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Abstract. We give several examples of Souslin forcing notions. For instance, we show
that there exists a proper analytical forcing notion without ccc and with no perfect set
of incompatible elements, we give an example of a Souslin ccc partial order without the
Knaster property, and an example of a totally nonhomogeneous Souslin forcing notion.

1. Introduction. In this paper we continue with our study of forcing
notions having a simple definition. We began this study in [JS1] and [JS2].
In [BJ] we gave more results about Souslin forcing notions and in this paper
we will give some examples of Souslin forcing notions answering a question
of [JS1] and a question of H. Woodin.

A forcing notion P is Souslin if P C R is a Y] -set, {(p,q) : p <p q} is a
Yl-set and {(p,q) : p is incompatible with ¢} is a 2{-set.

More information on Souslin forcing notions can be found in [JS1]. A
related work is [BJ]. In [JS1] we prove that if P is Souslin ccc and Q is any
forcing notion then V@  “P satisfies ccc”. A natural question was: does
“P is Souslin ccc” imply “P has the Knaster property”? Recall that P has
the Knaster property if and only if

(VA € [P]“1)(3B € [A]“*)(V¥p, q € B)(p is compatible with ¢).

In the second section we will give a model where there is a ccc Souslin
forcing which does not satisfy the Knaster condition. Recall that under the
assumption of MA every ccc notion of forcing has the Knaster property.

Many simple forcing notions P satisfy the following condition:

Fp “P is o-centered”.
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This property is connected with the homogeneity of the forcing notion. The
example of a totally nonhomogeneous Souslin forcing will be constructed in
the third section.

In the next section we present a model where there is a o-linked not
o-centered Souslin forcing such that all its small subsets are o-centered but
the Martin Axiom fails for this order.

In Section 5 we will give an example of a o-centered Souslin forcing
notion and a model of the negation of CH in which the union of less than
continuum meager subsets of R is meager but the Martin Axiom fails for
this notion of forcing.

In the last session of the MSRI Workshop on the continuum (October
1989) H. Woodin asked if “P has a simple definition and does not satisfy ccc”
implies that there exists a perfect set of mutually incompatible conditions.
Clearly the Mathias forcing satisfies such a requirement. In Section 6 we will
find a Souslin forcing which is proper but not ccc and does not contain a
perfect set of mutually incompatible conditions.

The last section will show that ccc Xi-notions of forcing may not be
indestructible ccc.

Our notation is standard and derived from [Je]. There is one exception,
however. We write p < g to say that ¢ is a stronger condition than p.

2. On the Knaster condition. In this section we will build a Souslin
forcing satisfying the countable chain condition but which fails the Knaster
condition.

Fix a sequence (o; : i € w) of functions from w into w such that

() N <w,¢;: N— w (fori < N) then there are distinct ng, ..., ny_1
such that

(Vi, jo, j1 < N)(¢i(jo) = j1 = 0i(nj,) = ny,) -

Note that there exists a sequence (0; : ¢ € w) satisfying ().

Indeed, suppose we have defined o;|mg : mg — mg for i < mgy. We want
to ensure (x) for ng + 1 and ¢; (i < ng). Define o;(mg + jo) = mo + ¢i(jo)
for i, jo < ng. Take large m; and extend all o; (i < ng) on my in such a way
that rng(o;) C my.

Next we define functions f; : w* — w* for ¢ € w by

x(k if k<1,
fi(z) (k) = {az((:z(k)) otherwise.

Clearly all functions f; are continuous. Put F(x) = {fi(z) : i € w} for
T EwWY.
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LEMMA 2.1. Suppose that x4, Yo € W are such that there is no repetition
in {Za,Yo : @ € w1}. Then there exists A € [w1]“* such that

Va,Be A)(a< f=x4 & F(yp)).

Proof. For a < wy let ny = min{n : z4(n) # yo(n)}. We find n € w
and s,t € w™ such that the set Ag = {a < w1 :n =ny +1 & z4|n =
s & yo|n = t} is stationary in w;. Clearly s # t and s|(n — 1) = t|(n — 1).
Thus a, f € Ag and z, € F(yg) imply z, € {fi(yg) : i < n}. Consequently,
the set {a« € Ag NP : x4 € F(yg)} is finite for each 5 € Ay.

We define the regressive function ¢ : Ay — wy by ¥(8) = max{a €
AgN B :xq € F(yp)} (with the convention that max() = 0). By Fodor’s
lemma there are v < wy and a stationary set A; C Ag such that ¢(5) =~
for all § € A;. Put A = A;\(y+1). Now, if o, € A and o < (3 then
¥ (8) < o and hence z, € F(yg). m

LEMMA 2.2. Suppose that {W, : o < w1} is a family of disjoint finite
subsets of w*. Then there exist § < w1 and an infinite set A C B such that

(Va e A)(Ve € Wy)(Vy € W) (x & F(y)) .

Proof. We may assume that all sets W,, are of the same cardinality, say
[W| =mn for @« < wy. For a« = X\ + k, where A < w; is a limit ordinal and
k € w, we define X, = Wyior and Yy = Wiiog1. Let Xy = {28 1 i < n},
Y, = {y¢ : i < n}. By induction on [ = lyn + Iy < n?, l;,ly < n, choose
uncountable sets A; C w; satisfying

° Al+1 - Al and

oif l=ln+ls l1,lo <n,a p €A and a < § then zj €F(ylﬁ2)
Since there is no repetition in {xloi Y, T € Aj;—1} we may apply Lemma 2.1
to get A; from A;_;.

Consider A,,2_1. Choose 3y € A,2_1 such that the set

A={A+2k<Bp: A+ke€ A2 & kew& \is a limit ordinal}

is infinite. Let By = A\g+ko where kg € w and Aq is limit. Put 8 = Ag+2ko+1.
Since By < B we have A C 3. Suppose o« = X\ + 2k € A. Let z € W, and
y € Wg. Then A+ k € A"f’ Wo = Xoyr and Wg = Yy 4k, = Y3,. Thus for
some l1,lo < n we have z = xl/\1+k and y = ylﬁ;’. Since A + &, Bo € Aln+i,
and A+ k < By we get € F(y). The lemma is proved. m

Let relations R; on w<* be defined by
sR;t if and only if
i <|s| =|t|, s|i=tliand (VI € [i,[s]))(s(l) = oi(t(l))) .
Note that if 2,y € w* are such that (Vn > i)(z|nR;y|n) then z = fi(y).
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We define the following forcing notion Q. A member ¢ of Q is a finite
function such that:

e dom(q) € [w]=*, rg(q) C w=*,

e (Va, 8 € dom(g))(a # = q(@) # q(B)),
e there is n(¢) € w such that ¢(a) € w™@ for all o« € dom(q).

The order is defined as follows: g < p if and only if

e dom(q) C dom(p)

« (Vo € dom(q))(gla) € p(a),
o if o, f € dom(q), a < 3, i < n(q) and g(a)R;q(B) then p(a)R;p(B).

LEMMA 2.3. Q satisfies ccc.

Proof. Suppose {go : @ < w1} C Q. We find v < wy and A € [wq]*?
such that for each o, € A, a < 3, we have

® n(qa) = n(gp),
e dom(q,) Ny = dom(gz) N, (dom(ga)\7v) N (dom(gs)\v) =0,
® ¢o|(dom(ga) Ny) = gpl(dom(gs) N ).

Suppose «, § € A. Clearly ¢ = q,Ugg is a function. The only problem is that
there may exist vy € dom(q,) and v; € dom(gg) such that g, (70) = ¢3(71)-
Therefore to get a condition above both ¢, and gz we have to extend all g(vy).
Let dom(q) = {v; : 7 < N} be an increasing enumeration. For i < n(g,)
choose ¢; : N — w such that

if  Jj1<Jjo <N and q(v;,)Riq(v)o)
and either v;,,v;, € dom(gy) or 7j,,7;j, € dom(gg)
then sz(JO) = jl .

Note that g(v;,)Riq(v,) and g(v,,)Riq(7,) imply g(v;,) = q(v,,). Hence
if jo < j1 < jo are as above then 7;, > v and consequently only one pair
(j1,70) or (jz2,jo) will be considered in the definition of ¢;. Apply condition
(*) to find distinct ng,...,ny—1 such that

(VZ < n(Qa))(vj(bjl < N)(¢Z(]O) = jl = Ui(njo) = nj1) .
Put ¢(~;) = q(;)"n; for j < N. Clearly ¢ € Q. Suppose v, ,7j, € dom(qq),
J1 < jo and qo (75, ) Riqa(7;,) for some i < n(qa). Then ¢;(jo) = ji and

hence o;(nj,) = nj,. Thus q(v;, )Riq(7;,). This shows that g, < ¢. Similarly
g3 < q. Thus we have proved that Q satisfies the Knaster condition. m

Let G C Q be generic over V. In V[G] we define 25 = (J{q(a) : q €
G & a € dom(q)} for a < wy. Obviously each z& is a sequence of integers.

As in the proof of Lemma 2.3 we can show that for each ¢ € Q there is
p > q such that n(p) = n(q) + 1. Consequently, & € w* for every a < wy.
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Moreover, 2§ # xg for « < f < wq (recall that ¢(a) # ¢(B) for distinct
a, f € dom(q)).
Note that if @ < 3, a, 8 € dom(q), ¢ € Q and i < n(q) then

q¢(@)Riq(B) implies g¢lF &, = fi(Zp) and
—q()Riq(B) implies ¢k dq # fi(dg) .
LEMMA 2.4. Suppose G C Q is generic over V. Then
V[G] E (VA € [w1]*")(Fa, B € A)(a < B & 2§ € F(:vg))

Proof. Let A be a Q-name for an uncountable subset of wy. Given
p € Q, find Ay € [w1]¥* and ¢, > p for a € Ay such that o € dom(g,) and
¢o IF @ € A. We may assume that for each o, 8 € Ay we have n = n(qa) =
n(gp) and go(a) = ¢3(B). Now we repeat the procedure of Lemma 2.3 with
one small change. We choose suitable 4; € [Ap]“! and v < wj, and we
take o, B € A1, a < (. Defining integers ng, ...,ny_1 we consider functions
¢; : N — w (for i < n) as in 2.3 and a function ¢, : N — w such that
dn(k) =1, where a = vy, 8 = 7. Then we get a condition g € Q above both
¢o and ¢ and such that o, (¢(5)(n)) = ¢(a)(n). Since ¢(5)|n = ¢(a)|n and
n(q) = n+1 we have ¢(o)R,q(3) and consequently ¢ I+ &, = f(Z3). Since
q > qa,qp We get g - “a, B € A& ig € F(ig)”. m

Fix a Borel isomorphism (mg, w1, m3) : w¥ — (w¥)¥ x 29*“ x w*. Thus
if x € w* then 7 (x) is a relation on w and 7y(x) is a sequence of reals. Let
I' consist of all reals € w* such that

L (Vn # m)(mo(z)(n) # mo(z)(m)),

2. m1(z) is a linear order on w,

3. mo(x) € Ay = {mo(n) : n € w} and it is the 7 (x)-last element of A,.
Note that in 3 we think of 7 (x) as an order on A,. We define relations <p
and =p on I' by

xr <py if and only if

A, is a proper 7 (y)-initial segment of A, and 7 (y)|A; = m1(x),

x=py ifandonlyif A, =A, and m(y) = mi(z)

(we treat mi(x),m1(y) as orders on A, A, respectively).

Clearly I' is a Borel subset of w¥, < is a Borel transitive relation on I"

and =r is a Borel equivalence relation on I

Now we define a forcing notion P;. Conditions in P are finite subsets
p of I'" such that

if z,yepandz <py then ma(x) & F(m(y)).
P, is ordered by inclusion.

LEMMA 2.5. Py s a ccc Souslin forcing.



28 H. Judah et al.

Proof. Py is Souslin since it can be easily coded as a Borel subset of
w® in such a way that the order is also Borel. We have to show that P,
satisfies the countable chain condition. First let us note some properties of
the incompatibility in P;. Suppose p, ¢ € P are incompatible. Clearly p\gq
and ¢\p are incompatible. If z € p and z =p 2z’ then (p\{z}) U {2’} and ¢
are incompatible.

Suppose now that {p, : @ < w1} is an antichain in P;. By the A-lemma
and by the above remarks we may assume that

w

(1) paNpg=0 fora<pf<uw,
(2) if x,2' € U po and x # 2’ then z #p 2.
a<wiy

Note that if p € Py then the set {[yl=, : vy € I' & 3z € p)(y <r x)} is
countable. Hence, due to (2), we may assume that

(3) (Vo < B <wi)(Vx € pa)(Vy € ps)(—y <r 7).

CLAIM. Letd € [w*]<¥. Then d = {ma(x) : € pa} for at most countably
many o < wi.

Indeed, assume not. Then we find 8 < wy such that {ma(z) : v € pg} =d
and the set B = {a < B : {ma(x) : © € po} = d} is infinite. Note that if
2,z <px and ma(x’') = ma(2”) then o’ =p 2. Hence if x € pg then for at
most |d| elements 2’ of | J,c 4 Pa We have 2" <p x. Thus we find a € A such
that (Va/' €pa)(Vz € pg) (-2’ <p x). It follows from (3) that

(Ve € pg)(¥a' € pa)(- <p @)
and hence the conditions p, and pg are compatible—a contradiction.

Let d,, = {ma(z) : © € po}. By the above claim we may assume that
do # dg for all & < < w;. Applying the A-lemma we may assume that

(4) {do : @ < w1} forms a A-system with the root d.
Since the set |J,,c, F'(w) is countable, without loss of generality
(5) (Va<w)(Vo € da\d) (v ¢ F(w)) .

wed

Apply Lemma 2.2 to the family {d,\d : @ < w1} to get 8 < wy and an
infinite set A C 3 such that

(6) (Va € A)(Vv € dpy\d)(Yw € dg\d)(v & F(w)).
Let y € pg. As in the claim the set

{xe Upalﬂg($)€d&x<py}

acA
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is finite. Consequently, we find o € A such that

(7) (Vo € pa)(Vy € pp)(m2(z) € d =~z <r y).

We claim that p, and pg are compatible. Let z € p, and y € pg. By (7),
if my(z) € d then —z <p y. If my(z) € d and m2(y) € d then (6) applies and
we get mo(x) & F(ma(y)). Finally, if mo(z) ¢ d and 72(y) € d then we use (5)
to conclude that mo(z) & F(m2(y)). Hence x € p,, y € pg and x <p y imply
mo(x) & F(m2(y)). Consequently, po Upg € P1. =

LEMMA 2.6. Assume that there exists a sequence {x, : o < wy} of ele-
ments of w* such that

(VA € [w1]“")Ba, f e A)(a < B & xo € F(zp)).
Then the forcing notion Py does not satisfy the Knaster condition.
Proof. For a < w;y choose y, € I such that
o Ay, ={mo(ya)(n) : n € w} ={zy : v < af,
® T1(Ya) is the natural order on A, , z <x (y.) s iff ¥ < 3,
o 13(Yo) = Tq.

Let po = {ya} for @ < wy. Then {p, : @ < wy} does not have an uncountable
subset of pairwise compatible elements. m

Putting together Lemmas 2.4-2.6 we get

THEOREM 2.7. It is consistent that there exists a ccc Souslin forcing
notion which does not satisfy the Knaster condition. m

It is not difficult to see that this example does not satisfy the following
requirement:

“The generic object is encoded by a real”.

The next theorem says that we can also require such a condition. This
answers a question of J. Bagaria.

THEOREM 2.8. It is consistent that there exists a ccc Souslin forcing
notion Q such that I-q V|G] = VIr| for some Q-name 7 for a real and Q
does not satisfy the Knaster condition.

Proof. We follow the notation of the previous results. We work in the
model of 2.7. Let Q = {(p,w) : p € P & w € [w<¥]<“} be ordered by

(p,w) < (g,v) if and only if
p<gq, wCvandzn ¢ v\w for every x € pand n € w.

Q may be easily represented as a Souslin forcing notion (remember that “for
each x in p” is a quantification on natural numbers). Note that if p < g,
p,g € P and w € [ws¥|<¥ then (p,w) < (¢,w). Hence Q satisfies the
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countable chain condition. If Q satisfied the Knaster condition then P would
have satisfied it.

We show that the Q-generic object is encoded by a real. Let 7 be a
Q-name for a subset of w<* (a real) such that for any Q-generic G we have
¢ = J{w : 3Fp)((p,w) € G)}. Now in V[#¢] define

H={(p,w) €Q:wCr% & (Vx € p)(Vn € w)(z|n € +C & 2|n € w)}.

Note that H includes G since x € p and z|n € w imply (p,w) IF x|n & 7.

We show that H is a filter. Suppose (po,wo), (p1,w1) € H. For each
x € poUpy we find (p,,w,) € G such that (p,,w,) Ik (¥n > N)(z|n & 7)
for some N. If z & p, we could take large n and add z|n to w,. Then we
would have (py, wy) < (pg, w, U{z|n}) and (p,, w, U{x|n}) IF z|n € 7. Thus
x € p, for all x € pgUp;. Let p = UIEPOUP1 Dz, W = Ua;epoupl w,. Then
(p,w) € G C H and (po,wp), (p1,w1) < (p,w). Consequently, H = G and
the theorem is proved. m

At the same time when the forcing notion P; was constructed S. Todor-
¢evi¢ found another example of this kind.

Let F be the family of all converging sequences s of real numbers such
that lim s ¢ s. Todorcevié’s forcing notion P consists of finite subsets p of
F with the property that

(Vs,t €p)(s#t=lims¢t).

Todorcevi¢ proved that P7 satisfies ccc and that if b = w; then P does not
have the Knaster property (see [To]).

3. A nonhomogeneous example. In this section we give an example
of a ccc Souslin forcing notion which is very nonhomogeneous. Our forcing
P, will satisfy the following condition:

there is no p € P5 such that p |- “f’g\p is o-centered”.

Recall that if Q is the Amoeba Algebra for Measure or the Measure Algebra
then IFq “Q is o-centered” (see [BJ]). The Todorcevi¢ example P7 also has
this property.

PROPOSITION 3.1. IFp+ “P7 is o-centered”.

Proof. For a rational number d € Q) let ¢4 : P7 — P7 be the translation
by d. Thus ¢4(p) = {s+d : s € p}. Note that ¢4 is an automorphism of P7.
Moreover, if p1,ps € P} then (J{s — 7 : s € p1, r € pa} is a nowhere dense
set. Hence we find a rational d such that

—dg{a—b:aesU{lims}, berU{limr}, s€py, r € pa}.

Then the conditions ¢4(p1) and py are compatible. Thus we have proved
that for each p € P7 the set {¢4(p) : d € Q} is predense in P7. This implies
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that
Fp: “13T = U <Z>d[f | and each qbd[f ] is centered”,
deQ

where I is the canonical name for a generic filter. m
We do not know if
IFp, “131 is o-centered”.

One can easily construct a ccc Souslin forcing P which does not force that
P is o-centered. An example of such a forcing notion is the disjoint union of
the Cohen forcing and the measure algebra, P = ({0} x C)U ({1} x B). In
this order we have (0,0) IF “{1} x B is not o-centered”. But in this example
we can find a dense set of conditions p € P such that
plFp “f’\p ={q ¢ P q > p} is o-centered” .
Define T* C w<% and f,g : T* — w in such a way that:
(o) T™ is a tree,

(B) if n € T* then succr=(n) = f(n),

(v) if lhn < lhv or lhv =lhn but (3k < lhn)(n|k = vk & n(k) < v(k))
then f(n) < f(v),

() g(n) > |T* nw |- [T{f(v) « f(v) < f(n)}- (100 +Ihn),
() f(n) > g(n) - TI{2/™) « f(v) < f(m)}.

For n € T* and a set A C succr«(n) = f(n) we define a norm of A:

nor g
oA = Fana

LEMMA 3.2. Suppose that n € T* and A; C f(n) for I < m. Let ( =
min{nor,(A4;) : | < m}. Then

(i) nor, (<, Ar) = ¢/m,
(ii) if ¢ > 1 and m < J[{27™) : f(v) < f(n)} then N,_,, A1 # 0.
Proof. (i) Note that

PN () A4l = | U ronal < 30 1m0\l < m-gm)/c.
I<m I<m I<m

Hence

Hor _ g9(n) .
(N 4) = =Y

(ii) Applying (i) we get nor,((,.,, A1) > 1/m. Hence

HONSFIEVORIEFON | (R ORF ORI

<m
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(the last inequality is guaranteed by condition (£)). Consequently, the set
(i< A1 is nonempty. =

Let P consist of all trees T' C T™ such that

lim min{nor, (succr(n)) :n e T Nw"} =oo.

The order is by inclusion.

Recall that a forcing notion Q is o-k-linked if there exist sets R, C Q
(for n € w) such that |J,., Rn = Q and each R, is k-linked (i.e. any k
members of R,, have a common upper bound in Q).

PROPOSITION 3.3. For every k < w the forcing notion Po is o-k-linked.

Proof. Let n € w be such that for each n € T* Nw",

< [T 1) < f)}-
Note that the set
{T € Py : Ih(rootT') > n & (Vn € T')(root T' C 1 = nor,(succr(n)) > 1)}
is dense in Py. For n € T* with lhn > n, define
D, ={T €Py:root T =n& (Vv € T)(n C v = nor,(succr(r)) > 1)}.

Since U{D,, : Ihn > n} is dense in Py it is enough to show that each D, is
k-linked. Suppose Ty, ..., T,_1 € D,. Since k < [[{2™) : f(v) < f(n)} we
may apply Lemma 3.2(ii) to conclude that if v € T =Ty N ... N Tk_1 and
v D n then sucer(v) # 0. By 3.2 (i) we get T € Py. m

For n € T we define a forcing notion Q,, by
Q, ={t CT" : tis a finite tree of height n € w,
root t =7 and
(Vv etnNw<")(n C v = nor,(succ;(v)) > lhv)}.

Since Q,, is countable and atomless it is isomorphic to the Cohen forcing C.
Let P =[[{Qi,, : i <wi, n € T*} be the finite support product such that

each Q; , is a copy of Q.

THEOREM 3.4. Let G C P be a generic filter over V. Then, in V[G],
there is no S € Po such that

S lFp, “f’g\S is o-centered” .

Proof. We work in V[G]. Assume S I “132\5 is o-centered”. Let R,
(n € w) be Py-names for subsets of Py such that

S lkp, “132\5 - U Rn & each Rn is directed” .

new
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Take n € w such that
(Vn € S)(n <1lhn = nor,(succg(n)) > 1).

Fix any n € S Nw" and choose [, m € succg(n), | < m. For i < w; put

T; = | J{t: {((i,n"m), 1)} € G}

Each Tj is the tree added by GNQj; ;2 and it is an element of Py. Moreover,
root T; = nm and for each v € T; if n””*m C v then nor, (succr, (v)) > lhv.
Hence, by Lemma 3.2, T; N S € Py for each 7 € w;.

Now we work in V. We find p;, Si, 1;,n; such that for each i € wy:

ep, €P n;cw,mn €T* and 5’1 is a P-name for a member of P,

e lFp (Vv € S;)(root S; C v = nor, (succg (v)) > 1),

e p; lkp “nl C n; = root S; & S, IFp, T, € Rm”,

e (i,n"m) € dom(p;).
Next we find a set I € [w1]“? such that {dom(p;) : ¢ € I} forms a A-system
with the root d, and for each ¢ € I:

e n; =n" and n; = n*,

e pild = p*,

o p;(i,n""m) =t, (i,n"m) & d.
Let n* be the height of the tree ¢t. Clearly we may assume that n# > lhn*.
Fix an enumeration {gy : k < k#} of t N W . Put

H = {(ay : k < k%) :ay C f(ox) & nor,, (a) >n"}.
Choose distinct iz € I for a € H. We define a condition ¢ € P extending all
piz (@€ H) by
dom(q) = U{dom(piﬁ) rae€ H};
if (i,v) € dom(p;,) and (i,v) # (ia,n"m) then q(i,v) = p;, (i,v);
qlia,n""m) =t U{oxc: k < k¥, cea(k)}.

Now we take r > ¢ such that 7 decides all S;.|(n# +1). Thus we have finite
trees sa (for a € H) such that r IFp S, |(n# + 1) = sa.

CLAIM. There exists H' C H such that

(1) Nacq(saN w"#H) # 0 and
(ii) for each k < k¥ the set (\{a(k):a € H'} is empty.

Indeed, let H, ={a € H : p € s5} for p € T* N W™+ with n™l C o.
Clearly ¢ € (N4 H, Sa; SO it is enough to show that for some p the family

H, satisfies (ii). Suppose that for each o € T* Nw™ +1 with 0 D n\l we can
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find k, < k% and c, such that ¢, € ({a(k,) :a € H,}. Put
—x * n#
a’(k) = for)\{co 0 € T"NW™ 1 & "l C o}
Let o™ € T* Nw™ be such that
* n#
fe") =max{f(e) 0 € T*Nw"", 1" C o}.
By condition () we get
* n?
{oe T nw N C ol <[[{f): f(v) < Fleh)}.
Now, for each k < k# we have f(oT) < f(ok) (recall that n"l C o*, n""m C
or and [ < m so condition () works). Hence

- 9(ok)
~ @) f(v) < flo)}

9(ox) #
ST W) < Ty "
Thus a* € H. Since ¢, ¢ a*(k,) we have a* ¢ H, for every p € T* N wn”+1
with n*l C p. Since |J{H, : 0 € T* Nw +1 pAl C o} = H we get a
contradiction. The claim is proved.

nor,, (a*(k))

Now let H" C H be a family given by the claim. Condition (ii) implies
that

r IFp “the family {7}, : @ € H'} has no upper bound in Py”.
Since |H| < [[{27(®) : k < k#} we see that for each o € T* Nw" 1,

| < [[2/¢: f0) < f(o)}-
Hence we may apply 3.2(ii) to conclude that for every o D n*l with lhp >
n# +1,
r |FP L‘if % € m Sié then ﬂ SuCCSi_ (Q) ?é @77.

acH' acH'
Thus
rIFp “the family {S,, : @ € H'} has an upper bound”.
Since 7 IFp “S’ié IFp, Tié S Rn*” we get a contradiction. m
Remark. 1) In the above theorem we worked in the model V[G] for
technical reasons only. The assertion of the theorem can be proved in ZFC.
2) The forcing notion Py is a special case of the forcing studied in [Sh1].

PROBLEM 3.5. Does there exist a ccc Souslin forcing P such that

(i) P is homogeneous (i.e. for each p € P, IFp “there exists a generic
filter G over V such that p € G”), and

(ii) IFp “P is o-centered”?
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4. On “small subsets of P are o-centered”. Our next example is
connected with the following, still open, question:

PROBLEM 4.1. Assume that for each ccc Souslin forcing P every set
Q € [P]¥r is o-centered (in P). Does MA,,, (Souslin) hold true?

As an illustration of this subject let us recall a property of the Random
(Solovay) Algebra B (see [Bal]):
if  every B € [B]*! is o-centered
then the real line cannot be covered by w; null sets
and consequently MA ,, (B) holds true.

Our example shows that the above property of the algebra B does not extend
to other forcing notions. Let

Ps={(n,T):necw&TC2%isatree & (Vt € TN2")(u([T3]) > 0)}.
The order is defined by
(n1,T1) < (ng,Tp) if and only if ny < ng, To C Ty and Ty|ng = Ta|ng .
LEMMA 4.2. P3 is a o-linked Souslin forcing which is not o-centered.

Proof. Note that IFp, “there exists a perfect set of random reals over
V7. Hence P53 is not o-centered. To show that it is o-linked define sets
U(W,n,m) for n < m < w and finite trees W C 25

U(W,n,m)

={(n,T)€P3:Tim =W & (Vt € T N2")(u([T3]) > W(t)/2™ 1)}
where W(t) = {s € WnN2™ :t C s} (for t € WnN2"). Clearly each set
U(W,n,m) is linked (i.e. any two members of it are compatible in P3) and
P; = U{lUW,n,m) : n < m < w & W C 2™}, Since obviously Pj is
Souslin we are done. =

Let B(k) stand for the Random Algebra for adding x many random
reals. This is the measure algebra of the space 2.

THEOREM 4.3. Assume V E CH. Let G C B(ws) be a generic set over
V. Then, in V]G],

(i) the Martin axiom fails for Ps but
(i) each Q € [P3]“t is o-centered (in P3).

Proof. Cichon proved that one random real does not produce a perfect
set of random reals (see [BaJ]). Hence in V[G] there is no perfect set of
random reals over V. Consequently, the first assertion is satisfied in VI[G].
Since V[G] E “each B € [B]“! is o-centered in B” (compare Section 3) it is
enough to show the following:
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CLAIM. Suppose that each B € [B]“! is o-centered. Then every set () €
[P3]“t is o-centered.

Indeed, let @ € [P3]“t. For n € w and t € 2" put
B(t,n) ={[T]: (n,T) e Q &t € T}.
By our assumption we find sets B(t, n, k) for k,n € w and ¢t € 2™ such that
B(t,n) = Upe, B(t,n, k) and for all Ay, Ay € B(t,n, k) the set A; N Ay
is of positive measure. Now define sets Q(n, W, o) for n € w, a finite tree
W C 25" and a function o : W N 2" — w by

Qn, W, o)
={n,T)eQ :Tin=W & (Vt e TN 2")([T3] € B(t,n,o(t)))}.
Note that if (n,71), (n,T2) € Q(n, W, o) then for each t € W N 2™ the set

[(T1)¢]N[(T2)¢] is of positive measure. Consequently, each Q(n, W, o) is linked
and we are done. m

5. A o-centered example. In this section we define a very simple
o-centered Souslin forcing notion. Next we show that in any generic exten-
sion of some model of CH via finite support iteration of the Dominating
(Hechler) Algebra, the Martin Axiom fails for this forcing notion. Conse-
quently, we get the consistency of the following sentence:

any union of less than continuum meager sets is meager + ~CH
+ MA fails for some o-centered Souslin forcing.

Our example Py consists of all pairs (n, F') such that n € w, F' € [2¥]<¥
and all elements of the list {z|n : © € F'} are distinct. P, is ordered by

(n,F) < (n/,F") if and only if
n<n/, FCF and {z|n:z € F}={zjn:x € F'}.
LEMMA 5.1. Py is a o-centered Souslin forcing.

Proof. Clearly P, is Souslin (even Borel). To show that P is o-centered
note that if {z|n : z € Fy} = ... = {z|n : * € F}} then the conditions
(n, Fy), ..., (n, Fy) are compatible (if m is large enough then (m, FoU. . .UF})
is a witness for this). m

Now we want to define the model we will start with. At the beginning
we work in L. Applying the technique of [Sh] we can construct a sequence
(P¢ : &€ <wq) of forcing notions such that for all o, f < wy and & < wy:

(1)  if a < 8 then P, is a complete suborder of Ppg,
(2)  thereis y > (3 such that P,y =P, * D.,, where D, is the P.-name

for finite support, length « iteration of the Hechler forcing,
(3)  Pg¢ satisfies ccc,
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(4) if € is limit then P = lime ¢ Pe,
(5) Py, IF “every projective set of reals has the Baire property”

(for details see also [JR]). Recall that the Hechler forcing D consists of all
pairs (n, f) such that n € w and f € w*. These pairs are ordered by

(n, f) < (n/, f") if and only if
n<n', fln=f'In" and f(k) < f'(k) for all k € w.

Suppose G C P, is a generic set over L. We work in L[G]. For distinct
x,y € 2¥ we define h(z,y) = min{n : z(n) # y(n)}. Easy calculations show
the following:

LEMMA 5.2. Let b C w. Then the following conditions are equivalent:

(i) there exists a Borel equivalence relation R on 2 with countably many
equivalence classes such that {h(z,y) : x,y € 2*NL & = # y & R(z,y)} C b,
(ii) there exists an equivalence relation R on 2“ with countably many
equivalence classes such that {h(z,y) : z,y € 2*NL & = # y & R(x,y)} C b,
(iii) there ewist sets Y, C 2% (for n € w) such that L N2 C |, ., Yn
and U, e A0(z,y) cx £y & x,y €Yy} Cb,
(iv) 3f : 2s¢ = 2)(Vz € 29 NL)(Tm € w)(Vn > m)(n ¢ b =
f(zln) = z(n)).

The Raisonnier filter F consists of all sets b C w satisfying one of the
conditions of 5.2 (cf. [Ra]). F is a proper filter on w. Directly from (iv)
of 5.2 one can see that F is a Yi-subset of 2. Consequently, it has the
Baire property (recall that we are in L[G]).

THEOREM 5.3 (Talagrand, [Tal]). For any proper filter F on w the fol-
lowing conditions are equivalent:

(i) F' does not have the Baire property,

(ii) for every increasing sequence (ny : k € w) of integers there exists
b€ F such that (32°)(bN [ng, ngr1) =0). =

Applying the above theorem we can find an increasing function r €
w* N L[G] such that (in L[G])

(Voe F)(V)bN [r(k),r(k+1)) #0).

Let 7 be the P, -name for » and let ap < w; be such that r is a P,,-name.
Our basic model will be Lr].

THEOREM 5.4. Let k be a regular cardinal. Let D, be the finite support
iteration of the Hechler forcing of length k. Suppose H C Dy is a generic
set over L[r]. Then

L[r][H] E “there is no P4-generic object over L[r]”.
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Proof. Assume not. Let H* € L[r|[H] be a P4-generic object over L[r].
Put T =J{F: (3In € w)((n, F) € H*)}. Then in L[r|[H*] we have:

(6) T is a closed subset of 2¢,
(1) G2,y eT)(x #y = hz,y) & [r(k),r(k+1))) and
8) (Mzxe2nNL)(FgeQ)(g+zxzeT)

(@ stands for the set of all sequences which are eventually 0, and + denotes
the addition modulo 2). Since both (7) and (8) are absolute (I13) sentences
they are also satisfied in L[r][H]. Let T € L[r] be a P.-name for T'. Since
T is a closed subset of 2 we can think of 7' as a name for a real.

Now we work in L[r]. Let p € D, N L[r] be such that

p Ik “T satisfies (6)—(8)”.

By the properties of the Souslin forcing (see §1 of [JS1]) we find a (closed)
countable set S C k such that:

9) T is a D,|S-name, p € D,|S and
(10) D,|S is a complete suborder of D, .
Since (6)—(8) are absolute we get

(11)  plrp,s “T' satisfies (6)—(8)” .

But D,|S is isomorphic to the finite support iteration of the Hechler forcing
of a countable length a (o < wy). Thus we can treat T" as a D,-name and
p as a condition in D,. Then, in L[r],

(12)  plkp,s “T' satisfies (6)—(8)”.

By (2) we find v > g such that

(13) P,y =P, +D, and

(14)  p=(1,p) interpreted as a member of P, belongs to G .

By the properties of the Souslin forcing (12) holds true in L|G N P,] and
hence

(15) LGN P, F “TC satisfies (6)(8)”

(we treat here 7' as a P 1-name). Let b= {h(z,y) : 2 #y & z,y € T} €
[w]<¥ N L[G]. By (15) and by Shoenfield absoluteness we have

(16)  L[G]E “T'Y satisfies (6)—(8)”.

Since {h(z,y) 1z #y & 2,y € T} = {h(z,y) :x #y & x,y € T + ¢} we
conclude that

(17)  L[G] E “the sets T + ¢ (for ¢ € Q) witness that b € F” and
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(18) LIGIE @) [r(k),r(k+1))=10).
The last condition contradicts our choice of r. m
Since IFp, “any union of less than x meager sets is meager” we get

COROLLARY 5.5. The following theory is consistent: ZFC + -CH +
“Martin Azxiom fails for some o-centered Souslin forcing” + “any union
of less than continuum meager sets is meager”. m

6. On “Souslin not ccc”. In this section we will give a negative answer
to the following question of Woodin:

Suppose P is a Souslin forcing notion which is not ccc. Does there exist
a perfect set T' C P such that any distinct t1,t5 € T are incompatible?

Recall that in the case of non-ccc partial orders we do not require Souslin
forcings to satisfy the condition: “the set {(p,q) : p is incompatible with ¢}
is S,

Thus a forcing notion P is Souslin not ccc if both P and <p are analytic
sets. The reason for this is that we want to cover in our definition various
standard forcing notions with simple definitions for which incompatibility is
not analytic (e.g. the Laver forcing).

Let Q be the following partially ordered set: W € Q if W is a finite set
of pairs (o, 8) with @ < 8 < wy such that if (a1, 31), (a2, B2) are in W, then
f1 < ag or B2 < ay. Q is ordered by inclusion. It follows from [Jel] that Q
is proper. Clearly |Q| = w;.

Next we define a forcing notion Pjs. It consists of all r € w* such that r
codes a pair (E",w") where

e E" is a relation on w such that (w, E") F ZFC™ and E" encodes all
elements of w U {w},

ew cwand E"F “w" € Q”.

We say that a one-to-one function f € w* interprets E™ in E" if there
exists n € w such that rng(f) = {k € w : E™(k,n)} and E"(l,k) =
E2(f(1), f(K)).

If f interprets E™ in E" then E™ may “discover” that some of the
ordinals of E™ are not ordinals (i.e. are not well-founded). Let w(ry,rs, f) =
w™ N{(a, ) : @ < (@ are ordinals in E™}. Then, in E™, w(ry,rs2, f) is an
initial segment of w™ and it is in QF"*.

Now we can define an order < on Ps:

ry <re if and only if 7y = ry or there exists f € w”
which interprets E™ in E™ and such that

(w, E™) Ew(ry,re, f) Cw™.
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Obviously both P5 and the order < are X{-sets.

For r € P5 we define W(r) as w” N {(«, ) : « < [ are well-founded}.
Note that W (ry) = W (rz) implies r; and ry are equivalent in P5 (i.e. they
have the same compatible elements of P5). Consequently, Q may be densely
embedded in the complete Boolean algebra determined by Pj. It follows
from [Jel] that Pj is proper, Souslin and does not satisfy the countable
chain condition. Moreover, if wy; < 2* then Py does not contain a perfect
set of pairwise incompatible elements (recall |Q| = w1). =

An interesting question appears here:

Suppose P is w-proper and Souslin. Does there exist a perfect set of
pairwise incompatible elements of P?

The negative answer to this question is given by the following result.

THEOREM 6.1. Assume wy < cf(2¥). There exists an w-proper Souslin
non-ccc forcing notion PE with no perfect set of pairwise incompatible ele-
ments.

Proof. Let § < w; be additively indecomposable. Let Q* be the order
defined by W € Q* if and only if W is a countable set of pairs («, 3) with
a < 8 < wi such that:

o (o1,01), (a2, 02) €W = f1 <z or B2 <y,
o {(a,) € W: «# [3} is finite,
e the order type of the set {a : (30)((a, B) € W)} is less than 0.

Q* is ordered by inclusion.

It follows from Chapter XVII, §3 of [Sh2] that Q* is a-proper for each
o< wi.

Now we can repeat the coding procedure that we applied to define the
forcing notion P5. Thus we get a Souslin forcing notion P} such that Q*
can be densely embedded in the Boolean algebra determined by P.

For W € Q* let heart(W) = {(«o, 8) € W : a # (}.

Assume that {(E™,w"™) : n € 2*} C P} is a perfect set of pairwise in-
compatible elements. Let W), be the well-founded part of w™. Since without
loss of generality we can assume that sup{3 : (3)((a, 5) € W,,)} is constant
and heart(W,)) is constant we easily get a contradiction. m

7. On ccc X3. Souslin ccc notions of forcing are indestructible ccc (see
[JS1)):

Suppose P is a ccc_Souslin notion of forcing. Let Q be a ccc forcing
notion. Then IFq “P is ccc”.
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The above property does not hold true for more complicated forcing
notions. In this section we show that there may exist two ccc Xi-notions of
forcing Ps and Pg such that Pg x Pg does not satisfy ccc.

We start with V = L. Let Q be a ccc notion of forcing such that

Fq MA + -CH.

Let G C Q be a generic set over L and let » be a random real over
L[G]. Recall that by a theorem of Roitman (cf. [Ro]) we have L[G]|[r] F
MA (o-centered).

1-1

Fix a sequence (f, : @ < w1) € L of one-to-one functions f, : @« — w
and define in L[r] sets Eq, Fs by

Bi={{a,f} € w]’: B<a&r(fa(f) =i} fori=01.
We define forcing notions Pg, P:

Ps={Hc[w|*:[HP?CEy)}, P;={HEc[w]*:[H?CE}.
Orders are inclusions.
Both Pg and P§ are elements of L[r]. Moreover, they can be thought of
as subsets of L[r| N 2¥. Applying MA (o-centered) we find that (cf. [Je])
L[G][r] F “any subset of L[r] N2 is a relative X9-set”.
Consequently,
L[G][r] E “any subset of L[r] N2¥ is X1”.

Thus Pg and P are Y3-notions of forcing in L[G][r] (i.e. both Pg, P, and
the orders and incompatibility relations are Y3i-sets). Roitman proved the
following;:

THEOREM 7.1 (Roitman, Prop. 4.6 of [Ro]). In L[G][r] both Ps and P
satisfy ccc and Pg x P§ does not satisfy ccc. m

COROLLARY 7.2. The following theory is consistent: ZFC + MA(o-
centered) + ~CH + “there exist ccc X3-notions of forcing Pg, P§ such that
P IF «Pg is not ccc»”. m

PROBLEM 7.3. Is there a ccc Souslin forcing notion P such that MA(P)
always fails after adding a random real?
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