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Goldstern—Judah—Shelah preservation theorem
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Miroslav Repicky (Kosice)

Abstract. In [4] a preservation theorem for countable support iterated forcing is
proved with restriction to forcing notions which are not w-distributive. We give the proof
of the theorem without this restriction.

1. The preservation theorem. In [4] a preservation theorem for count-
able support iteration of proper forcing notions was proved with the addi-
tional assumption that all forcing notions which are iterated add a new
sequence of ordinals. In this section we will prove the same theorem (The-
orem 1.7) without this additional assumption. We use the terminology in-
troduced in [4]; definitions and lemmata 1.1-1.8 correspond to 5.4, 5.5, 5.6,
5.8, 5.11, 5.12, 5.14, 5.13 of [4]. Lemma 1.9 is a version of 5.15 without the
additional assumption and essentially it marks the difference between these
two proofs of the preservation theorem.

Let (C,,: n € w) be an increasing sequence of two-place relations on “w.
We let T = J,, C,. We assume the following:

(i) {f €“w: fLC, g} is aclosed set for any n € w and g € “w;
(ii) the set C' = dom(C) is a closed subset of “w;
(iii) for every countable set A C C' there is g € “w such that Vf € A,
fCy
(iv) the closed sets mentioned in conditions (i) and (ii) have an absolute
definition (i.e. as Borel sets they have the same Borel codes in all transitive
models we will consider).
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In all our applications the relations C,, will be even given by arithmetical
definitions, and so they will be absolute between any two €-models.

For rng(C) we do not need any assumption analogous to condition (ii) for
dom(C). Even, rng(C) can be an arbitrary set (not necessarily a set of reals)
which is assumed not to change during the iteration. So the preservation
theorem says that although in dom(C) new reals appear, some relations
between (new) domain and (old) range of C are preserved.

The letter C will always denote dom(C). We will use the symbol C also
for the sequence (C,: n € w).

DEFINITION 1.1. Let N be a countable elementary substructure of some
H(x) such that C € N. We say that g covers N if for all f € CN N we have

fEg.

DEFINITION 1.2. We say that a forcing notion P almost preserves T
if whenever N < H(x) is a countable substructure containing P,C and
whenever p € PN N and g covers N then there is an N-generic condition

g < p such that ¢ IF “g covers N|[G]”.

LEMMA 1.3. Let P be a proper forcing notion. If P almost preserves C

then lFp (Vf € CNVIG]|)(3g € V) f C g. Moreover, if C is transitive then
these two properties are equivalent.

Proof. Assume there is a condition p and a name f such that p I “there
isno g € V such that f C ¢”. Let N < H(y) and let f,p € N. There is
g € V which covers N. Since P almost preserves C there is ¢ < p such that
qlF f C g, a contradiction.

Conversely, let N < H(x) and assume that g covers N and

IFp (VfeC)3f eV)fCf.

Then any N-generic condition ¢ forces: ¢ I (Vf € CNN[G])(3f' € N)f C f'.
Hence, by transitivity of C we get ¢ IF (Vf € CNNI[G]) f C g.

We would like to preserve the properties mentioned in Lemma 1.3 in
countable support iterations. However, for our preservation theorem we need
a slightly stronger property (Definition 1.5). Fortunately, in some interesting
cases these three properties coincide.

Before we give the definition which we will actually use we have to recall
the concept of interpretation.

DEFINITION 1.4. Assume P is a forcing notion, fo, ..., fr are P-names of
functions in C, f{, ..., fi are functions in “w and (p,, : n € w) is a decreasing

sequence of conditions. We say that (p, : n € w) interprets (fo,..., fr) as
(f2..... fr) if for all i < k and for all n, py I filn = fFn.
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Note that if (p, : n € w) interprets f as f* where f is a P-name for a
function in C then f* is a function in C'. This is because C is closed.

DEFINITION 1.5. We say that a forcing notion P preserves C if: whenever
N < H(x) is a countable model containing P and C and whenever g covers
N and (p, : n € w) in N is a decreasing sequence of conditions interpreting
(fo,-- ., fk> € N as (f§,..., fi) then there is an N-generic condition p < py
such that

(a) p I “g covers N[G]”, and
(b) (Vn € w)(Vi < k) pl- f{ Cng— fi Cn g.

The following lemma is a special case of the preservation theorem we
are going to prove. Although we will not use this result in the proof of the
preservation theorem, an easy trick used in the proof will be repeated later
in a somewhat more complicated situation.

LEMMA 1.6. If P preserves C and IFp “Q preserves =7 then P * Q pre-
serves C.

Proof. Assume N, ((Dn,dn) : 1 € W), (fo,---, fa)s (fs-.., fi) are as
in Definition 1.5 (for the forcing notion P % Q € N with (p,,,¢,) in the role
of p,) and let g cover N.

In V¥ we define names of functions fl’ for 7 < k and names for conditions
¢/, € Q as follows: Let n* = sup{n : p, € G}. If »* = w then set fl’ = fr
and ¢), = ¢,. If n* < w then find a decreasing sequence (¢), : n € w) € “Q
and functions fz’, i < k, such that ¢5 < ¢u+ and (¢, : n € w) interprets
oo onfi) as (Fho o 1) i VP,

Observe that pg IFp fiin* = fria* and p, IFp 2* > n. In particular,
palFp filn = fiIn.

We can find all these names in N. Since P preserves C, there is an
N-generic condition p € P, p < po, such that p I-“g covers N [Gp]” and for
n € w and ¢ < k, if f* C, g then plFp f C, g. Now using the preserving
property of Q we can find in V" a name ¢ € Q of an N[G p]-generic condition
such that ¢ < ¢{, and such that

plEp kg “g covers N[Gp G o) and if fj C,, g then fiCnyg.
It can easily be seen that the condition (p, ) has the required properties.

THEOREM 1.7. If (Py, Qq : @ < 0) is a countable support iterated forcing
system and for each o < 6, ko “Q preserves T then Ps preserves C.

Proof. Let N < H(x) be a countable elementary substructure contain-
ing the forcing system (P,, Qq : o < §) and P5. We shall show by induction
on # < 4 that every Pg € N has a somewhat stronger property than Defi-
nition 1.5 requires.
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Recall that for a < 3, P, 3 is a Py-name for a forcing notion with the

property that P, * P, 3 can be densely embedded into r.0. Pg. We define it so
that the domain of this name is formed by functions p € Pg with pla = 1p,
and for two such functions p,p’, IFo p <o 5 p' iff p <g p'.

LEMMA 1.8. Let a < 3 <6, a,3 € N. Assumethat(;in.nEw)ENis
a sequence of Py-names for conditions in P, g such that - “(pp, : 1 € w)
interprets (fo,--., fr) as <f0 ,e . .,fk) ” where the f; are Pg-names in N and
the fl* are P,-names, for i < k. Furthermore, assume p € P, is N-generic
and for some g, p ko “g covers N[Ga] ”. Then there exists r € Pg, an N-
generic condition, such that rla. = p and

(a) rlFg “g covers N[G,g} :
(b) 7lFg ff Cpg— fiCng, forncw, i<k
(c) plra rl{a, B) < po.

In the proof of the case “3 limit” of Lemma 1.8 we will need the following
lemma.

LEMMA 1.9. Assume 0 < o < (3, B limit, (p, : n € w) € N is a
decreasing sequence of conditions in Pg. Let T € N be a Pg-name of an
ordinal and j € w. Assume (fo, .. .,fk+1> € N are Pg-names of functions
and (p, : n € w) interprets (fo,..., fx) as (f5,..., ). Then there are
a € N, with o’ < a < 3, a Py-name for a decreasing sequence (p;, : n € w)
of conditions in Py 5, Po-names (fq,..., f41) € N and a Py-name for a
sequence of conditions in Py g, (p, :n € w) € N such that

(a) ko “(pl, : n € w) interprets <fo, e fk+1> as <f(’], e f,’ﬁ_l)”;
(b) “ , decides forja'°'7fk+1rj”;

(c) H—apo H—agTE N[Gy);

(d) pn Oé“_a p(] <pnr< ﬂ)

(e) (pila:n € w) interprets <f0,.. , ,/g) as (fo -, fo);

(f) p} < pn for n € w (and in fact p [{a, B) = pnl{c, B)).

Proof. We say that a sequence (p, : n € w) of conditions in Pj is
consistent if it has a lower bound, otherwise it is inconsistent. We say that
it is strongly inconsistent if min{¢ : {p,,[{ : n € w} is inconsistent} < f.

(i) First assume that (p, : n € w) is consistent. Let a = o', p;, = p, and
in VP define n* = sup{n : p:|a € G} and pl,, f! so that

(1) if 7" < w then gl < pa- e, B);

(2) if n* = w then p, < p,,[{a, ), for all n € w;

(3) if n* is not defined then p is arbitrary,
but in all these cases p/, is chosen so that pO decides T, fo [], .. fk+1 [7, and
(p, :n € w) interprets (fo, ..., frr1) as (fo,...,ka) in VP,
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Clearly all these names can be found in N and also conditions (a), (b),
(f) are satisfied. To see (c) it is enough to realize that the name 7 is forced

by conditions in N so its decision is forced to be in N[G,].

(d) By the construction, p [a Ik, “n* > n”. Hence p} [a Ik, “if n* < w,
Py < pha (o, B) < pil{a,3)” and also by the definition p% o Ik, “if n* = w
then py < py, [{a, 3)".

(e) By (d), pila ko !, < pil{e, @), hence pila o 3, ap f/in =
filn = fin, i < k. But the formula “fi’ In = f*In” is an (absolute) formula
about Ve so p¥ la Ik, fz’ In = f¥n.

(ii) Assume that (p, : n € w) is strongly inconsistent. Let a = min{¢ >
a: (p|€ : n € w) is inconsistent} < 3, p* = p, and in VP define n* =
sup{n : pXla € G4} < w and p/,, f! so that (1) and (3) hold. Then the
proof that (a)—(f) are satisfied is the same as in case (i).

(iii) Finally, assume that (p, : n € w) is inconsistent but not strongly
inconsistent. We work in N.

We claim that there is v, o/ < v < (3, and ¢ € P, such that ¢ < p, [,
for all n, and ¢ I-, “(pn[(7, ) : n € w) is strongly inconsistent”.

Assume that the claim is not true. Let &,, n € w, be an increasing
sequence of ordinals with {; = 0 and lim,, &, = sup(N N (). By induction on
k € w we can construct P, -names g, € P£k7£k+l such that gx < pn[(&k, Ek+1)
for all n € w (forced in P, ) and (qo, ..., qx) e,y “(Pnl&rs1 i1 € w) is not
strongly inconsistent”.

But since we deal with proper forcing notions this leads to a construction
of a lower bound for (p,, : n € w). A contradiction.

Assume ¢, y satisfy the above claim. Then for some extension ¢’ <., ¢ and
for some " with v <" < 8, ¢' I, “(pn[(7,7’) : n € w) is inconsistent”. So
the sequence p}, = ¢'Up, [(, B) is strongly inconsistent and we proceed with
it exactly as in case (ii) (with a strongly inconsistent sequence (p,, : n € w)).

Proof of Lemma 1.8. By induction on 8 < §, 8 € N. For 6 =0
the lemma is trivially true. Now assume that the lemma holds for 3 and we
prove it for G+ 1.

Let o < B+1. Assume that (p, : n € w) € N is a Py-name for a decreas-
ing sequence in P, g1 which in Ve interprets (fo, ..., fx) as (f5,..., fi).

Working in V? we can define a Pg-name for an ordinal, n* < w, Ps-
names (f(’), . ,f,ﬁ) for functions in “w, and a Pg-name (p), : n € w) for a
decreasing sequence in Qg such that

(1) n* =sup{n € w: p,|3 € Gg};
- (2) if »* < w then py < pp-(B); and if n* = w then p;, = p,(8) and
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/
n

(3) in the case of n* < w, (p/, : n € w) is such that p/, decides f;|n and

fzfn = flIn, i < k.
As in the proof of Lemma 1.6,

(4) IFq “(pn]B : n € w) interprets (f}, .. ,f,’€> as (fg,.. .,f,j)”, and

(5) IFa “polB ko, (P), : n € w) interprets (fo, ..., fx) as (fi,..., fi)".
Now using the induction hypothesis for 8, there is an N-generic condition
r € Pg such that r[a = p and

(6) 7 I3 “g covers N[G3]”;

() rikg (Vnew)(Vi<k)ff Cng— flChy;

(8) plFa m{a, B) < Pol B.
Hence using the hypothesis on Q/g, since (5) holds, we can find a Pg-name
s for an N[Ggl-generic condition in (g such that

(9) 7 lkp “s < 5 < po(B) & 3 I g covers N[Gg][Gy,]”, and
(10) kg 8 kg, (Vn € w)(Vi <k) fl, Crg— fiCng.

So (7)-(10) say that the condition (r,$) € Pg4q is as required and the
successor step of the induction is finished.

Now let § € N be a limit ordinal, 5 < §. Let {7, : n € w} be an
enumeration of all Pg-names of ordinals in N, and {f, : n € w} be an
enumeration of all Pg-names f € N satistying IFg f € C with the first k41
members already fixed. Let a < 3, o € N.

So p € P, is an N-generic condition, p I-, “g covers N[Ga]”, and I,

“(pn, : n € w) interprets <f0, .. fk) as <f0,.. fk>”.
By induction on j € w we Wlll construct

(i) a sequence of Pg-names of ordinals ¢; € N such that &y = o, &4

is a P4,-name of an ordinal (recall that Py, = Pg, * Pig.ay % .00 % Paj_ha])
such that ke, & < 0434_1 < B3, and IFg hmjew &; = sup(N N ﬂ)
(ii) Ps,;-names (f2,. ..,fk+]) € N for functions and two Ps;-names for

decreasmg sequences of conditions in Pajﬁ, (p:new)eN and (pi* :n e
w) €N,

so that the following holds:
(1) {f§.- - S = <f§,...,fk)1 (B :new)=(p,:ne€w);
(ZQ) H_dj ML* ro.éj+1 ”_a]7a3+1 p€)+ <p] F<Od]'+1,/8); . .
(£3) IFa; “(P), : n € w) interprets (fo,.. ., fitj) as (fo, .- fia;)™s
(04) ke, “(pifléyy1 + n € w) interprets (fi70,... fi10) as (f3,...
o |
(5) IFg; © ] decides fo]7, o S 197
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]77,
i1l

(56) Q41 “pg)Jrl ”_0‘J+175 Ty € N[G
(€7) kg, (Yn) p* < pi,.
Before starting the construction fix an arbitrary strictly increasing se-
quence {a : j € w} C N of ordinals with lim; o/, = sup(N N j3).
For j = 0, the conditions (¢1), (¢3) are given by the assumptions of

Lemma 1.8 and (¢5) is trivially true. Assume d&;, (fo, .. .,fk+]> and (p :

n € w) are defined. Using Lemma 1.9 in V7% with the assumptions forced
in (£3), we get a Ps,-name of an ordinal &1 > max{a}, é;, a} less than 3,
a Ps,;-name of a decreasing sequence (p)" : n € w), Py, ,-names of functions
(f3 ]H f]Jrl 1) and a P, ,-name of a sequence (p*! : n € w) such that
condltlons (82) (83) j+1 and (84) (¢7) are fulfilled. Also requirements (i), (ii)

are satisfied.

Let us make some easy remarks about the names ¢;. The name ¢y is in
fact the ordinal o and ¢ is a P,-name for an ordinal. So if p € P3 decides
dq and p lkg “aq = £ for some ¢ < (3 then also pla decides ¢, p[€ € Py,
and P is dense in Py, below pl¢. In general, if p € Pg decides ¢; for ¢ < j
and forces for them the values &;, i < j, then p[§; € Py, and P, is dense in
Py, below p[&;. Moreover,

D; = {pl€ :p € P3 & p decides ay, ..., 011 & plkg a; =&}

is a dense subset of Ps, (but not open). On the other hand, Py, is not a
subset of Pj3.

Recall that for p € Pg,
supp(p) = {§ € B: pl€ Ve p(§) = 15, }-

By induction on j € w we will construct N-generic conditions r; € Py,
such that

() 7; € Py (i.e. supp(r;) is countable),

(B) rjlka, “riyil{a;, djq1) <Py Iy, &) & rjpaldy =157,

(v) 7 IFa, “g covers N[Gq,]”,

(3) as0 (M € W)(Vi Sk +5) f] Cug = J{T Cu g,

(€) rj42lal =rjtila] J

By assumptlons of Lemma 1.8, r¢g = p satisfies () and (7). Assume r; is
constructed and choose a maximal antichain A C D;, A € N. Hence every
condition s € A decides ¢; and ¢4 and so for some ordinals o s, aj41,s,

1) Tj4+1 ”_

S “—dj Q; = Qs & Qi1 = Qjy1s-

For every s € A let us fix (in N) Py, -names (p5° : n € w), ( s fcjj)

and P, ., -names (p/T15 :n € w), (fIt15 : n € w) such that for every
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n € w,
slha, pht =pir & f7° = f],  fori<k+j,
s ko Fay a0, pLTYS = pit ™ & f7H0° = fIPN fori <k +j+1,

and such that analogous conditions to conditions (¢2)—(¢7) are valid and
forced in Py, , and P,,, ,, respectively. This is possible because Py, Po, ,
(and also Py, ,, Pa,,,.) are the same below s.

Now when the names ¢, &1 are fixed by the conditions from A, we
can use the induction hypothesis, for every s € A in particular, to get an

extension r;j41 s € P, of rjlay ¢ which is (N, P, -generic and

djit1,s j+1,-€)

(B)s 715 Fa, . Tjat,s Qs @ir1,s) < DY s, ajat,s);
(7)s Tjs1,s Py, “g covers N[GQHLS]”;
(6)s Tj+1,s ”_aj+1,s (Vn € w)(Vi <k +j) f:z‘jﬁ Cng— fij+17s Cn g
Now define 741 so that for every s € A,
if 5,7; are compatible then s ks, 701 = 7j116.

We show that 7, satisfies («)—(¢). Immediately we see that r;y; satisfies
(8). By genericity of r;, r; meets only countably many elements of A and
5o 741 is composed of countably many conditions 7415 € Py Therefore
the support of r;4; is countable:

supp(rj+1) C U{supp(rjﬂ’s) :s€ ANN}.
Since Tj “_dj “rj-i-l rOéJ =T & Tj41 r<dj,d]‘+1) is N[ded”l]—generic”, Tj4+1
is (N, Py, )-generic and condition («) is satisfied. Clearly, (v) and (d) are
also satisfied. The validity of (¢) follows from the fact that Ibs, &1 > o).
Now we define 7 = |J;,, rj+11c. Since supp(r) C sup(N N 3), r € Pg.
Also, rla = p and rj IFg, rldji1 = rj4q for j € w.
From (¢2) and () it can be seen that

(%) rj ke, Ty, B) < By,

and in particular by (£7), p Ik 7[{, 8) < po. This proves condition (c¢) of
Lemma 1.8.
Since the condition 741 is (N, Py

j+1°

;41)-generic,

Ty IF OnNNI[G =0OnNN

and (£6) and (£7) give

Gjt1 dj+1]

g1
Tj+1 ||—d¢j+1 Py I'_dj+175 Tj € N.

Hence by (x) we have r -3 7 € N, for every j € w. Therefore, r is (N, Pg)-
generic.
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We verify conditions (a) and (b) of Lemma 1.8. By (¢5) and (¢3),
Fa, 13 Ibayp fili = fl13, forj>i—k
and so
rlbg (Vj =i — k) fili = f15.
By (),
rikg (Y 2i-k) ff Cog— I Euy,
and so by (v) for jo =i — k,
rlFg In fzjO C,g.

Putting the last three facts together we can find some name 7 for an integer
such that r IFg (V5 > jo) fzj C, g. But the set {f € C: f C,, g} is closed
for every n and f; = limjc,, ff in VP sor kg fi i, g. This proves (a).
A similar reasoning also proves (b).

The proof of Lemma 1.8 and also of Theorem 1.7 is finished.

2. Applications. The main results of this section are proved in [4]. We
fill in some details, and arrange material in another way. Theorems 2.10
and 2.15 generalize Lemma 6.15 and Example 6.23 of [4], respectively. As a
consequence of the relations in Cichon’s diagram we deduce that a forcing
notion P preserves the base of the ideal of meager sets if and only if P is
“w-bounding and P preserves nonmeager sets. This leads to a new result
(Theorem 2.18). The part about preservation of the “w-bounding property
is as in [4] and we include it for the sake of completeness. Theorem 2.5
was first proved by S. Shelah [11] for w-proper forcing notions. Preservation
of the base of Lebesgue measure zero sets (Theorem 2.22) is equivalent to
preservation of the Sacks property (see [4]) and we have no analogy here for
preservation of the Laver property.

We will proceed more or less in this way:

(a) we take into account some ‘simple property’ of forcing notions which
we would like to preserve by countable support iterations;

(b) we find some sequence C = (C,: n € w) of appropriate relations
on “w (i.e. having all properties stated in the previous section) such that
“Lp (Vf e V[G])(3g € V) f E ¢” implies “P has the simple property”;

(c) we try to prove that the choice of C in (b) is effective, i.e. if possible,
we try to prove that the following conditions are equivalent:

(i) P has the ‘simple property’;

(i) (vf € V[G)(Eg € V) f C g

(iii) P almost preserves C;

(iv) P preserves L.

Concerning the relation between (iii) and (iv) we have the following:
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LEMMA 2.1. If for all g and all n the set {f : f C g} is relatively open
in C = dom(C) then P almost preserves C iff P preserves C.

Proof. « is clear.

— Assume that g covers N and (p,, : n € w) € N interprets (fo, ..., fx) €
N as (fy,.... f) € N. For i <k let n; = min{n : f C,, g}. Since the
sets A; = {f : f C,, g} are open in C, there is an integer n* such that
CN[ffn*] C A; for i < k. As P almost preserves C, we can find an
N-generic condition p < p,+ < pg such that p IF “g covers N [G]”. For each
i, plE filn* = fiIn* and so p IF fiecn [f*In*] C{f: fC,, g}. Hence
from the minimality of n; we get p I+ (Vn € w)(Vi < k) f C,, g — fiCnyg.
Therefore P preserves C.

Preservation of “w-bounding property

DEFINITION 2.2. A forcing notion P is called “w-bounding iff IFp
(Vfe“w)(Fg e “wnV)(Vn e w) f(n) < g(n).

There is a natural way to translate this property into the framework of
Definition 1.5.

DEFINITION 2.3. For f,g € “w, we let f C? g iff (Vk > n) f(k) < g(k),
Cb = Unew EIT)L

LEMMA 2.4. Let P be a proper forcing notion. The following conditions
are equivalent.

(i) P is “w-bounding;

(ii) P almost preserves CY;

(iii) P preserves C°.

Proof. It is clear that the equivalence (i)«»(ii) is a corollary of the
definitions above and Lemma 1.3. The implication (iii)—(ii) is trivial.

(ii)—(iii). Consider a model N and a sequence (p, : n € w) interpreting
P-names (fo, ..., fx) € N as (fos-- . 7). Assume that g € “w covers N.

Since P is “w-bounding, for every n € w we can find p), < p,, p,, € N,
and f;,, € “wN N, for i <k, such that pl, I (¥m) f;(m) < fi.n(m). Define

fiim) =max{f; n(m) :n<m}, i<k, meuw.

(2

Since g covers N we can define
n; = min{n : (Ym >n) f/(m) < g(m)}, i<k.

Let n* = max{n; : i« < k} and let p < p/. be an N-generic condition such

that p Ik “g covers N[G]”. Then for every i < k,
pl- (vm = n7) fi(m) < fin-(m) < fi(m) < g(m),  and
plk filn* = fiIn®.
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This implies p IF (Vn) f; % g — f; Cb g, and so P preserves C.
We have proved the following theorem.

THEOREM 2.5. The countable support iteration of proper “w-bounding
forcing notions is “w-bounding.

Preservation of outer measure. Let {2 be the set of clopen subsets of “2.

We let
Ct={fe“2:(Vnew)pu(f(n)) <27"}

This is a closed set in the product topology of “{2, where (2 is equipped
with the discrete topology. For f € C* the set

A= U &)
new k>n

has measure zero and for every set H C “2 of measure zero there is f € C*
such that H C Ay.

DEFINITION 2.6. For f € CV, g € “w and n € w we let f CF ¢ iff
(k> n)g & F(k).

Obviously, the set {f : f CF g} is a closed subset of C*. Note that
fE*giff g€ Af. Hence we have the following.

LEMMA 2.7. g covers N with respect to T iff g is random over N.

LEMMA 2.8 ([6]). For a homogeneous forcing notion P the following con-
ditions are equivalent (P is homogeneous iff r.0. P is homogeneous):

(1) for every set A of reals, if p*(A) > 0 then IFp p*(A) > 0;
(ii) for every set A of reals and for every real ¢ > 0, if p*(A) > ¢ then
IFp u*(A) > ¢
(iii) for every P-name A of a set of reals and for every real ¢ > 0, if
peP and plF p*(A) < c then p*({z €“2:plkz e A}) <c.

Proof. The implications (ii)—(iii) and (iii)—(i) are easy and do not
require homogeneity of P.

(i)—(i). Assume p*(A) > ¢ and for some p € P, p I- pu*(A4) < c. So
there is a P-name ([n 'n € w) of a sequence of basic clopen sets such
that p IF“A C U,co, In & > ,c0, (1) < c”. Choose a decreasing sequence
(pm : m € w) of conditions below p, a sequence (I,, : n € w) of clopen sets
and h € “w increasing such that

P b (W0 < h(m) I, =1, & Y Iy <1/(m+1).
n>h(m)
Since for every m € w, 32, <) #(In) < ¢ and h is increasing, pu*(A —
Unew In) > 0. Set B = A—J, o, In. Then p,, I+ B C | I, Using

new n>h(m
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homogeneity of P, we can find P-names (I"™ : h(m) < n < w) such that for
every m,

pEBC |J It& D ) <1/(m+1).
n>h(m) n>h(m)
But this implies p IF u*(B) = 0, while p*(B) > 0, which contradicts condi-
tion (i).

LEMMA 2.9. If P almost preserves CF then P satisfies condition (i) of
Lemma 2.8.

Proof. Assume pi*(A) > 0 and p I- u*(A) = 0. There is a P-name f such
that pI-“f € C* & AC A7 Let N < H(x) contain P, f,pand let g € A be
random over N (i.e. g covers N). Then there is ¢ < p, ¢ IF “g covers N[G]”.
Hence g I g & Af & A C Af~. A contradiction.

Every measure algebra has a stronger property (see the next theorem)
than ‘preserving CH’. Unfortunately, this property is not preserved by count-
able support iterations since, at least under CH, it implies c.c.c.

THEOREM 2.10. Let B = B(k) for some cardinal k be the measure algebra
with measure v for adding k-many random reals. Then
(i) for every B-name A of a set of reals, if kg p(A) =0 then
p{ze“2: (3peB)plkzeA})=0;
(ii) B preserves CH.

Proof. (i) Let (k) denote the canonical name for a generic sequence
from k to 2. There is a Borel set D C 2 x “2 which is of v X u measure

zero and IFp A = (D); (). Hence by the Fubini Theorem,
p{ze“2:3pe B)plkz e A}) = p({xr € “2: v((D)*) > 0}) =0.

(ii) It is easy to see that (i) implies condition (i) of Lemma 2.8, hence
by homogeneity of B, B satisfies all conditions (i)—(iii) of Lemma 2.8.

Assume that N < H(x), P € N and (p, : n € w) € N interprets
(fos-- - fr) € N as (f§,..., f;), where f; are B-names for elements of C*.
Let g be random over N. Define n; = min{n : 7 C¥ g} and in N,

Bn:{z€”2:pnll—z€ U U fl(m)}
i<k m>n
By 2.8(iii), p*(Bn) < k.,,5, 27™ = k27! and since g is random over N,
9 € Npew Bn- Let n* > max{ng,...,ni} be such that g ¢ B,~. Then there
is p < pp- < po such that p I (Vi < k)g & UmZn* fz(m) Since p < pp», and
plF fiIn* = f*In* for all i < k, one can easily verify that
pl-(Ynew)(Vi<k)ffChg— fiChy.
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It remains to show only that p is N-generic and p IF “g is random over N[G]”.
The former follows from the fact that B has c.c.c. and so every condition in
B is N-generic. The latter is also forced with value 1 in B. To see this assume
that for some ¢ € B and some B-name f we have ¢ IF“f € C* & g € Af”.
Then g € {z : g IF 2 € A;} C {z: (3¢ € B)glFz € A;} € N. This
contradicts the fact that g is random over N, because by (i) the last set has
measure zero.

The next result can also be found in [6] and we do not prove it.
THEOREM 2.11. The Laver forcing preserves CH.

Preservation of nonmeager sets and preservation of bases of the ideal of
meager sets. Again, let {2 be the set of clopen subsets of “2. We let
Cc={fe®n:(VUec) f(U)CU}.
For f € C° the set
Ap=J )
ven

is an open dense subset of “2 and for every open dense set H C “2 there is
f € C°such that Ay C H.

DEFINITION 2.12. Fix some standard enumeration {U,, : n € w} of the
set 2. For fe C° ge“2and n €w welet fC¢ giff (Fk<n)ge f(Ug).

Note that f C¢ g iff g € Ay and so by the remark before Definition 2.12
we immediately get

LEMMA 2.13. g covers N with respect to £¢ iff g is a Cohen real over N.

Since the set {f € C°: f CS g} is clopen for every g € “2, by Lemma 2.1
we have

LEMMA 2.14. For any forcing notion P, P preserves C¢ iff P almost
preserves €.

The category analogue of Theorem 2.10 is true.

THEOREM 2.15. (i) For every C(k)-name A of a set of reals, if IFc(e)
“A is meager” then the set {x € “2: (Ip € C(k))p -z € A} is meager.

(ii) C(k) preserves C°.

Proof. (i) The proof is analogous to the proof of 2.10(i).

(ii) Let N < H(x) and let g be a Cohen real over N. By Lemma 2.14 and
since C(k) is c.c.c. it is enough to prove that IF¢(,) “g is Cohen over NIG].
To the contrary assume that for some p € C(x) and for some C(k)-name f,
plFg ¢ A; & f e ce. Hence g € {z : (3¢)q |- x € ¥2— A;} € N. By (i)
this contradicts the fact that g is Cohen over V.
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LEMMA 2.16. If P preserves C€ then for every nonmeager set A C “2,
Fp “A is nonmeager”.

Proof. This is similar to the proof of Lemma 2.9.

It is not known whether the converse of Lemma 2.16 holds. Anyway we
have at least the following result (see [3], [8], [12]).

LEMMA 2.17. Let P be a proper forcing notion. The following conditions
are equivalent:

(i) P is “w-bounding and preserves C€;
(ii) P is “w-bounding and preserves nonmeager sets;
(iii) every meager set in the generic extension can be covered by a Borel
meager set coded in the ground model.

Proof. (i)—(ii) follows from Lemma 2.16.

(ii)—(iii). Let A € V[G] be a meager subset of “2. We may assume
without loss of generality that A is closed under finite changes of its elements.
Since “2NV is nonmeager, there is x € “2NV — A. Let {z,, : n € w} € V be
an enumeration of the set X = {y € “2NV : (In)(Vm > n)z(m) = z(n)}.
Since A is invariant under rational translations the set X is disjoint from A.

The set A is the union of countably many nowhere dense sets A,,. For
every n € w, define in V[G] a function f,, € “w by

fn(k) = min{m : [zx[m] N A,, = 0}.

By the “w-bounding property of P there is a function f € “w NV which
eventually dominates all f,,. Then the set

B=22=) | lwelf (k)
m k>m
is meager coded in V. Let n € w. There is m such that (Vk > m) f(k) >
fn(k). Hence

An 92— | [l faB) €2 = [ [axlf(K)] € B

k>m k>m

and so also A C B.
(iii)—(i). Let M denote the ideal of meager sets. There are mappings

(see [3])

p:%w-M, Y M->Yw
such that ¢(f) C A — f <* ¢(A) and ¢, are absolute (the definition of
1 depends just on Borel codes of F,-sets). Hence {¢)(A) : A € M is F,
coded in V'} is cofinal in “w N V[G]. This proves that P is “w-bounding.
It remains to show that P almost preserves C”¢. So let N < H(x) be a
countable elementary substructure and g be a Cohen real over N, p, P € N.
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Let ¢ < p be an N-generic condition. Then by (iii) and by genericity of ¢
we have

qIF (VAe N[GINM)BBeNNM)ACB& g¢B.

So ¢ IF “g is a Cohen over N|[G]”.

If P has property (iii) of 2.17 we say that P preserves the base of the ideal
of meager sets. Since condition (i) of Lemma 2.17 is preserved by countable
support iterations we have the following.

THEOREM 2.18. The iteration of proper forcing notions preserving the
base of the ideal of meager sets, preserves the base of the ideal of meager
sets.

ExampLES 2.19. The following forcing notions preserve the base of the
ideal of meager sets (see [10], [7]):

(1) generalized Cohen forcing with support in the dual ideal to a P-point,

(2) every forcing notion preserving bases of the ideal of Lebesgue measure
zero sets, or equivalently, all forcing notions with the Sacks property (e.g.
Silver forcing, Sacks forcing, generalized Cohen forcing with support in a
selective ideal).

Preservation of the base of the ideal of Lebesgue measure zero sets. We
will work with convergent series. The following result justifies that. Essential
ideas of its proof can be found in [1], [9], [3].

THEOREM 2.20. Let N C M be transitive models of ZFC. The following
are equivalent:

(i) every measure zero set in M is covered by a Borel measure zero set
mn N;

(ii) every convergent series of positive reals in M is dominated by a
convergent series from N

(iii) for every function f € “w N M there exists a function g € N such
that (Vn € w) f(n) € g(n) & |g(n)| < n?.

Let K= {f € “Qy : >, ., f(n) < 1}. We say that P is K-bounding if
IFp (Vf € K)(Eg € KNV)(Vn) f(n) < g(n).

Let us recall that Q (Q.) is the set of (positive) rational numbers. We
let

CF = {fe (@i —{0): () Y fm)) <27}

i€dom(f(n))

For f € CF let €4 be defined by e, = f(0)"f(1)" ... Clearly for every g € K
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there is f € C* such that g = ;. For f,g € C* we let
fCNg iff (Ym>n)ep(m) <eg4(m), and
fErg it (Bn)fCyg.
Obviously {f : f CX g} is a closed subset of C* and C* is closed
in the product topology of “(<“Q) where <“Q is endowed with the discrete

topology. Note that g covers N with respect to TN iff (Vf € KN N)(3n)
(¥m > n) f(m) < =,(m).

LEMMA 2.21. Let P be a proper forcing notion. The following are equiv-
alent:

(i) P is K-bounding;

(ii) Fp (Vf € CF)Ege CF V) fEX g;

(iii) P almost preserves C;

(iv) P preserves CX.

Proof. The equivalence (i)« (ii) follows from the definitions. By Lemma
1.3 we have (ii)«(iii). The implication (iv)—(iii) is trivial. We prove
(i) — (iv).

Let (p, : n € w) € N interpret (fo,..., fr) € N as (fg,..., f{), where
f; are P-names for elements of CX. Let g cover N.

For f € CX define m(n, f) =3, | f(i)|. By (i), for every n € w we can
find in N a series f; ., ¢ <k, and a condition p, < p,, such that

Py I (Fm) e (m) < fin(m) & Y fin(m) <277+ ) e; (m).
mew mew
Since p), decides & i, Im(n, f}), we can easily see that for i <k,

S {fim(m) :m = m(n, f)} <270+ Y 27 <272

m>n
Define
fi(m) = max{f; n(m) :m(n, ff) <m}, i<k mew.

1

Then

mew new

Since g covers N and f; € N we can define the integers
n; = min{n : (Ym >n) f/(m) <e,(m)}, i<k.

Let n* = max{n; : i < k} and let p < p,+ be an N-generic condition such

that p IF “g covers N[G]”. Then for every i < k,
p I+ Ef7 rm(n*7 fz*) = efi* rm(n*7 fz*) )
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and since m(n*, f*) > n*,
plE(Vm = m(n®, f7)) e (m) < fin-(m) < fi(m) < eg(m).
From this we can easily see that
pl-(vn) ff TN g— fiCh g
and so P preserves CX.
Immediately we have

THEOREM 2.22. The countable support iteration of proper K-bounding
forcing notions is IC-bounding.

Preservation of non-adding new reals. Obviously, Theorem 1.7 can be un-
derstood as a tool for preservation of non-adding of reals of particular prop-
erties. For example, Theorem 2.5 is a preservation theorem for non-adding
of unbounded reals. Naturally we can ask about non-adding of dominating
reals, Cohen reals, random reals, etc. A partial answer to this question can
be found in [5]. There a preservation theorem for limit steps of countable
support iterations of proper forcing notions is proved. In particular, no ran-
dom reals (and no dominating reals, respectively) are added at limit steps
provided such reals are not added before. Consequently, countable support
iterations of o-centered forcing notions do not add random reals.
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