm = Mm — Nim—1:
MmO Um+s1 — bVo Uni1 — vV, Vo, - Unia
= —H,,0itty, — u(Vim — Vim_l)um
—v(Vu,, Vau,, =V, V. )tum
+ Vo PNy Ym) = Ve 1 P(Mn—1, Ym—1) + Hing
=N+ Fy,

(3.96)
Dy, (Um+1) - 1(um)
= —[Du,, (tm) - W(tm) = Do,y () - Wt —1)]
+ [p(Ns Y )12 (Um) — P(mn—1, Yim—1) 7 (Ur—1)]
= pol(um) — A(um-1)] = G1 + G2,
Un+1li=0 = 0;
N Co(Mms Y )0t Lmat = 6V, Dt = = HunCo (1, Y )0 Yim
+ Nm-10:Ym[Co (Mm—1, Ym—1) = o (m, Ym)]
3
+ g Z [(&a, - Vetumj + o, - Vetm:)?
(3.97) b

— (& - Vetum—1j + &, » Vetm—1,)°]

+ (V= W)[(Vay, - m)? = (V- tim—1)]

= YmPy (M, Ym )V, * U

+ Y10y (M1 Ym—1)Vup_y - Um—1 + Hpk = I + Iz,
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(U - Vi, (I'mt1)

(3.97)
[cont.] = —[A(um) - Vi, Ym = (um-1) * Va,, 1 ¥m] = J,
Fm|t=0 =0 ;
O H, + Hpyy divy,, Uy, = —Nim—1(divy,, Uy — divy,  Um—1),
(3.98) '
Hm|t=0 - 07
where
diVui U; = Vul c Uy
= — Hmatum + ng + vump(nma ’Vm) - vumflp(nmflvfymfl) s

Ga = p(Nms Ym ) (Um) = P(Nm—1, Ym—1)1(Um-1) ,

Iy = — Hincy(Mms ¥m)0¥m + Nm—10eYm[Co(m—1, Ym—1) = Co (1 Ym)]
+ Hpnk 4 Y10y (Mm—1, Ym—1) Vs - Um—1
= YmPy (Mmy Ym ) Vau,, * Um

and Fy, G1, I; are determined by the remaining terms on the right-hand
sides.

Applying Theorems 3.5, 3.6 and Lemma 3.3 to problems (3.96) and (3.97)
respectively and using inequalities (3.93), (3.95) we obtain

(3.99)  [[Unt1lla,0 + Sup [Um+1l3,0,0 + [ Tm1lla,00 + sup | Dt1l3,0,0
< ot Ko)[|Umtillz,00 + 1F1 2,00 + [ Foll2, 00 + 1]l 2,00
+ 1Lll2,00 + 1Gills—1/2,5t + |G2ll3—1/2,5¢ + |DZ ;G1l1 /4,50
+1DZ,Galijase + 1 ls-1/2.80 +1DF Tl jst].

where qg is an nonnegative increasing continuous function of its arguments.
To estimate the right-hand sides of (3.99) we shall consider the following
functions connected with the qualitative forms of F;, I;, G; (i = 1,2) and J :

t t
Fi=f(1+ [ Dlindr) [ DUy dr D,
0 0

t t
(3.100) + (14 [ Diupdr,1+ [ Dty dr)
0 0

t t
x [ DiUpdr [ Dfiim dr Diup,
0 0
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t t t
+fs(1+ [ Dlimdr. 1+ [ Diwn ydr) [ DU dr
0 0 0

t
X f Dgum_l dTDé’LLm;
0

3 3
i=1 i=1

t
1~
+f4(1+ Ongude)

t

x [ DU d7 [ (s Yn) D + Dy (i Yn) D yom]
0

t
+f5(1+ [ Dhwmsdr) Py (iims o) D Hon
0

+ Doy (T ) D Y Hun 4 Dy Ty Yom) D i T
[cont.] +p77(ﬁm777/m)D%Hm +py(ﬁm,§m)DéFm] ;

t
I; = fo(1+ [ Diun dr)DiunDLU,,
0
t t
—|—f7(1—i— fD%ude,l—i— fDéﬂde)
0 0

t
x Ditty, [ DEUp dTDiti,
0

+ fs(1+ [ Ditprdr) DIV DEu

t
Dty dr, 1+ [ Diun s dr)
0

+fo(1+

O%H- O\u-

t
X f D%Um dTDéum_l;
0
- Hmcv(nmyrym)at’)/m + Hmk

+ D10 Ym [Cvn (N> Y ) Him Coy (M Y ) Lm]

I
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t
+ f10(1+ [ Ditom—1d7)py (1, %m-1) Dbt 1 i
0

t
+ fu1 <1 + f Déum,l dr)
0
X ’Ym[pvn(ﬁm7:?m)Hm +p’v’v(ﬁm>§m)]ﬁm]D%Umfl

t
-+fm<1—% j D§um71dT)mewhmwvm)DéUm
0

t

t
+f13<1+ fD%ﬂde)’ympv(nman) fD%UdeD%Umy
0
t

Gy = fu(1+ [ Diuprdr,1+ ngude)
0 0

t
x [ DUy dr Diuy,
0

(3.100)

[cont.]

t
+f15(1+ [ Diupdr,1+ ngude)
0

(ftD U, dT) (Dlt)?
0

t
D%ﬂm dT) f D%Um dr;
0

+f16<1+

S

G;:f17(1+ fpgamd7> (1 Yrm) ftngde
0 0

t
+ fis(1+ [ Déup dr)
0
X [pn(ﬁm’ﬁm)Hm +p7(ﬁm7§m)[‘m]1 ;

t t t
J'=fio(1+ [ Diwmdr,1+ [ Diun ydr,1+ [ Dy dr)
0 0 0

~

x [ DU drDiym .
0
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Here f; (1 = 1,...,19) are certain smooth vector-valued functions of their
arguments, ﬂm = elum + (1 - Hl)umfla ﬁm = 0277m + (1 - 6’2)777%717 ?m =
O3Ym + (1 — 03)ym-1,0 < 6; <1 (i =1,2,3) and the products of vectors in
(3.100) are understood in the sense of (2.2).

In order to estimate the functions in (3.100) we use the Holder and
Minkowski inequalities, Lemma 2.1, Lemma 3.3, (3.91) and (3.92). Since
the estimates of [|Fjll2.0t, [|Gills—1/2,5¢ + 1DZ ,Gil1ja,st, [[Till2,0 (Where
i=1,2) and ||J|3-1/2,5¢ + |D§7tJ|1/4’5t are the same as those of [|F}||2 o,
1Gills—1/2,5¢ + 1DZ ,Gilija,s05 || T]]l2,20 (where i = 1,2) and ||J'||3—1 /2,5 +
ID§7tJ/I1/4’St we get

[F1ll2.00 < ci(t, Ko)t/ Yo, (1),

| F2ll2,0t < co(Ko)sup [Hpls,0,0
T

+ c3(t, Ko)tY2(Yy (t) + sup |Hpl3.0.0)

111|200 < calt, Ko)t'/?Yu(t),

2(|2,02t = C5(£80)(SUP |ty |oo,2 T SUP |4 m oo,
[22]|2,02¢ < ¢5(Ko)(sup |Himloo,2 + sup [I'm|o,2)
(3.101)

+ cg(t, Kot/ Y, (t)

+ cr(Ko)t 2 (sup |Hpl3.0.0 +sup [ Dnls.0.0)

1G1ll5=12,5t + 1DZ ,G1l1/a,50 < cs(t, Ko)t /Y (1),

1G2ll3-1/2,5¢ + 1D ;Gal1/a,s0 < colt, Ko)t"* (You () + sup [Hm|3.0,0)

[T l5=12,5t + 1DZ (Tl 4,50 < c10(t, Ko)tY/*Y,(t),

where Yo, () = [|Um|l4,07 +sup; [Unls,0,0 + [T lla,0r +sup; [nls,0,0 and
¢i (i =1,...,10) are nonnegative increasing continuous functions of their
arguments.

Now inequalities (3.99)—(3.101) yield

(3.102)  Ying1(t) < 6(t, Ko) U1 2,00 + d1(t Ko)t'/ Vi (2)
+ ¢2(ta KO)(SUP |Hm|3,0,.(2 + sup |Hm|oo,.(2 + sup |Fm|oo,.(2) .

By Lemma 3.3,

(3.103) SUp |Him|oo,2 < csup [Hpl3,0,0
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and since Iy, (1) = [ 05T (s) ds we have
(3.104) SUp [ Dnloo,0 < ct'/2|| T |14 0t -

Next, consider problem (3.98). Integrating (3.98); with respect to time
we obtain

t
= —exp ( — f divy, Um dT)
0

X Of [nm_l(divum Upy, — divy, | Um—1) €XP ( (“j: divy,, Um dt”)} dt’ .

Therefore, we have (see [15])

(3.105) sup | Hol3,0,0 < d3(t, Ko)t*/?||Upn |4, -

Taking into account (3.102)—(3.105) and the Gronwall inequality we get
(3.106) Yit1(t) < 54(757 Ko)t1/4ynz(t)'

Hence by (3.106) and (3.105) for ¢ < T™* < T* (where T™* is sufficiently
small) the sequence {(tm, Ym, Nm)} converges to a limit (u,y,n) € Wy 2(£2")
X W32 (028 x C0(0, t; Fg”g/z(ﬁ)) which is a solution of (3.1). Moreover, from
Lemma 3.3 it follows that n; € Lo(0,t; W5 (£2)) and 1 € Lo(0,t; W4 (£2)).
Uniqueness of (u,7,7n) can be proved in the standard way.
This completes the proof of the theorem. m

4. Local existence in the case o # 0. In the case 0 #0 problem (1.1)
in the Lagrangian coordinates takes the form

nuy — pNVou — vV, Vy - u+ Vup(n,7) = ng in 27,
N +nVy-u=0 in 27,

neo(n, )y — kVary = —vpy(0,7)Vu - u

3
(A1) +5 D (G- Veus + &, - Vew)’ + (v = p)(Vo- w0 + k- in 07,

ij=1
Tu(uvp) ‘N — UASt (t)Xu(ga t) = —pon on ST ’
n-Vuyy=7 on ST,

Ult=0 = Vo, N|t=0 = 00, Y|t=0 =V in £2.
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The argument used to prove local existence of problem (4.1) is the same
as in the case o = 0 (see Sect. 3). We consider the problem

nug — uNV2u — vV Vy - u=F in 2T,
oI, (u) - g = Gy on ST,
t
ng - ]D)w(u) ‘Ng —ong - Agt(t) f ’LL(T) dr
(4.2) h
t
:G2+O'IH(T)dT on ST,
0
uly—0 = up in (2,

where ITy and IT are the projections defined by IIpg = g — (g - 7g)7Tp and
IIg = g — (g - m)7m, respectively.
The following theorem holds (see [15]).
THEOREM 4.1. Let
S e Wy Fe W QT), G, e Wi V/BETA(gT),
IDg,tGill/él,ST < 0 (’L = 17 2)7
DgG1(0) =0, Dg (g - De(u(0)) - mo — G2(0)) =0 (o] < 1),
uo € W3(2), H € W2~1/21-1/4(gmy,
N € Loo(0,T; T (2)) N C(2) (e € (0,1)), 1/n € Loo(27),
we WE(02T)nCo0, T; % 2(2)), T < .
Assume that T is so small that
(4.3)  T([wll4,0r +[w(0)]3,0,02)
T

><¢< f [Weloo, 2 dt, [1/1] 0o 27 Moo, 27, [[wla 01, ’w(0)|3,o,Q,T> <9d,
0

where 5 s a momnegative nondecreasing continuous function of its argu-
ments, a > 0 is a constant and § > 0 is sufficiently small. Then there
exists a unique solution u € Wy*(£2) N C°(0,T; Fg”3/2(0)) to problem (4.2)
satisfying the estimate

2

(44)  Julligr < 61(1/nlooors [Hlso,0m, T)[IF .00 + D [1Gills—1 /2,57
=1

2
+ Z IngtG’ill/ll,ST + ||H||2—1/2,ST

=1
+ @a(lnl3.0,00,0m, l1llce (@) ulla, o7 |
+ ¢3(‘1/n‘oo,QT7T)’u(o)‘:i,o,ﬂ )
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where ¢; (i = 1,2,3) are nonnegative increasing continuous functions of
their arguments. m

Now consider the problems
NinOpttms1 — Vo U1 — YV, Vi, * U1
=~V 2N, Ym) + Nimg in 27
IIyIT,, Dy, (tmy1) - () =0 on ST

t
70 Du,, (Um41) - () = 070 A (t) [ thy1 (7) dr
0

=ng - ﬁ(um)[p(nma’)/m) - pO] +ong - Am(t)f on ST ’

Um41|t=0 = Vo in §2;

M Co (T Ym ) Y41 — Vo, Ymt1

= _’Ymp'y(nm77m)vum s Um

3

(4.6) ij=1

+ (v = 1) (Vu,, - Um)? + Nk in QT
ﬁ(um) : vum7m+1 = ﬁ on ST )
Ym+1li=0 = Jo in £2:

anm+nmvumum:0 inQTa
(4.7) ' '
nm‘t:o = 00 m ‘Q

For the zero step functions wug, 79 and 79 we take the functions given by
formulae (3.74)—(3.80).

Using Theorems 4.1 and 3.6 to problems (4.5) and (4.6), respectively
and repeating the argument from the proof of Theorem 3.7 we obtain

THEOREM 4.2. Let
SeWy ™2 fe c2YR3 x [0,T)), r € C2L(R3 x [0,T)),
9 € C2HR3 x 0,T1), vo € W3(R2), 9o € WH(12),
1/ € Loo(£2), 90 > 0, 00 € W5(£2), 1/00 € Loo(£2), 00 > 0,
cv € C%(RZ), ¢, > 0, p € C3(R2).
Moreover, assume that the following compatibility conditions are satisfied:

(48) Dg[Dg(?}o)'ﬁo—(po(go,ﬁo)—po)ﬁg—UAst(())f] =0, ’O[‘ <1, onS,
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and

(4.9) Dg(Tg - Velo — 9(£,0) =0, || <1, onS.

Let T* be so small that 0 < ¢1(1 — CKoT*)? < det{z¢} < co(1 + CKoT*)3
(where z(&,t) = &€+ fot uo(&,7)dr for t < T™, ug is given by (3.74), Ko
is given by (3.91) and the constant C = C(Ky) which is a nondecreasing

continuous function of Ky is given by (3.94)). Then there exists T**, 0 <
T** < T* such that for T < T** there exists a unique solution (u,v,n) €

Wf’Q(QT) X W;’Q(QT) X CO(O,t;Fg”S/Q(Q)) of problem (4.1) and
[ulla,0r + [[V]l4,07 < CKo,
Sup Inlls,2 + Sup 1nell2,2 + el oo, w2 2)) + Ml o0, 0w ()
<& (T, T*Ko)llooll3,22,
11/ 00,07 + [N]oo,0r < P2(TV?K0)|1/ 00|00, + P3(T"? Ko)| 00| 0,52 »

where @; (i = 1,2, 3) are increasing continuous functions of their arguments,
a>0.m
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