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Hyperbolically convex functions

by WANCANG MA and DAvID MINDA (Cincinnati, Ohio)

Abstract. We investigate univalent holomorphic functions f defined on the unit disk
D such that f(D) is a hyperbolically convex subset of D; there are a number of analogies
with the classical theory of (euclidean) convex univalent functions. A subregion {2 of D
is called hyperbolically convex (relative to hyperbolic geometry on D) if for all points
a,b in 2 the arc of the hyperbolic geodesic in D connecting a and b (the arc of the
circle joining a and b which is orthogonal to the unit circle) lies in 2. We give several
analytic characterizations of hyperbolically convex functions. These analytic results lead to
a number of sharp consequences, including covering, growth and distortion theorems and
the precise upper bound on | f”/(0)| for normalized (f(0) = 0 and f’(0) > 0) hyperbolically
convex functions. In addition, we find the radius of hyperbolic convexity for normalized
univalent functions mapping D into itself. Finally, we suggest an alternate definition of
“hyperbolic linear invariance” for locally univalent functions f : D — D that parallels
earlier definitions of euclidean and spherical linear invariance.

1. Introduction. Our principal goal is to develop the theory of hy-
perbolically convex functions on the unit disk ID. A holomorphic, univalent
function f defined on D is called hyperbolically convex if the image region
f(D) is a hyperbolically convex subset of D. This is a subclass of the set of all
univalent functions mapping D into itself. The classical theory of euclidean
convex univalent functions defined on the unit disk is well developed; for
example, see [1] or [3]. The theory of spherically convex univalent functions
has received less attention, but some basic results are known; see [5], [8]
and [11].

For @ > 0 let Kj(«) denote the family of all holomorphic functions
f : D — D such that f is univalent, f(0) = 0, f/(0) = a, and f(D) is a
hyperbolically convex region in . Schwarz’ Lemma implies that o < 1 and
a = 1 only when f is the identity. We first determine the Koebe region
({f(D): f € Kp(a)} for the family K («). Then we obtain a number of
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characterizations of hyperbolically convex functions, including a connection
with euclidean starlike functions. The connection with euclidean starlike
functions is based upon the observation that a hyperbolically convex region
containing the origin is starlike with respect to the origin. A computational
technique is used to derive the sharp upper bound on |f”(0)| over the family
Ky («v). This leads to sharp growth and distortion theorems for K, («).

For o > 0, let SB(«) denote the family of holomorphic, univalent func-
tions f defined on D which satisfy f(0) = 0, f'(0) = a and f(D) C D. Of
course, « € (0, 1] and Kj(«) is a subfamily of SB(«). It is natural to deter-
mine the radius of hyperbolic convexity for the family SB(«). In fact, we are
able to find the radius of hyperbolic k-convexity for SB(«a) for all k € [0, 4];
the value for k = 0 corresponds to the radius of hyperbolic convexity.

Euclidean (spherical) convexity plays a fundamental role in euclidean
(spherical) linear invariance ([6], [8]). This suggests that hyperbolic convex-
ity should play a similar role relative to an appropriate notion of hyperbolic
linear invariance. Our theory of hyperbolically convex functions enables us
to show that there is a corresponding notion of hyperbolic linear invariance
which exhibits strong similarities with both euclidean and spherical linear
invariance. A related, but different, notion of hyperbolic linear invariance
was given in [7]. This earlier definition of hyperbolic linear invariance was
motivated by the desire to generalize certain aspects of the classical theory
of bounded univalent functions in the same way the definition of euclidean
linear invariance by Pommerenke [14] extended a number of results from
univalent function theory.

2. Preliminaries. The hyperbolic metric on the unit disk D = {z :
|z| < 1} is given by Ap(2)|dz| = |dz|/(1 —|2|?). This metric is normalized to
have Gaussian curvature —4. Let {2 be a hyperbolic region in the complex
plane C; that is, C\ {2 contains at least two points. The hyperbolic metric
Aq(z)|dz| on §2 is determined from Ao (p(2))]¢’(2)] = An(z), where ¢ is any
holomorphic covering projection of D onto (2. This definition is independent
of the choice of the holomorphic covering projection. When {2 is simply
connected, a holomorphic covering projection of D onto {2 is a conformal
mapping. The hyperbolic metric on any hyperbolic region {2 has Gaussian
curvature —4; this means that

_ Alog Ap(z)
AL(2)
The hyperbolic distance between a,b € (2 is defined by

k(z,A\p) = = —4.

do(a,b) =inf [ Ap(2)|d2],
§
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where the infimum is taken over all rectifiable paths § in {2 joining a and b.
A path v connecting a and b is called a hyperbolic geodesic if

do(a,b) = [ Aa(2)|dz|.

Hyperbolic geodesics always exist, but need not be unique unless {2 is simply
connected. The hyperbolic disk with center a and hyperbolic radius p is
Dg(a,0) ={z € 2:dp(a,z) < o}. For the unit disk D,

a—2b
1 —a _
dp(a,b) = 210g11a_czb = artanh 1a—abb"
1—ab

The hyperbolic distance on D is invariant under Aut(ID), the group of con-
formal automorphisms of D. The unique hyperbolic geodesic in D connecting
a and b is the arc v of the circle through a and b that is orthogonal to the
unit circle.
We define two differential operators for holomorphic functions f : D — D.
Set
(1—2)f'(2)
O =

and

Daf(e) = A P2I"G) 20— PPTGI P 220 |2 ()

| N (TG DE 1—1f(2)?
The use of these two differential operators simplifies many formulas. For
more information about these two operators, see [7]. In particular, we note
the invariance property |Dp;(Ro f o S)| = |Dp;f| oS (j = 1,2) which
holds for all R, S € Aut(D). Also, if f(0) = 0, then Dy, f(0) = f'(0) and
Daaf(0) = £(0).

We shall make use of the notion of the (signed) hyperbolic curvature of
a path; this is the geodesic curvature of a path relative to the hyperbolic
metric. Suppose v : z = z(t), t € I, where I is an interval on the real line, is a
C? curve in a hyperbolic region 2 with nonvanishing tangent. The (signed)
hyperbolic curvature kg(z,vy) of v at z = z(t) is

_ OlogAa(z)
on
dlogAp(z) 2'(t)
= 21 .
Ke(zv’Y)+ m{ az ‘Z/(t)| )
where ko(z,7) is the euclidean curvature of v at z and n = n(z) is the unit
normal at z which makes an angle +7/2 with the tangent vector to v at z.

(1) ro(z,7)A0(2) = Ke(2,7)
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In particular, if 2 =D, then

2(H)'()
|2 (t)] }

The hyperbolic curvature xp(0, ) relative to D and the euclidean curvature
ke(0,7) coincide at the origin. Hyperbolic curvature on ID is invariant un-
der Aut(D); that is, kp(S(2),S o) = kp(z,7) for any S € Aut(D). In D
the arcs of constant hyperbolic curvature are subarcs of (euclidean) circular
arcs; hyperbolic geodesics have hyperbolic curvature zero. For a locally uni-
valent function f : D — D there is a simple formula relating the hyperbolic

curvature of the paths v : z = z(¢t) and f o~ [7]:
@ (7). o)D) = mole) +1m { DI T

We briefly recall the notion of hyperbolic k-convexity; see [2] and [9]
for additional information. A region {2 C ID is called hyperbolically k-convez
(k > 0) relative to hyperbolic geometry on D if for any pair of distinct points
a,b € {2 the two shortest arcs of constant hyperbolic curvature k£ connecting
a and b lie in £2. A region (2 is hyperbolically convex if for all a,b € {2 the
hyperbolic geodesic connecting a and b lies in {2. Note that if {2 is hyper-
bolically convex and 0 € {2, then {2 is starlike with respect to the origin
since hyperbolic geodesics in D through the origin are euclidean line seg-
ments. A hyperbolically convex region may be regarded as a hyperbolically
0-convex region. The concept of hyperbolic k-convexity is invariant under
Aut(D). A univalent function f mapping D into itself is called hyperbolically
k-convex if the image region f (D) is hyperbolically k-convex. Hyperbolically
k-convex functions were studied in [5] and [9)].

It is known (see [2] and [9]) that 2 C D is hyperbolically k-convex if
012 is a Jordan curve of class C? and kp(z,982) > k for all z € 9£2. On the
other hand, for £ = 2 and 4, Flinn and Osgood [2] showed that if 2 C D
is hyperbolically k-convex with C? boundary then rp(z,0) > k for all
z € 952. We now extend this result to all £ > 0.

k(2,7) = (1= |22 ka(z7) + 2Im{

THEOREM 1. Let 2 C D be a hyperbolically k-convex region with C?
boundary. Then kp(z,082) >k for all z € 02 ND.

Proof. Since both hyperbolic curvature and hyperbolic k-convexity are
invariant under the group Aut(D), it is enough to show that kp(0,02) > k
if 0 € 992.

First, we consider the case k > 0. Assume that xp(0,0f2) < k. Then
ke(0,002)=kp(0,042) <k. Let L be the circular arc tangent to 02 at 0 with
euclidean curvature k such that 2N {z : |z| < €} lies inside L for sufficiently
small € > 0. Let A be the region in D outside L. Since k(0,7) < k, there
are two points a and b in D lying in different components of 2 N A. One
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of the curves connecting a and b with constant hyperbolic curvature k lies
entirely in A, so it cannot lie entirely in 2. This contradicts the hyperbolic
k-convexity of £2, so we must have xp(0,02) > k.

When k£ = 0, we replace L by the straight line tangent to 92 at 0 and
use a similar argument to that employed above.

3. Characterizations of hyperbolically convex functions. In [5]
a transformation method was used to obtain a number of sharp growth
and distortion theorems for hyperbolically k-convex functions when k > 2.
For 0 < k < 2, this transformation method does not seem applicable and
the corresponding problems for hyperbolically k-convex functions when k €
[0,2) remain open. In this section, we use a different approach to investigate
hyperbolically convex functions.

We present an example of a hyperbolically convex function which plays
an important role in the class K ().

ExaMPLE 1. For 0 < a < 1, let v be the hyperbolic geodesic in D which
is symmetric about the real axis and passes through —a/(1 + V1 — a?2).
The geodesic v determines two hyperbolic half-planes; let {2 be the one that
contains the origin. Elementary computation shows that

~w(l+ aw)

Ja (w)  a+w

maps 2 conformally onto D with g,(0) = 0 and ¢/, (0) = 1/a. If ky = g,
then k, maps D conformally onto the hyperbolic half-plane 2 with &, (0) = 0
and k!, (0) = a, so ko € Kj(a). The function k, has the explicit expression

ko (2)

- 20z
1—2z+/1+2(2a% 1)z + 22

and the power series expansion
ko(2) = az 4+ a(l —a?)22 + a(l — o) (1 —202)2% + ...

Now we give a different proof of the covering theorem for hyperbolically
convex functions, which was obtained earlier by Mejia and Minda [9]. More
precisely, they obtained the covering theorem for hyperbolically k-convex
functions for all £k > 0. For 0 < k < 2 they determined the radius of the
disk covered by all normalized hyperbolically k-convex functions as the root
of a complicated equation. Here we show that the covering theorem for the
case k = 0 is explicit and simple, which will be used to give a preliminary
upper bound on the second coefficient of hyperbolically convex functions. A
similar proof also works when 0 < k < 2.
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THEOREM 2. Let f € Ky(a). Then either f(D) contains the closed disk

«
w:lw < ——m—m——
{ fwl < 1++vV1—a? }
or else f is a rotation of ke, that is, f(z) = €Pky(e™2) for some real 6.

Proof. Let ¢ be a point in D\ f(ID) which is closest to the origin. Then

f(z) —c
=120
is also hyperbolically convex and 0 ¢ F(D). So F(D) must lie in some
half-disk of D which has a diameter L’ as part of its boundary. Let {2 be
the hyperbolic half-plane containing the origin and bounded by the image
L =T(L) of L' under the conformal automorphism 7'(z) = (z+c¢)/(1+¢z).
Then f(D) C £2. Note that c€ L C D\ f(D) and c is a closest point to the
origin in D\ f(D), so L must be symmetric with respect to the straight line
passing through 0 and ¢. We may assume ¢ < 0 by rotating f if necessary;
then L is symmetric with respect to the real axis. Consider the function kg
of Example 1, where 3 is determined from

p _
14+ +/1—p32
Define g by f(z) = kg(g(z)); then g is holomorphic and univalent in I with

g(0) =0 and g(D) C D . In other words, f is subordinate to kg; this implies
that a < 3. Therefore,

I} «
cl = > .
el 1+41-32 " 1+vV1l—0a?

If |c] = a/(l + 1 —oﬂ), then a = 3, ¢’(0) = 1, g(z) = z and so f = k.
This completes the proof.

_ LEMMA 1. Suppose 2 CID is hyperbolically convex in D. Then for c€
2NnD and o >0, 2N Dp(c, o) is hyperbolically convez in (2.

Proof. Since the hyperbolic distance and hyperbolic convexity are both
invariant under Aut(D), we may assume that ¢ = 0. Now we prove that
the set 2N Dp(0,0) = 2N {z : |2| < tanh(p)} is hyperbolically convex in
2. For each z € (2, the half-open line segment (0, z|] lies in {2 because {2
is hyperbolically convex. Consequently, {2 is starlike with respect to 0. By
Proposition 2 of [10], we see that 2N {z : |z| < tanh(p)} is hyperbolically
convex in {2.

THEOREM 3. Suppose f is holomorphic and locally univalent in D with
f(D) € D. Then the following are equivalent.

(i) fis hyperbolically convez.
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(ii) For z € D,

2aIC) |
2Dh1f(2) ’
(ili) For z € D,
zf"(2) 22f(2)f'(2)
Re{ 7 TSGR } -0

Proof. (i)=(ii). Because hyperbolic convexity and the quantity
|Dnaf(2)/(2Dp1f(2))| are both invariant under Aut(ID), we need only es-
tablish the implication in the case when z = 0 and f(0) = 0. In this case we
need to demonstrate that

‘ f"(0)

2'(0)

Let 2 = f(D) and 8 > 0 be the radius of the largest open euclidean disk

centered at 0 that is contained in f(D). Then Ao (f(2))|f'(2)| = 1/(1—|z|?)
and formula (1) yield

A2(0)ka(0,7) = Ke(0,7) — Im{

f7(0)  w'(0) }
f(0)% |w'(0)]
for a smooth curve v : w = w(t) with w(0) = 0. As {w : |w| < 3} C £,
Lemma 1 implies that £2 N Dp(Be?, artanh(3)) is hyperbolically convex in
{2 for all real 6. Note that

w — ﬁew
1— Be~w < ﬂ}

Dp(3e' artanh(8)) = {w
is a euclidean disk with radius 3/(1 + 3?) and has the origin as a boundary
point. Let 79 : w = w(t), with w(0) = 0, be a parametrization of the part
of the boundary of this disk that lies in 2. Then k(0,79) = 5+ 1/8. From
Theorem 1 we deduce that £ (0,7s) > 0 for all real . We may now conclude

that
" O 1
f, ( )2 <pB+ .
f'(0) B
Set o = |f'(0)|. If f is not a rotation of the function k, given in Exam-
ple 1, then we know from Theorem 2 that 1 > 5 > a/(1 + V1 —«a?) . This

yields
1O _af, 1
< = -] <1
27 =2\" "5
On the other hand, if f is a rotation of k., then
f"(0) 2
=1- 1.
277(0) v

This shows that (i)=-(ii).
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(ii)=-(iii). Condition (ii) means that

(1R | 20 - ERTENGE) .

‘ O O L
) L RN 1P| 2%k
OO T S

This yields

Re{Zf”(Z) T4 22f(Z)f’(Z)} il
f'(2) 1—|f(=)P 1+ ||

(iii)=-(i). We start by showing that the image under f of every circle
centered at the origin has positive hyperbolic curvature. For 0 < r < 1,
consider the euclidean disk D(0,r), with center 0 and radius r and its pos-
itively oriented boundary « : z(t) = re’t, 0 < t < 2r. We know [7] that
kp(2,7) =7 +r~t > 2 and from formula (2) we get

kp(f(2), f o 7)|Dh1f(2)|

> 0.

_ Dpaf(z) iz Diaf(2) =z
_KM%”*Jm{Dzﬂ@'r}‘“w%”**“{Dﬁﬂ@'r}
e APz ) 20— 2P)f ) ()
= me (BB MRS o
_ 1 o[22 2@ (2) 1+
T[r +1+(1—r)Re{ e +1+ P —1_12‘2}}

By making use of (iii) we see that kp(f(z), fov) > 0.
Next we show that f is univalent in . We may assume that f(0) =

0. If not, replace f by the function F(z) = (f(z) — f(0))/(1 — f(0)f(2))
which also has the property that F' o~ has positive hyperbolic curvature
for 0 < r < 1 since hyperbolic curvature is invariant under Aut(D). Let
R = sup{r : f is univalent in D(0,7)}. Note that R > 0 because f is locally
univalent. If R = 1, we are done. Suppose 0 < R < 1. Then f(D(0, R)) is
hyperbolically convex because f is univalent in D(0, R) and 9 f(D(0, R)) has
positive hyperbolic curvature. In particular, f is starlike with respect to the
origin in D(0, R). This implies that f(9D(0, R)) is an analytic curve which is
starlike with respect to the origin. Therefore, f is injective on 0D (0, R). But
if f is injective on the compact set D(0, R), then f must remain injective on
a slightly larger disk, which contradicts the definition of R. Consequently,
we must have R = 1.

Thus, f is univalent in D and f(D(0,r)) is hyperbolically convex for
0 <r < 1. Let {r,} be an increasing sequence of positive numbers tending
to 1. Because an increasing union of hyperbolically convex sets is again
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hyperbolically convex, the set f(D) = J{f(D(0,r,)) : n = 1,2,3,...} is
hyperbolically convex.

COROLLARY. Let f be holomorphic and univalent in D with f(D) C D.
Then f is hyperbolically convez if and only if f maps every subdisk of I onto
a hyperbolically convex region. In particular, for 0 < r < 1 the function
f(rz) is hyperbolically convez.

Proof. In the proof of (iii)=-(i) we showed that f(D(0,r)) is hyperbol-
ically convex whenever f is hyperbolically convex. By making use of the
invariance of hyperbolic convexity under Aut(D), we may easily extend this
result to any subdisk of D.

Remark. This corollary is the hyperbolic analog of a theorem of Study
for euclidean convex functions [15]. There is a similar result for spherically
convex functions [8].

We next discuss another characterization for hyperbolically convex func-
tions which relates to euclidean starlikeness.

THEOREM 4. Suppose f is holomorphic and locally univalent in D with
f(D) C D. Then the following are equivalent.

(i) f is hyperbolically convez.
(ii) For each a € D the function

Fo(z) = f(lz:;z) _+f(a)
1 _f(a)f<lz a )

1s starlike with respect to the origin in .
(ili) For (z,a) e D x D,

Re{ (z—0)(1 —a2) f(2) } >0
(f(z) = f(a)(1 = f(a)f(2))

Proof. (i)=(ii). If f is hyperbolically convex, then so is F, for each
a € D and F,(0) = 0. Because a hyperbolically convex region in D which
contains the origin is starlike with respect to the origin, the function Fj is
starlike with respect to the origin.

(ii)=(i). Suppose Fy, is starlike with respect to the origin for each a € D.
Fix a,b € D. Then the segment

[0, Fa((b — a)/(1 —ab))] = [0, (f(b) = f(a))/(1 = f(a)f(D))]
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lies in F, (D). Note that

flz) = Fa<1z_jz> + f(a)

WM e

Therefore, the conformal automorphism 7'(w) = (w+ f(a))/(1+ f(a)w) of D
maps Fy, (D) onto f(D). Because T also maps [0, F,,((b—a)/(1—ab))] onto the
hyperbolic geodesic connecting f(a) and f(b), it follows that the hyperbolic
geodesic joining f(a) and f(b) lies in f(D). Thus, f is hyperbolically convex.

(ii)<(iil). Since the function F, satisfies F,,(0) = 0, it is starlike with
respect to the origin if and only if for z € D

NEAD
R { e } >0,
For w = (2 4+ a)/(1 + az) we have
2F(2) _ (1= [f(@)P)(w - a)(l —aw)f'(w)

Fa(2) (1= la?)(f(w) = f(a))(1 — fla)w)

Upon replacing w by z, we obtain the desired inequality.

4. Growth and distortion theorems for hyperbolically convex
functions. Although the inequality |Dp2f(2)/(2Dp1f(2))] < 1 (2 € D) of
Theorem 3 characterizes hyperbolically convex functions, it is not a sharp
inequality. We now establish the sharp version of Theorem 3(ii) by using a
technique of Wirths [16].

THEOREM 5. Let f be hyperbolically convex in . Then, for z € D,
|Dn2f(2)/(2Dn1f(2))| <1 = [Duif(2)[%.

Proof. By considering f(rz) and letting 7 tend to 1 if necessary, we
may assume that f is holomorphic and univalent on D with |f(2)] < R <1
(z € D). Define

2
Hf(Z) — — ’Dhlf(z)‘ .

1= |Dn2f(2)/(2Dn1 f(2))|
The desired inequality is the same as Hy(z) < 1. Under our assumptions,
H¢(z) tends to 0 as |z| tends to 1. If the inequality H¢(z) < 1 were not
valid, then there would exist a € D such that Hy¢(a) > 1 and Hf(z) < Hy(a)
in a neighborhood of a. Without loss of generality we may assume a = 0.
Otherwise, we compose f with an appropriate conformal automorphism of D

and use the invariance properties of hyperbolic convexity and the operators
Dhl and Dhg.
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Let
f(z)=a1z+ asz? +azz® +... = ay[z + Agz? + As2® + .. J.
We are assuming that Hy(z) < H¢(0) in a neighborhood of 0 and
Hy(0) = ol
1— A,

The inequality Hy(z) < Hy(0) is equivalent to
My(2) = lar]? — a1 2| Draf (2)/ 2Dis £(2)] = (1= |42]) [ Dpa f(2) 2 > 0.
Direct computation gives
My (2) = Re{Ry 2} + Re{R22%} + R3|z|> + O(|z]*),

where
Ay [3A3A
o 412 3412 2 2
= — —_—= —6|A —1+4|A
Ry las| ]A2]< A, 6| Aa|” + |aq| + 4| 2’)
and
4’A2| 3A3ZQ 2 2 2 212
= —2|A —1| —2|345 —2A
a2 ’ n [ A2|” + |a1] 3A3 3|

— 8la1 2] A2 + 4] Asl? — 2(1 — a1 [?)? = 16]As[*(1 — | As])
+8(1 — [ar|*)[A2] (1 — | Az)).
(To aid the reader in verifying the preceding expressions for R; and Rs,
we give a number of intermediate formulas in an appendix.) The fact that
My(z) > 0 in a neighborhood of 0 yields R; = 0 and Rs > 0. Thus
3A3A2
Az
from which we see that
3143112
Ao

— 6‘142’2 + |a1|2 -1 +4|A2| = O,

2
— 2[4 + |ar | — 1| =16]A2|*(1 — | A2))?

and
1343 — 2A3]% = (4| Az|* — 4| As| + 1 — |a1|?)?.

Furthermore, we have

4[A, |

jaa[?
Since Hf(0) > 1, |As|—1+|a1|?> > 0. From Theorem 3 we see that |A2| < 1. It
is easy to check that —4|Az|?+5|A2|—1+|ai|* > 0 when 1—|a1|* < |A43| < 1.
But this contradicts R > 0. So we must have Hf(z) < 1 for all z € D.

COROLLARY. If f € Ky(a), then |f"(0)] < 2a(1 — o?). Equality holds
for ko and its rotations.

Ry = —4(|A2| = 1+ |a1]?)(—4|A2|* + 5|As| — 1+ |a1*).
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Remark. For f univalent in D with f(D) C D, f(0) = 0 and f'(0) =
a > 0, Pick [13] established the sharp bound |f”(0)| < 4a(l — «); see [2]
for a simple proof. The preceding corollary is an improvement of this result
for hyperbolically convex functions. The analogous bound for spherically
convex functions is given in [11].

THEOREM 6. Suppose f is hyperbolically conver in D and f ¢ Aut(D).
Then for any path v in D from a to b,

|Dp1f(a)]
1 —[Dp1 f(a)|

= exp[—2length, (v)]

__ Duf®I  _ Dmf(a)
T /1= [DufO)P ~ /1= |Dnf(a)?

where length,, () is the hyperbolic length of the path .

exp|[2lengthy, (v)],

Proof. It suffices to establish the upper bound because the lower bound
then follows by interchanging the roles of @ and b. Let 7 : 2z = z(s), 0 < s <
L = length,,(y), be a parametrization of v by hyperbolic arc length. This
implies that

2 (s) = [1 — z(s)z(s)]e?).

Direct calculation then results in (see [7])

(d/ds)|[Dm f(2)] _ d _ {Dh2f(z) i@(s)} 'thf(z)
Duf) s P OIS ) = D s |
Theorem 5 gives
(/ds)IDin f2)]

[Dr1f(2)|(1 = D1 f(2)]?)
since f ¢ Aut(D). By integrating this differential inequality over the interval
[0, L], we obtain

Do O IDuf@P _,,
Duf(@/T= D fOF

This gives the upper bound in the theorem.

COROLLARY. For f € Kj(«a), we have the sharp bounds

T R T = kel S (9 < Dk

a(l+l)
V=27 + 402

Proof. These inequalities are trivial for « = 1. If a € (0,1), then f
is not a conformal automorphism of . To establish the inequalities in this
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case, let a = 0, b = z and v be the hyperbolic geodesic from 0 to z in the
theorem. Since Dy f(0) = a, the theorem becomes

o 1l __ IDnf@|  _ a1+l
VI—a? 1+l = /T=[Duf()P ~ Vi—a? 11—l

Because t/+/1 — t? is an increasing function on (0, 1), the desired inequalities
follow from solving the above inequalities for | Dy f(2)|. All that remains is
to calculate Dp1kqo(x) for —1 < 2 < 1, which can be done directly using the
expression for k..

THEOREM 7. Let f € Kp(«). Then we have sharp estimates
—ka(=[2]) < [f(2)] < Ka(|2])-

Proof. To prove the upper bound, fix any a € D, set v = [0,a] and
I' = f o~. Then from the Corollary to Theorem 6,

dul )z d2)
00.5@) < [ 5 = [ 5 = Pl
]
< J kol = [ ka0 5
E] /
:fl@” — dp(0, ka(]2]).

Oé

This is equivalent to the upper bound.

In order to establish the lower bound, fix r = |z|, 0 < r < 1, and assume
f(a) is the nearest point to the origin on f({z : |z| =7r}). Set I' = [0, f(a)]
and v = f~! o I'. By using the Corollary to Theorem 6, we have

dw dz dz
d]D)(va(a)):f 1|—\u|)|2 f1_|f| | f| |_|2|7|2

r

d‘Z| f Dhlk

> f Dhlka(_’ZD )1—?—02

~

|z

— [ e = (0, k(L))
0 Oé

The inequalities dp(0, f(2)) > dp(0, f(a)) > dp(0, —k(—|z|)) then imply the
desired lower bound.

5. The radius of hyperbolic convexity. For the class SB(«) we shall
determine the sharp radius of hyperbolic convexity. In fact, it is no more
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difficult to determine the sharp radius of hyperbolic k-convexity for k €
[0,4], so we do this.

EXAMPLE 2. The function

4
Ko(2) = oz

[\/(lfz)2+4az+1fz]2

belongs to SB(«) and satisfies the functional relationship

(FHe) =) -1

The image K, (D) is the unit disk with the segment

—a
—1,
( 2—a+ 21— oj
removed. The function K, is extremal for several problems over the class
SB(«). For example, if F € SB(«a), then

[F7(0)] < da(1 — o) = 4|F(0)|(1 — [F'(0)])

with equality if and only if F' is a rotation of K, [13]. This is formulated in
invariant terms as

(3) [Dn2f(2)| < 4[Dn1 f(2)|(1 = [Dn1 f(2)])

for any univalent function f mapping I into itself. Direct calculation using
the functional equation for K, yields

DpoKo(x) =4Dp1 Ko (2)(1 — Dpi Ko ()
for x € (—1,1). Another sharp result is that for F' € SB(«a),

ol — |2))? o1+ |2))?
@ @+ )2 — 4l = PP @IS T aar

with equality if and only if F' is a rotation of K, ([7], [13]).

THEOREM 8. For k € [0,4] the radius of hyperbolic k-convezity for the
family SB(«) is the unique root r(c, k) in the interval (0, 1] of the polynomial

Pak(r) = rt — (2+ ak)"’g + (8 + 2ak — 6)r2 — (24 ak)r+1.

The root r(a, k) is an increasing function of « which satisfies the sharp
bounds

1 if 0< k<2,
2—v@§TWJﬂ§{[h_¢m_4V2 if 2<k<4.

In particular, (o, 4) is the constant 2 — \/3, independent of .

Proof. Note that if v : z(t) = re® is the positively oriented circle

of radius r € (0,1), then kp(z,7) = r +r~!. By formula (2) we wish to
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determine the maximal r such that

DpoF(z)  2'(t)
| . > k|Dp F .
"Q]D(Zf‘)/) + m{Dth(Z) ’Z,(t)| = | hl (Z)’7 zey
This inequality holds if

r?+1 ‘Dth(z)

> k|DpiF(z)|,  z€n.

T Dth(z)
By making use of inequality (3), this will hold if
r?+1

-4+ (4—-kK)|DpnF(z)| >0, zen.

Because k € [0,4], the lower bound in inequality (4) implies that the desired
inequality will hold if

(5) r2+1_4+(47k:)a(177‘)2>0'

T (I1+7)?2—4dar —

The function (r? + 1)/r — 4 decreases strictly from oo to —2 on [0, 1] while
the function a(1—7)%/[(147)% —4ar] decreases strictly from a to 0 on [0, 1].
Therefore the graphs of (r2 +1)/r —4 and (k —4)a(1 —7)2/[(1+7)? — 4ar]
cross at a unique point in (0,1]. The numerator of the rational function
given by the left-hand side of inequality (5) is pa k(7).

Now we establish the sharpness. For the function K, and the path v :
2(t) = re', 0 <t < 2m, the choice t = —n in formula (2) results in

kp(Ka(=7), Ko 07)[Dp1Ko(=7)|

Dpa Ko (—1) (_Z)}
Dy Ko (—r1)
14+7r?  DpeKo(—r) 1472
r _Dtha(—r): ro

= rp(—7,7) + Im{

[4(1 = Dp1 Ko (=7))]

1472
= —— —4+ (4= kD Ka(=r) + kDj Ko (1)
r? 41 (4 —k)a(l —r)?

—4
r + (14+7)2—4dar

The choice r = r(«, k) produces kp(Ky(—1), Ko07v) = k, while kp (Ko (—7),
K,o07) <k for r(a, k) <r<1.

From inequality (5) and the discussion immediately following it, we con-
clude that for each fixed k£ € [0,4], the value of r(«, k) is a continuous,
increasing function of « on the interval (0, 1]; in fact, we can view r(a, k) as
continuous on the interval [0, 1]. Note that

poi(r) =1 =23 —6r2 —2r + 1= (r + 1)%(r* — dr + 1).

+ kD Ko(—r).
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This reveals that r(0,k) = 2 — v/3. Consequently, 7(a, k) > 2 — /3 for
a € (0,1]. Next,

pri(r) =7t = 24+ k)r® + (24 2k)r2 = 2+ k)r+ 1= (r —1)°(r* — kr +1).
This shows that r(1,k) = 1 for 0 < k < 2, while 7(1,k) = [k — Vk2 — 4] /2

for 2 < k < 4. For k = 4 we now conclude that r(a,4) = 2 — V3 for all
a € (0,1].

6. An alternate definition of hyperbolic linear invariance. Pom-
merenke [14] formally started the study of (euclidean) linearly invariant
families of holomorphic functions. Pommerenke’s definition of linear invari-
ance was given a purely geometric interpretation in [6]. In [7] the authors
proposed a definition of hyperbolic linear invariance for locally univalent
functions f : D — D and in [8] they defined spherical linear invariance for
locally univalent meromorphic functions f : D — P, where P denotes the
Riemann sphere. The definitions of euclidean and spherical linear invariance
are quite similar, while the definition of hyperbolic linear invariance in [7] is
different. One reason for the difference is that the definition of hyperbolic
linear invariance proposed in [7] was motivated by the desire to generalize
parts of the theory of bounded univalent function theory in the same way
that Pommerenke’s definition of (euclidean) linear invariance extended as-
pects of the theory of univalent functions. We now offer a second definition
for the hyperbolic linearly invariant order of a locally univalent function
f : D — D. This new definition directly parallels those of euclidean and
spherical linear invariance; it is now a viable alternative because we have
developed the theory of hyperbolically convex functions. But this new def-
inition does not seem to extend parts of the classical theory of bounded
univalent functions in the way that the former definition did.

For a locally univalent function f: D — D, set

~ _ Dhnaf(2) |
ah(f)—sup{ m .zE]D)}.

We shall see that this new definition of hyperbolic linear invariance leads
to a number of results analogous to those for euclidean and spherical linear
invariance. In fact, the proofs of the analogous results are so similar that we
typically omit all details. In [7] we defined the hyperbolic linearly invariant
order by

ontr) =0 { | s g | €2

Clearly, an,(f) < an(f). For a > 1, let F(a) denote the family of all f with
an(f) < a. Pick’s sharp upper bound on |f”(0)| for f € SB(«) implies that
F(2) contains all univalent functions f that map D into itself.
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We introduce other quantities related to hyperbolic linear invariance.
Define g, (f), the hyperbolic radius of uniform local hyperbolic convexity,
for a locally univalent function f : D — D by

sup{o : f is univalent in Dp(a, ¢) and
f(Dn(a, 0)) is hyperbolically convex for all a € D}.

We say that f is uniformly locally hyperbolically convex if on(f) > 0. Let
Cr(o) be the family of uniformly locally hyperbolically convex functions
with op,(f) > . Define ky,(f) by

inf{k > 2: f(£2) is hyperbolically convex
for each hyperbolically k-convex 2 C D}.

Later we will see why we can restrict k£ > 2 with no essential loss of gener-
ality.

In the case of euclidean (spherical) linear invariance it is known that the
euclidean (spherical) linearly invariant order is at least one and equals one if
and only if the function is univalent and euclidean (spherically) convex. The
analogous result does not hold for the definition of the hyperbolic linearly
invariant order &y, (f) proposed above.

ExaMPLE 3. For a conformal automorphism 7' of D we will show that
an(T) =0. If T € Aut(D), then |Dp1T| = 1, so it suffices to show Dp2T = 0.
Fix a € D. Let

R(z) = 2% and S(w):;"_TT(((L;)U.

1+az
Then F' = SoT o R € Aut(D) and fixes the origin, so F'(z) = Az for some
unimodular constant A. Hence, Dy2T'(a) = F”(0) = 0.

However, the next result shows that the proposed hyperbolic linearly
invariant order ay,(f) almost behaves as in the euclidean and spherical cases.

THEOREM 9. Suppose f : D — D is locally univalent. If an(f) < 1, then
f € Aut(D). For f & Aut(D), ap(f) > 1 with equality if f is hyperbolically

conver.
Proof. Let o = ap(f). We begin by showing that for z € D,
6 SO Q- @

L= [fO) 1+ [zD)ott = 1= [f(2)?

Let z = 2(s), 0 < s < L, be a parametrization of the radial segment v = [0, 2]
by hyperbolic arc length. Then as in the proof of Theorem 6 we obtain

(d/ds)|Dnif(2)| _p [ d A pe [ Pr2f(2) o) o
D) {dslgD““ )} t {Dmf(z) }Z 20
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By integrating this inequality with respect to s over v, we get

[ Dn1f(2)| _ 1+ 2|
ogm > —2adp(0,2) = —alog <1 — |z|>’

which is equivalent to inequality (6).
If o < 1, then from inequality (6) it follows that
/(2

lm ————— =

=1 1= [f(2)?
Now, Agr(2)|dz| = R|dz|/(R? — |z|?) is the hyperbolic metric on D(0, R) and
so has Gaussian curvature —4. Also, u(2)|dz| = |f'(2)||dz|/(1 —|f(2)]?) has
Gaussian curvature —4 on DD since it is the pull-back of the hyperbolic metric
Ap(z)|dz| via the locally univalent function f. For R > 1, we have

Ar(2) _
l2l—1 p(2)
From [4, Theorem 2.1] we conclude that Ar(z) < u(z) for z € D. By letting
R decrease to 1, for z € D we obtain

1 1£(2)
[~ E 1-[f()F

The invariant form of Schwarz’ Lemma yields the reverse inequality. There-
fore, equality holds throughout D and f € Aut(ID) by the case of equality in
the invariant form of Schwarz’ Lemma.

For f ¢ Aut(D), it now follows that ap(f) > 1. From Theorem 3 we
obtain ay(f) < 1 if f is hyperbolically convex. Thus, ap(f) = 1 if f is
hyperbolically convex.

Remark. From Theorem 9 and formula (2), we can show that there are
no locally univalent functions f : D — D except conformal automorphisms
of D that map every hyperbolically k-convex subset (0 < k < 2) of D onto a
hyperbolically convex region. See [6, Lemma] for the completely analogous
proof in the euclidean case.

THEOREM 10. Suppose f : D — D is locally univalent and f ¢ Aut(D).
Then on(f) = o if and only if an(f) = coth(2p). In particular, Cp(0) =
F(coth(20)).

Proof. A geometric proof completely parallel to that of [6, Theorem 3]

is easily constructed. Note that the condition ay,(f) > 1 is needed in the
proof.

COROLLARY. If f: D — D is locally univalent and an(f) =1, then f is
hyperbolically convex.
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THEOREM 11. Suppose f : D — D is locally univalent. Then kp(f) =
20 (f)-

Proof. A geometric proof parallel to [8, Theorem 9] is readily given.

7. Open problems. For the family Kj(a) it would be interesting to
obtain the sharp upper bound on |f(™)(0)| for n > 3 and on the Schwarzian
derivative. For a=1/v/2 we note that k, /2 cannot be the extremal function
for the sharp upper bound on |f®)(0)| because kS)\@(O) = 0. What are

sharp upper and lower bounds on |f’(z)| for the family Kj(«)? Also, what
are sharp growth, distortion and covering theorems for the family F(«a)?

Appendix. The following six expressions are useful in computing R,
and Rj3:

(1—|z| )f"(( )) = Ayt (3A3—2A2)2+(6A4—9A3 Ay +4A3) 22— Ay |2|>+0(27).
d _1’2 >f(( )’5( 2 P2+ o P Ao + 2l [PAs] + O(Y).
2%;?5; Ay + (343 —2A2)2 + (Ja1|* = 1)Z + (644 — 9A3 Az + 4A3)22

+ |a1|22222 + As(2]ar|* — 1)|2)* + O(2%).
‘m = o] + ‘Re{(3A3A2—21A2| As + a1 PAs — Ap)z)

+ Re {’A 644 — 945 45" 44|40 43
T larPAZ + (o — 1)(345 — 2A§>]22}
1
R {4‘14 ‘3 [3A3A2 2’142’2142 + ]a1]2A2 — A2]222}

+ 2|A |[4!a1! A3 = 2|42 + (345 — 243 — (1 — |aa*)?) |2

4|A |3 ’3A3A2 2|A2‘2A2 + ‘(11‘2_/42 - A2|2|Z|2 + 0(23).

Dpif(z) =a1[l +2A5z + 3A52% — (1-— |a1|2)\z|2] + 0(23).
|Dn1f(2)]? = |a1|?[1 + 4Re{Az2} + 6 Re{A32%}
+ (4A17 = 2(1 — a1 |*))|2*] + O(=?).
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