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Abstract. We consider an implicit fractional step procedure for the time discretization of
the non-stationary Stokes equations in smoothly bounded domains of R3. We prove optimal
convergence properties uniformly in time in a scale of Sobolev spaces, under a certain regularity
of the solution. We develop a representation for the solution of the discretized equations in the
form of potentials and the uniquely determined solution of some system of boundary integral
equations. For the numerical computation of the potentials and the solution of the boundary
integral equations a boundary element method of collocation type is carried out.

1. Introduction and notation. Let 7" > 0 be given and G C R? be a
bounded domain with a sufficiently smooth compact boundary S. In (0,7) x G
we consider the non-stationary Stokes equations

Dw—vAv+Vp=F, divv=0,

(1.1)
vg =0, V=0 =vo.

These equations describe the linearized motion of a viscous incompressible fluid:
the vector v = (v1(t,x),v2(t,x),v3(t,z)) represents the velocity field and the
scalar p = p(t,z) the kinematic pressure function of the fluid at time ¢ € (0,7
and at position x € GG. The constant v > 0 is the kinematic viscosity, and the
external force density F' together with the initial velocity vy are the given data.
The condition divy = 0 means the incompressibility of the fluid, and v = 0
on the boundary S expresses the no-slip condition, i.e. the fluid adheres to the
boundary.
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It is the aim of the present paper to develop a method for the numerical
solution of (1.1). This method consists of three steps. In the first step, finite dif-
ferences in time are used in order to transform (1.1) into certain boundary value
problems. In the second step, these boundary value problems are studied with
methods of potential theory. This leads to a representation of their solutions con-
sisting of volume and surface potentials, whose densities have to be determined
from a system of boundary integral equations. Thirdly, for the discretization of
the boundary integral equations and the numerical computation of the potentials
a boundary element method of collocation type and suitable quadrature methods
are used.

Let us consider the following semidiscrete first order approximation scheme
for the Stokes equations (1.1): Setting

h=T/N>0, t,=k-h (k=0,1,...,N),

we approximate the solution v, p of (1.1) at time ¢; by the solution v¥,p* (k =
1,2,...,N) of the following equations in G:

kh
1.2) (v* — " HAT — v Ak 4 VpP = Rt f F(t)dt,
1.2
(k—1)h
divoF =0, 0% =1y, Uk|S:0.

Here F' and vg are the given data. Thus for every k = 1,2,3,..., N we have to
determine in G the solution v*, ¢* of the boundary value problem
(A= A" + Vg = FM1 (A= (vh)™ > 0),

1.3
(1.3) divoF =0, vk|S:0

where ¢* = p* /v and

kh
(1.4) FA=1() = A(vk_l(x) + [ Fito) dt) .
(k—1)h
Using methods of potential theory, we find a representation of the solution v*, ¢*
in the form

(1.5) (v*(2), ¢"(2)) = (VAFM Y (@) + (DaP)(2),  z€G.
Here Vy FA*~1 is a hydrodynamic volume potential with density FA*~1 and D W

is a double layer potential, whose unknown source density ¥ has to be determined
from the boundary integral equations

(1.6) —(VyFM1(2) = L0 (2) + (D) (z) — (Pn®)(z), € S.

Here the superscript * refers to the velocity part of the above potentials, (D{¥) is
the direct value of the hydrodynamic double layer potential for the velocity, and
PyV is a one-dimensional perturbation operator, which ensures that the solution
¥ is unique in the space of continuous vector fields on S (compare [1]). For the
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spatial discretization of (1.6) we use a boundary element method of collocation
type as described in [6, 17].

At this point, let us introduce our notations. Throughout the paper, G C R? is
a bounded domain having a compact boundary S of class C2. In the following, all
functions are real valued. As usual, C§°(G) denotes the space of smooth functions
defined in G with compact support, and L?(G) is the Lebesgue (Hilbert) space
equipped with the scalar product and norm

= [ f@yg@yde, |Ifll = (£ )2,
G

respectively. For functions f,g € L?(G) we need the following well-known rela-
tions:

(f—g.f+a9) =117 =1llgl?,
(1.7) (F=g.20) = 1FIP=llgl* + Ilf = gl
2(f,9) < 2[| £ lgll < 111>+ llgl*-

The Sobolev (Hilbert) space H™(G) (m € N = {0,1,2,...}) is the space of
functions f such that D*f € L?(G) for all @ = (a1, a9,a3) € N3 with |a| =
a1 + as + az < m. Its norm is denoted by

1/2
1l = W ey = (D 1DFI) ™, D = Dy Dg*Dg?,
lal<m

where Dy, = d/dx), (k = 1,2,3) is the distributional derivative. The completion
of C§°(G) with respect to || - ||, is denoted by

Hg'(G)  (HQ(G) = H'(G) = L*(G)).
If f € HY(G), in particular, we have Poincaré’s inequality
(1.8) If1I? < CallV£I?,

where the constant A\ = C !is the smallest eigenvalue of the Laplace operator
—A in G with zero boundary condition [10, p. 11].

The spaces C§°(G)3, L?(G)?, H™(G)3, ... are the corresponding spaces of vec-
tor fields u = (uy,u2,us). Here the norm and scalar product are denoted as in
the scalar case, i.e. for example

3
=Y wu), el = (w2 = ( J 2ar)
k=1

where |u(z)| = (u1(x)? 4 ug(x)? 4 us(x)?)'/? is the Euclidian norm of u(z) € R3.
The completions of

Coo,(G)? = {u € C3°(G)? | divu = 0}



138 W. VARNHORN

with respect to the norms || - || and || - ||; are important spaces for the treatment
of the Stokes equations. They are denoted by

H(G)?, V(G)?,
respectively. In H}(G)? and V(G)3 we also use

3
(Vu, Vo) = > (Dyug, Dyvs), ||Vl = (Vu, Vuy /2

kyj=1

as scalar product and norm [16, p. 5]. Moreover, we need the B-valued spaces
C™(J,B) and H™(a,b,B), m € N, where J C R is a compact interval, where
a,b € R (a < b), and where B is any of the spaces above. In case of CY(, ) we
simply write C(, ), and we use H,V, H™, ... instead of H(G),V(G), H™(G), ...
if the domain of definition is clear from the context. Finally, let

(1.9) P:L*(G)* — H(G)?

denote the orthogonal projection (see [16, p. 15]). Then we have

L*(G)? = H(G)® @ {v € L*(G)?® | v = Vp for some p € H*(G)},

which means

(1.10) (u,Vp) =0 for all u € V(G)* and p € H'(G).

2. Discretization of time. Because the projection P from (1.9) commutes
with the strong time derivative Dy, from the Stokes equations (1.1) we obtain the
following evolution equations for the function t — v(t) € H(G)3:

(2.1) Dyw(t) — vPAu(t) = PF(t) (t€ (0,T)), v(0)=up.

In this case, the condition divev = 0 and the boundary condition v = 0 on S are
satisfied in the sense that we require v(t) € V(G)3 for all t € (0,T).
Concerning the solvability of the evolution equations (2.1), it is known (see

[10, p. 89]) that for
(2.2) v € HA(GPNV(G)®, FeHY0,T,H(G)%),
there is a unique solution v of (2.1) in G such that
23 ve C([0,T], H*(G)* nV(G)?),

' Dy € C(10,T], H(G)*) N L*(0, T, H' (G)*) ,

and that there is some constant K depending only on G, v, F, vy and not on
t € [0, 7] such that for all ¢ € [0, 7]

t
(2.4) S IVDv(o)|Pdo < K, |lo(t)]2 < K, |[Dew(t)| < K.
0
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Let us now consider the discretized equations (1.2) under the weaker assump-
tions

(2.5) vo € H(G)?, F e L*0,T,H(G)%).
Using P as above and noting that F' = PF we obtain in G (h = T/N > 0),
kh
(2.6) (v* —o* " — P AVF = f Ft)dt, v°=uwy.
(k=1)h

It is known that under the above assumptions (2.5) there is a unique solution
(2.7) P e HA(G))nV(G)? (k=1,2,...,N)

of (2.6): If we define the Stokes operator A to be Friedrichs’ extension of —PA
in H(G)3, then its domain of definition D(A) is H?(G)? N V(G)? ([2], see also
[5, p. 270]). Because A = (vh)~! > 0 belongs to the resolvent set of —A, the
equations

vk — ()\ + A)_lF)"k_l, FA,k:—l c H(G)3
(see (1.4)) are (successively for & = 1,2,...,N) uniquely solvable with v* €
H?(G)>NV(G)3, as asserted.
To prove the convergence of the discretized equations (2.6) to the evolution
equations (2.1) and to estimate the discretization error, we use the Lax-Richtmyer

approach “stability + consistency — convergence”, originally developed in [11].
Let us define

(IIpv)(tk) = v(tk) — v(tg—1) — vhPAv(ty),
(I {v'}) (tr) = % —vF =t —vhPAV* .
Then the defect
(2.8) eF =k —u(ty)
satisfies the identity
(2.9) e? — et —vhPAe® = (IT, {v'})(tx) — (ITyv)(tx) = R*,
which is used to obtain estimates of e in terms of the right hand side RF

(= Stability). Then the behaviour of

kh
(210) R¥= [ (Dy(t) — vPAu(t)) dt — {(v(tx) — v(ts-1)) — hvPAv(ty)}
(k—1)h
kh
= [ —vPA@(t) - v(ty))dt = —vPAE*
(k—1)h

as h tends to zero (=~ Consistency) follows from the regularity properties of the
exact solution of the Stokes equations (2.1).
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THEOREM. Let T > 0, N € N, and G C R? be a bounded domain with a
smooth boundary S of class C?. Assuming (2.2), let v and v* (k = 1,2,...,N)
denote the solution of (2.1) and (2.6), respectively. Then the discretization error
ek (see (2.8)) satisfies the following estimates:

k
¥ ]+ (v [|Vel||” + [le? — 7 1?) < Kh?,
j=1

k
VX2 + > @(hw) ! — 1P+ 3 V(e — e )|?) < Kh.
j=1

Here the constant K depends only on G, v, and the data. Moreover, we even have
convergence with respect to the H?-norm:

max{||e*|s | k=1,2,...,N}=0(1) ash—0or N — occ.
Proof. From (2.9) and (2.10) we obtain for the defect e* the identity
(2.11) (b — ey — hwPAe® = —vPAE" .
Multiplying (2.11) scalarly in L? by 2e* and using (1.7), we obtain
e®(1” — 11"~ + [le® — "~ + 2hv||Ve®||* = 20(V EF, VeP)
< 2- () 2||Ver| - () 2 VR
< h|VeF |2 + h || VE*|? = S1 + S, .

Because of
kh  kh ) kh kh 5
SQ:hflyH [ fDUVv(a)dadtH <v | H [ \ngu(a)ydaH dt
(k—1)h t (k=1)h (k—1)h

kh 9 kh
< th [ |vv(a)\daH <vh® [ |DsVu(o)|?do,
(k=1)h (k—1)h
we find
(212)  [[e]1* = le" M + fle® = e + ho| Ve |
kh
<vh® [ |DsVu(o)|? do
(k—1)h
for all k = 1,2,...,N. Thus, using ||€°||> = 0 and (2.4), the first estimate is

proved.
Next let us multiply (2.11) scalarly in L? by 2(e* — e*~1). We obtain

2|e* — ek Y2 + 2h(Vek V(ek — k1))
=2[|e" — "M + h (Ve |2 = [[VeF T2 + [V (" — ")
= 2(VE" V(eF — e 1))
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<2 (hw/2)'?| V(e — - (2h ) 2|V ER|
< (w/2)||[V(e¥ — e 1)||2 + 2n || VE"||? = S5 + 285, .
Using the above estimate for Se again, we have
2]le" — "2+ hu([[Ver||? — [VeFHP) + (hv/2) [V (" — et 1)|12

kh
<wh® [ |D,Vu(o)|?do,
(k—1)h
hence
[VeR |2 = [IVeE |2 + 2(hv) ~Hle® — "2 + [V (eF — b2
kh
<2h [ |DsVo(o)| do,
(k—1)h

which implies the second estimate.
Next we want to prove convergence with respect to the H2-norm. From (2.11)
we conclude

PAe* = (hv)~'(e" — ") + KT PAE"
which implies
(2.13) |PAC®||? < 2(hv)72|lef — e 1|2 + 2h 2| PAE"|?.
By (2.3) we find the following estimate for the second term:

kh 5
2h~2||PAE"|? §2h_2H [ PA(v(t)—v(tk))dtH

(k=1)h
<2 max _[PA(v(o) —v(7))|* =0o(1) ash—0.
o,7€[0,T]
lo—7|<h

It remains to show that also the first term of (2.13) tends to zero. Using
TF = (e —e*"Y)/h  (k=1,2,...,N)
for abbreviation, form (2.11) we obtain the identity
T" — T — huPAT*

kh (k—=1)h
_ h‘luPA{ [ @) —vt))di— [ (o(t) ~ o(tir) dt}
(k—1)h (k—2)h
= —h 'WwPAGF,
where G* is defined by the above term in braces. Scalar multiplication in L? by
27" yields as above
(2.14) TP = IT*7HP + 1 T° = T + 2k || VTF |2
< hw|| VT + h 30 || VGF|?,
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hence
[T*(]> — T+ 7% = T2 + ho||VTF|? < 30| VGF|12.
Because
kh  kh
Gk=— [ [ (Dov(o) — Dyv(o - h))dodt,
(k—1)h t
we find the estimate
kh
IVG*[|* < n® f D6V (v(0) = v(o — h))|* do .
(k=1)h

Thus from (2.14) we obtain

IT*I2 = |5+ 1T = T4 + he || VT2
kh
<v [ DV (u(t) = v(t - h))|dt,
(k—1)h

and

k
(2.15) NT*? + (177 = 771> + whl| VT )

Jj=2

T
< |72 + v f | DV (v(t) —v(t —h))||>dt =0(1) ash—0,
h

because the integral vanishes as h — 0, and because by (2.12) (note ||€°|| = 0),
h
IT? = (" = eDr 1P < v [ 1D Vo@)|* di = o(1).
0

Thus (2.15) implies that also the first term of (2.13) tends to zero as h — 0,
hence |[PAe*||? = o(1) as h — 0, and the asserted convergence with respect
to the H2-norm follows by means of Cattabriga’s estimate [2]. This proves the
theorem.

3. Potential theory. Because every time step t, = kh (k = 1,2,...,N €
N; h =T/N > 0) requires the solution of the boundary value problem (1.3), we
consider for fixed h, k, and A = (hv)™! > 0 in G the system

(3.1) A=AQu+Vg=F (A>0), divu=0, ug=0.
Let us define the formal differential operator of (3.1) by

Sy <u> —>S>\u: ((A—A)u—l—Vq))
q q V-u
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AT ;U (A= A)u—Vq
S — S =
A <Q> *q ( ~V-u >

denote its formally adjoint operator. To construct an explicit solution wu, ¢ of
(3.1) with methods of potential theory, we first need the singular fundamental
tensor E, = (E;\k)j,kzl,mA, i.e. a solution of Sy E = dl4 in the space of tempered

and let

distributions. Here § is Dirac’s distribution in R3, I the 4 x 4 unity matrix, and
SxEx = (SE}, SE3, SE3, SE) with columns Ep = (Ejy,)j=1
To compute E = E) we use Fourier transformation. Setting

-----

k(@) = (FEji)(a) = cx f exp(—ia - z)Ejp(x) dx
RS

with ¢; = (27)73/2 we obtain for every k = 1,...,4 the vector identity (in the
distributional sense)

((|a|2E}‘k + AET, +iog By ) j=1,23
.3 «  J\&) = Cx\05k)j=1,..., .
i) :j:l ajEjk

Here ¢, denotes the Kronecker symbol. From these identities the Fourier trans-
form E* of E can be easily determined: For j, k = 1,2,3 we have

k(@) = duex(jal” + X7 = ajaner|al (ol + A) 71,
Eji(a) = Biy(a) = —iager|al 72,
El(a) =ce(1+ Ma|™2).
To compute E from E* by inverse Fourier transformation, let
Eju(@) = (F'E3) (@) = x [ explia - 2)E} () da.
R3
Then we obtain for j,k = 1,2, 3,
Bj = 3 F " (en/(Ja]* + X)) + DJF~Hexla| (o + )7,
By, = Epy = DiF Y er /|a)?),  Eu=F ey + AF Y en/|a]?),
with
(Flen)(@) = 6(z),  (FHex/laf?))(@) = (dmlz]) 7",
(F~ en/(Jaf* + N))(@) = (4m|z|) ™" exp(—V/Alz]),
(F~ (ealal 2 (jaf? + X)) (@) = @mAla)) 7 (1 = exp(—VAlz])) -
Note that the right hand sides of the last three equations are fundamental solu-

tions of the operators —A, —A + A\, and (—A + \)(—A), respectively [12]. Now
some elementary calculations yield (compare also [13, p. 206]) that the funda-
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mental tensor FE) = (E])-‘k(a:))j,k:17.,_,4 has the following form:

Blle) = 3 { Per(-VAlal + TRea-VAla | (ks £,
e1(e) = Z mgn =exp(e)(l —e ' +e72) -2,
(3.2) "0 ,
ea(e) = Z::O ME” = exp(e)(—1+3c7 = 3¢72) + 372,
Bh@) = Ba@) = i (+74). (@) = 0@)+ £

Using the exponential representation of the functions e;, e; we immediately ob-
tain the behaviour of Ey(z) for # — 0 and z — oo. Setting r = |z| we have for
Jok # 4

Ej)‘k(x) =00 asr—0,
(3.3) E;‘k(m) =03 asr—oo(\A>0),

EN(x)=0("2%) asr—0orr— oo.
Note that E;‘k (A > 0) decays stronger than E?k (J,k#4) as r — oo.

Now using the right hand side F' from (3.1) and the fundamental tensor F),
we can construct the hydrodynamical volume potential

3.9 i@ = [ (7)) -0 par

which satisfies the equations S )\g = (Ig ) in G due to its construction. Here and
in the sequel, for £ € R™ and matrices A = (4;;) € R x R™ (n,m € N) we use

(6, 4) = <Z§jAj17---aZ§jAjm> ;
j=1 j=1

obtaining a row with m components.

In order to represent the solution of (S)) by means of potentials we need
the hydrodynamical Green’s formulae. They are given in terms of the formal
differential operators

SA:<U>—>SAU, s;:(“>asg“
q q q q

from above, and their corresponding adjoint stress tensors, which are defined by

T (Z) ~ T = (<Vu— (V)" + qly).

T <Z> — T Z = (~Vu— (V)" — ql3).
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Here (Vu)T is the transposed matrix of Vu = (D;ug)k i=1,23 and I3 the 3 x 3
unit matrix.

Let us assume that u, v € C*(G)*> N C*(G)? are divergence-free vector fields,
that ¢,p € C1(G) N C°(G), and that Sxg: S\, € LY(G)3 (A > 0). Then we have
Green’s first identity

o J (s ()
_ f<TZN7U>dOy+ [ Ouvydy + [ 3(Vu+ (Vu)T, Vo + (Vo)) dy,
S G G

and Green’s second identity

a0 J{(s5())=(G) 555 o
_ !{<TZN,U>_<U,T;N>}C;%.

Here we use (§,n) = Y p_; &ni for §,n € R™ and (A, B) = ZZk:l A, B for
matrices A, B € R® x R® (n € N). The vector N = N(y) € R3 denotes the
exterior normal at y € S and T ZN indicates the usual matrix vector product.

Now applying Green’s second identity with a solution v € C?(G)? N C1(G)3,
qg € CHG) N C%G) of Shy = (g), and with v, p being the columns of the
fundamental tensor F), by cutting off the singularity in x € G we obtain the
following representation (compare [14, p. 335]) of u and ¢ in x € G (N denotes

the exterior normal to the C*-boundary S):

a0 [ (7)) Bt 0t oo
= Sf <T Z(y)N(y)a B (x - y)> do,

— [ (u(), Ty Ex(x = y)N(y)) do, .
S

Here Egr) is the 3 x 4 matrix obtained from F) by eliminating the last row, and
the product in the last boundary integral equation is defined as follows: Treating
the 4 columns of Ey with T” yields four 3 x 3 matrices, which, multiplied by N,
give four columns with 3 components, hence a 3 x 4 matrix. The subscript y in
T, means differentiation with respect to y.

The representation formula (3.7) suggests introducing hydrodynamical bound-
ary layer potentials for general vector source densities ¥ = (¥, %y, ¥3) € C(S)3.
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For x € R3\ S we define the single layer potential
(Bx0)(z) = [ (#(y), B\ (z — y)) do,
S

and the double layer potential

(DY) (x f T, Ex(z — y)N(y)) doy, .
S

Because Fy = EI, the single layer potential can be represented by

(3.8) (EAW)( f E\(x —y)¥(y) do, .

Here the 4x3 matrix E&C) is obtained from FE by eliminating the last column and

E;C)J/ indicates the usual matrix vector product. If no confusion is possible, row
representation and column representation will be identified. In order to develop
a similar representation for the double layer potential we proceed as follows. Due
to DyiEJ/-\k(:v —y) = —DmE;‘k(ac —vy) (i,7=1,2,3; k=1,...,4) and recalling the
definition of T and T" we have T, Ep (x — y) = =T, E; (x — y) where E) denotes
the kth column of Ey (k = 1,...,4). Defining the 3 x 4 matrix (Dy(z,y))T =
—T.Ex(z —y)N(y), we first obtain the row vector

(DAD)(@) = [ (F(y), (Da(.y))") do,
s
and then the column
(3.9) (Da#)(x) = [ Dz, y)¥(y) doy ,
S

where the 4 x 3 matrix D) (z,y) is defined by

Di(z,y) = (=TuEx(x —y)N ()" = (=ToEp(z — )i N (y))ki -

Both the single layer potential (3.8) and the double layer potential (3.9) are
analytic functions in R?\ S and satisfy there the homogeneous differential equa-

tions
U 0
S = )
Y <0>

By elementary calculations we find (compare [13, p. 210]) that the 4 x 3 kernel
matrix Dy = (D,i‘i(a:, Y))k=1,... 4;i=1,2,3 of the double layer potential D ¥ has the

.....
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following form: Setting r = x — y and N = N(y) we have

- (o
N g (VAD + 26(VARD) )
(3.10) = 2(n% —1)

di(e) = Z Wa” =exp(e)(2— 67 +6e72) — 62 +1,

d 7w"(n2—1)n7 316 —6e2) & G2
2(8)—2 (1) e" = exp(e)(e — 3 + 6¢ €7°) + 67,
1 (. rr-N AN; N;

Tl AL A S 2 G N T

T R RRly

The series representation above yields d;(0) = d2(0) = 0, hence as A — 0 we
obtain from (3.6) the well known (see [10, p. 55|, [14, p. 336]) double layer kernel
matrix for the Stokes equations (Sp):

i rErir - N

n=2

Di‘z(:c,y) = -

0 _ L
(3 11) Dkz($ay)_ - A |7"’5 (kvl_17273)a
' 1 /3r-Nr; N;
Do = — L) = NS 1 =1,2,3).
41(«T,y) 27‘(‘( |T‘5 |T‘|3> 7 (7’) (Z ) 73)
It follows easily that the last summand in d; comes from the pressure q. This
term determines the decay for o = |r| = |x — y| — 0 and ¢ — oo. Hence for
k,i # 4 we have (A > 0)
Dp(2,y) = 0(0™®) aso—0or g— o0 (A>0),
(312) Di\,z(gj7y) = O(Q_g) as 0 — 07
Dji(x,y) =0(™") as ¢ — oo.

In the following we consider the normal stresses of the single layer potential
E\¥, which are defined in a neighbourhood U C R? of S for z € U \ S and
v e O(S)3 by

(Hw) (@) = [ To(BEY (z — y)¥(y))N(@) do, .
S

Here the superscript * indicates a column vector with 3 components, and N ()
denotes the outward unit normal at £ € S, where T is the unique projection of
x € U\ S on S. Note that S € C? allows the construction of parallel surfaces
[15, §200], which implies the existence of such a neighbourhood U. If we use the
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representation

(3.13) (HW)(x) = [ Ha(z,9)¥(y) do,
S

with some 3 x 3 matrix Hy(z,y), then for z,y € S we have
Hy(2,y) = D (y,2)"

with Df\r) obtained by eliminating the last row of the 4 x 3 matrix D, given above.
The next statements concern the continuity properties of the potentials, if
r € R3\ S approaches a point z € S. For x € R3\ S let

(3.14) (B50)(x) = f EY 9 (z — y)¥(y) oy,
(3.15) (D3¥)(x) = [ DY (x,9)¥(y) do,
S

denote the single layer and the double layer potential corresponding to the velocity
part of the potentials, respectively. Here E/(\r’c) is the 3 x 3 matrix obtained from
E) by eliminating the last row (= r) and the last column (= ¢). We first consider
some potentials with special densities.

It is well known (see [10, p. 56], [14, p. 337]) that for the case A = 0 we have

B, zeG,
(3.16) (D3B)(w) = [ Do(x,y)Bdo, =< 58, =€,
s 0, xeR3\G,

where Dy is the 3 x 3 matrix defined in (3.11) and 8 € R3 is a constant column
vector. For A > 0, however,

8, zeg,
(317)  (D3B)(@)+ A [ BV (@ —y)Bdy = 36, x€S,
G 0, zeR\G.

Moreover, if N denotes the outward unit normal field on S, then for the single
layer potential ExN (A > 0) with density N we have

—(2), z € G,
(3.18) (EAN)(x f Bz —y)N(y)doy, = { —1(), wesS,
(8), reR3\ G,

which follows from Green’s second identity, and implies (EiN)(z) = 0 for all
r € R3.
Next let us study the continuity properties of potentials with general contin-
uous source densities. Setting
1 e :
wi(z) = zllrzrés w@),  wi(z) = xlg%s w(@)
zeG z€R3\G
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we obtain on the boundary S the important relations

(3.19) (B30) = B3 = (E{¥)°,
(3.20) (D3W)' — D3 = 3w = D3w — (D3¥)°,
(3.21) (HyW)® — HYW = iU = H{W — (H}P)',

where EXW, DiW¥, and H{V¥ are defined by (3.14), (3.15), and (3.13), respectively.
Now let G¢ = R?\ G be the complementing exterior domain having the same

boundary S as G. We consider the following boundary value problem: For a given
boundary value b € C(5)3 find u € C?(G)*NC(G)3, ¢ € CH(G)NC(G) satisfying

0
(3.22) S,\u:(> inG, wu=b ons.
q 0
We refer to this problem as to the interior hydrodynamic Dirichlet problem. Be-
sides (3.22) we also consider the exterior hydrodynamic Neumann problem

U 0 U

(3.23) Sx —<> inG° T N=b onS,
q 0 q

which is adjoint to (3.22). Using Green’s first identity we can easily prove that

regular solutions u, q of the exterior Neumann problem are uniquely determined

provided that we require

(3.24) w(z) =02, Vulz)=00"", q)=00"1

as r = |z| — oo (A > 0), a condition which takes into account the special decay
properties of the potentials (compare (3.3) and (3.12)).

Concerning the interior Dirichlet problem, w is uniquely determined, while ¢
is uniquely determined up to an additive constant only.

In the following we prove the existence of a solution u, ¢ of the interior Dirichlet
problem using the method of boundary integral equations. Let b € C(9)3 be given
with

(3.25) [b-Ndo=0.
S

Choosing at € G the ansatz (Z) (x) = (D\¥)(x) as double layer potential, due to

the jump relations we obtain on S the weakly singular (S is of class C?) boundary
integral equations

(3.26) b=30+(Di¥) onsS,

which is a Fredholm system of the second kind on C(S)3. To solve it we have to
consider the corresponding homogeneous adjoint system

(3.27) 0=3P+ (H;®) onS.

It follows from (3.18) that the normal vector N € C(S)? is a solution of (3.27):
Due to (HiN)(z) = (T(E\N))(x)N(z) = —N(z) if z € G (for = see above (3.13))
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and (HYN)(z) =0 if z € G, from (3.21) we obtain
0=3iN+ (H{N) onS.

Moreover, if & € C(S)3 is any solution of (3.27), then we have & = BN with
some constant 3 € R. To see this, consider the single layer potential (Z) = E)\®
defined in (3.8). It decays as required in (3.24), and it solves the exterior Neumann
problem (3.23) with zero boundary data due to (3.21) and (3.27). Thus we have
E\® = (8) in G° from the uniqueness statement, and E{® = 0 on S using (3.19).
This again implies that E\® also solves the interior Dirichlet problem with zero
boundary data, and the corresponding uniqueness statement yields E\® = (g)
in G, with some constant o €R. Because H® = 0in G° and H{® = aN in G, the
assertion follows by (3.21). Now using well known facts of Fredholm’s theory on
integral equations of the second kind in spaces of continuous functions it follows
that the condition (3.25) is necessary and sufficient for the existence of a solution
v e C(S)3 of (3.26).

Because (3.27) has a unique nontrivial solution ¢ = N, the homogeneous
version of (3.26) has a nontrivial solution, too. For numerical purposes, however,
it is desirable to deal with uniquely solvable systems. Following [1], this can be
achieved as follows: Instead of (3.26) consider the system of boundary integral

equations
(3.28) b= ¥+ (D3¥)— (Py¥) onS
with the one-dimensional operator Py : C(S)3 — C(S)? given by

(Py¥)(z) = N(z) [ N-Wwdo.
S

Because the normal field NV forms a basis of the nullspace of the operator %13 +H3,
which is adjoint to $I5 + D3, the system (3.28) is uniquely solvable in C(S)? [1],
and moreover, in case of (3.25) its solution ¥ solves (3.26), too. The latter follows
easily by multiplying (3.28) with NV, integrating over S, and noting that

* * _ 1

[ (D3%) - Ndo= flII-(HAN)do_—i [ ¥ Ndo.
S S S

Thus we have shown

THEOREM. Let b € C(S)? with (3.25) be given on a C*-boundary S of a
bounded domain G C R3, and let 0 < X\ € R. Then the interior hydrodynamic
Dirichlet problem (3.22) has a solution u € C*(G)3> N C(G)3, ¢ € CY(G). Here
u is uniquely determined, while q is unique up to an additive constant only. The
solution u,q can be represented in G as a pure double layer potential (Z) (x) =
(DY) (z), where the source density ¥ € C(S)? is the unique solution of the second
kind Fredholm system of boundary integral equations

(3.28) b= 10+ (D¥) — (Py¥) onS.
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Here D3V is the velocity part of D\ and Py : C(S)® — C(S)3 is defined by
(Pn¥)(z) = N(z) [¢ N - W do.

4. Spatial discretization. Summarizing the results from the last two sec-
tions we find that the potential representation given in (1.5) defines an approx-
imate solution (v*(x),¢"(x)) of the Stokes equations (1.1) at time t;, = kh (k =
1,2,...,N). It depends on the solution ¥ of the system (1.6) of boundary integral
equations, which — for each time step — has the form (3.28). For the discretiza-
tion of (3.28) we choose a collocation procedure developed in [6] (see also [17]).
To be concrete, in the following let us restrict our considerations to the case of
the unit ball G C R3 with the boundary S and let us use the parametrization

f:8"=1[0,1> =8, f(W,n) = (x1,z2,23) €S,

ie. 1 = sin(md) cos(2mn), x2 = sin(wd)sin(27n), x3 = cos(n). For the sake
of illustration, in the following we suppress some analytical problems due to the
non-uniqueness of the inverse mapping f~!. For L € Nlet 0 = (2L)~! and define
on S” the so-called collocation grid

C) = {2" = (io,jo) | i,j=0,...,2L}
consisting of (2L + 1)? collocation points, and the integration grid
J)={y" = ((i+0.5)0,(j +0.5)0) | i,j =0,...,2L — 1}
consisting of (2L)? integration points. For y" = ((i + 0.5)a, (j + 0.5)0) € J2 let
Q) ={W,n) |ic <V < (i+1)o, jo<n<(j+1)o}

be the square with length o and center y”. The projections of these sets on S are
denoted by

ngf(C;\), JU:f(Jé\)7 Qy:f(Q;\)
Setting

1—7 for0<7 <1,
0 elsewhere,
for every 2" = (x1,22) € C. let us define a bi-linear B-spline

8N =R, N0,n) =w((¥ - 21)/o)w((n — 2)/0).
These splines are used for interpolation: the interpolate P2®" : S — R? of some
vector function @ : S — R3? is defined by

(PreM)(@,m) = > @) (@,m),
ehECH
and we have (P2®")(2") = @"(2") for all 2" € C2. Analogously, we call
P, = (P (o f))of
the interpolate of @ : S — R3.

T4+1 for —1<7<0,
w(T):{
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Let us now go back to the system (3.28) of boundary integral equations and
look for an approximate solution

Wy =Wrof,

where the vector function ¥/ : S — R3 has the form

Wé\(ﬁa 77) - Z O‘(x/\v U){A (197 77) :

aheCh

Here the unknown coefficients a(z”,0) € R® have to be determined from the
collocation procedure

(4.1) P,b=P,(3¥, + (D3.0%) — (Pn.o¥s5)),
where (compare (3.15) and (3.28))
(42) (D3 o)) = D DY (@, )8 ()|Qy]  (x & T,
yEJs
(4'3) (PN U!pcr Z N ’Qy| (l’ S S) )
yEJy

and |Q,] = [, Q do. Hence integration has been replaced by a quadrature formula

(midpoint rule). Thus considering (4.1) on the collocation grid only, we obtain a
linear algebraic system for 3(2L + 1)? unknowns (3 components, (2L + 1) col-
location points) with a non-sparse but diagonal-dominant system matrix, which
is invertible for sufficiently small ¢ > 0. This follows by the usual perturbation
theory from the fact that (3.28) is uniquely solvable in C(S)3. Moreover, the
following estimates can be obtained in the case of boundary values b € C(S)? as
in [6]:

max [¥(z) - ¥ (2)] < ¢(A)oln(1/0),

x

max (D30 (2) = D, %, (@)] < c(Non(1/0).

Here (G4)o>0 is a family of subregions G, exhausting G as o — 0.

Extending both grids from the boundary S into the domain G, the volume po-
tentials can be approximated analogously, using the midpoint rule as quadrature
formula instead of integration. In the following, we present some test calculations
for the non-stationary Stokes equations (1.1) in the 3D unit ball, which have been
performed without using any symmetry property of the ball: Let

Tr3 — T2
(t,x) = v(t,z) = (t + 1)(exp(—r?) —exp(—1)) | 1 — =3 |,

(t,z) — p(t,x) = constant, 7 = (z2 4+ z2 + 22)¥/2.

Then v, Vp is the unique solution of a constructed non-stationary Stokes problem
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(1.1) with

v=1, F=Dw—Av+Vp, vy=1v(0).

The following numerical results give some idea about the accuracy of our ap-
proach. They have been obtained for the time step size h = 0.1 and the spatial
step size o = 1/16 with single precision. Let E(j), j = 1,2, 3, denote the mean
(in space) relative error (%), i.e.

L

BG) =Y

=1

v?ppr(a:l) — 0§ (21)

Uﬁxa(xl)

Development in time of E(j)

t | j=1] j=21 j=3
0.1 1.215 1.594 2.932
0.2 1.316 1.373 2.721
0.3 1.517 1.354 2.490
0.4 1.615 1.354 2.331
0.5 1.748 1.392 2.229
0.6 1.872 1.444 2.159
0.7 1.931 1.454 2.099
0.8 1.991 1.466 2.049
0.9 2.049 1.478 2.012
1.0 2.108 1.492 1.985
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