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Cohomology of some graded differential algebras
by

Wojciech Andrzejewski and Aleksiej Tralle (Szczecin)

Abstract. We study cohomology algebras of graded differential algebras which are
models for Hochschild homology of some classes of topological spaces (e.g. homogeneous
spaces of compact Lie groups). Explicit formulae are obtained. Some applications to cyclic
homology are given.

1. Introduction. Let K-ADG(.) be the category of graded commutative
differential algebras over a field K of zero characteristic. Let (A, d) € K-
ADG(.) be an algebra of the form

(1) (-Aad):(K[le-'an]®/\(yl7~~~ayn)ad)v
d(XZ):O, izl,...,n, d(yj):fj(Xla-naXn); jzl,...,n,

with polynomials fi,..., f,, constituting a regular sequence. As usual, A
is endowed with a grading by assigning to the variables X; even degrees
and to the variables y; odd degrees, and d is supposed to be of degree
+1. Here and in the sequel K[X,...,X,] denotes the polynomial algebra
and A(y1,...,yn) is the exterior algebra generated by the free variables
Y1, -+, Yn- We denote the degree of X by deg(X).

In the present paper we study the cohomology algebra H*(H,d), where
(H,9) € K-ADG(q) is defined as follows:

(H75) = <A®/\(x177$n) ®K[Y17 7Yn]75)7
Ola=d, 0(x;))=0, i=1,...,n,

i=1 9X;
deg(z;) = deg(X;) + 1, deg(Vi) = deg(y) +1, i=1,....m.

Remark. The definitions of (A, d) and (H,d) could be rewritten in the

form of Burghelea—Vigué-Poirrier [4], [19]. Let V' = €P,5, Vi be a graded

® 5(¥;)

@ x4, j:17°"an7
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vector space over K. Let us write A(V) = @, A(Vi) where A\(V;) denotes
either the symmetric algebra K|[V;] when i is even or the exterior algebra
when 7 is odd. For the graded vector space V = @izz V; define V; = V4

and V = D1 V. Consider A(V) ® A(V). Define the derivation
BAV)®AV) = AV) @ AV)

of degree —1 by the equalities
Bv)=v, B@) =0, veV,veV.
Introduce the derivation § by the equalities

S(v) =d(v), §(@)=-p(d)), veV,veV.
Then (A,d) is a particular case of (A(V),d), and (H,d) is a particular
case of (A(V) @ A(V),8). We shall use both notations, choosing the most
convenient in each separate case.

By means of some spectral sequence associated with (1), we obtain a
complete description of H*(H, d) in the case (1) (Theorem 1). This descrip-
tion is applied to the theory of Hochschild and cyclic homology of topological
spaces (in the sense of Burghelea and Goodwillie [2], [7], Theorem 2). As
an application we give an alternative proof of the Burghelea—Vigué-Poirrier
conjecture [19] about quasifree cyclic homology of topological spaces with
cohomology algebra being a truncated polynomial algebra (Theorem 3; the
original proof was obtained recently by M. Vigué-Poirrier [18]).

Then we obtain some sufficient conditions for non-quasifreeness of cyclic
homology in terms of the conormal module of some associated polynomial
ideal and show by examples that such spaces do exist (Theorems 4 and 5).
Some explicit calculations of Hochschild homology for compact homogeneous
spaces are given.

Let us, first, formulate the results.

THEOREM 1. Let (A,d) satisfy the conditions (1). Then

(3) H*(H,8) = H* (A)N\(x1,. .. m/( ‘ 8f1

ey Y. <AnnH*(A)®/\($17--~$n)< f“ Z
i=1 =1

s=1 i1<...<i5

@xz)
com)/

- afl . 6fn
iy i KT, ,....Y],
( A aX’L z ) Y A aX,L x ® [ 1 s]
i=1 i=1
where \(z1,...,x,) is the exterior algebra generated by the free variables x;

of odd degrees, deg(z;) = deg(X;) + 1 and K[Y1,...,Yy] is the polynomial
algebra in the free variables Y1, ...Y, such that deg(Y;) = deg(f;) for all i.
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Remark. In (3) we use the following notation: for any ring A the symbol
(a1,...,a,) denotes the ideal generated by aq,...,a,. If I C A is an ideal,
the factor ring I/I N (a1,...,ay,) is denoted simply by I/(aq,...,a,). If
K|[Y1,...,Y,] is a polynomial algebra, then K*[Y7,...,Y,] is the subalgebra
generated by the monomials Ylk1 ... YFn with k; > 0 for all 4.

THEOREM 2. Let X be any simply connected topological space with coho-
mology algebra of the form
(4) H*(X,K)=K[X1,....Xn]/(f1,--, [n)
satisfying the following assumptions:

(i) f1,..., fn is a reqular sequence in K[Xq,...,X,];

(ii) each f; is decomposable, that is, f; is a polynomial only in the vari-
ables X; satisfying deg(X;) < deg(fi) — 1.

Then the following isomorphism of graded algebras is valid:

"L Of " 0f,
(5) HH*(X)~ H (X)oA\(z ,,xn)/< Ry ..., ®:U,->
' £ OX; £ OX,

- - afll Z aflg
@Z Z (AnnH*(X)®/\(x1 ..... Tn) < X, Q Tiy..., aX ®xz>/
2 i—=1 7

s=1141<...<is i=1

<" afl ) . afn

X x

aXi 17--.7i:1%®l’i)>®K+D/¢l,...,}/is].

i=1

Remark. In fact, the assumption (ii) in the formulation of the theorem

is not restrictive, because if H*(X) can be represented in the form (4) with

the regularity condition, then it can also be represented in the form satisfying
both assumptions.

THEOREM 3 (M. Vigué-Poirrier [18]). Any simply connected topological
space with cohomology algebra (4) has quasifree cyclic homology.

Theorem 3 was proved recently in [18]; we give an alternative proof in
order to illustrate the usefulness of Theorems 1 and 2.

Let R be a ring, and M a finitely generated R-module. By u(M) we
denote the least number of elements in a system of generators of M. In
particular, p(I) is defined for any ideal I C R.

THEOREM 4. Let X be any simply connected topological space with min-
tmal model

Mx,d) = (K[X1,.... Xa] @ Ay, ym), d),
d(XZ):O, d(y]):fJ(Xl,,Xn), ’L:].,,’rl,j:]_,,m,

and with finite-dimensional cohomology algebra H*(X). Let I = (f1,..., fm)
be the ideal in K[Xi,...,X,] generated by f; and I/I* be its conormal
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module. If

p(l) > p(1/1%),
then the cyclic cohomology HC*(X) is not quasifree.

THEOREM 5. The following homogeneous spaces are topological spaces
with non-quasifree cyclic homology:

(i) M =Sp(20)/SU(6),
(i) M = SU(6)/SU(3) x SU(3).

Now, we give some motivation for our results. Theorem 1 is the main
algebraic tool for proving Theorems 2-5. Theorems 2—5 describe Hochschild
and cyclic homology of a wide class of topological spaces.

The cyclic and Hochschild homology HC\(X) and HH,.(X) of a topo-
logical space X have been the subject of wide interest since the papers of
D. Burghelea [2], D. Burghelea and Z. Fiedorowicz [3] and T. Goodwillie [7].
Since then many papers and books on this theme have been written, e.g. [4],
[5], [9], [12], [14], [17], [19]. Since HH.(X) can be identified with H*(Xsl)
(the homology of the free loop space X5'), and HC,(X) with the homology
of the associated bundle ES! x g X5 ([7]), cyclic and Hochschild homol-
ogy provide a powerful technique for studying free loop spaces (see e.g. [10]).
The investigation of various topological invariants of X s very important
in view of their role in mathematical physics [21].

The first explicit calculation of HH*(X) in the case (4) was done by
D. Burghelea and M. Vigué-Poirrier [19], namely a formula for the Poincaré
series Py - (x)(t) was obtained for any simply connected topological space
X with cohomology algebra either in the form K[X:]/(X7), or A(V).

Theorem 2 gives an interesting formula for an arbitrary space whose
cohomology algebra is of the form (4). We show by examples how to apply
it. Our result can be applied to a wide class of topological spaces (e.g.
homogeneous spaces of compact semisimple Lie groups G/H with rank(G) =
rank(H)). When the multiplicative structure of H*(X) can be described
explicitly by generators and relations, our formula is of particular interest
(see examples below). Of course, the formula for Ppg-(x)(t) in [19] can
be derived from ours in the case n = 1, f; = X", The usefulness of the
result is also illustrated by another proof of the Burghelea—M. Vigué-Poirrier
conjecture about quasifree cyclic homology (its validity was proved recently
by M. Vigué-Poirrier [18]).

It would be interesting to find a criterion for a topological space to have
quasifree cyclic homology. Therefore, to begin the investigation, one needs
at least some examples of spaces with non-quasifree cyclic homology. The-
orems 4 and 5 give such examples. Note that the condition pu(I) > u(I/I?)
involving the conormal module can be verified in many cases by methods of
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commutative algebra and algebraic geometry, e.g. by the homological char-
acterization of local complete intersections etc. (see [11]).

In the context of our approach we also mention the recent work of the
“Buenos Aires cyclic homology group” [8]. Hochschild homology of complete
intersections was also studied in [12].

2. Algebraic part (proof of Theorem 1). In what follows, whenever
(C,d) is a graded differential algebra equipped with a derivation d of degree
+1, its cohomology algebra is denoted by H*(C,d), while if d has degree
—1, the notation is H,.(C,d). Recall that a sequence a1, ...,a;,... in a ring
R is called regular if a; is not a zero divisor in R/(a1,...,a;—1).

LEMMA 1. Let (C,d) be a graded differential algebra over a field K
(char(K) = 0) of the form

(C,d) = (A® K[Y1,...,Y,],d),
dla=0, dY;)=a; €A, deg(V;)=2l;, i=1,...,n,
and with d being a derivation of degree —1. Let
Cpho1=AQKI[Y1,..., Y0 1]

Then there exists a homological type spectral sequence of modules (E;,q, dr)
converging to H,(C,d) and such that

(6) E? = H.(Cn1)/(lan]) @ (Anng, (o, ) ([an])) @ K¥[Yo].
Proof. Define an increasing filtration on C by
(7) F'C={0) CcF'C=A®K[Y1,...,Y,_1] C ...

CFPC=A@K[Y1,...,Y 1| K[Y,]SP C ...,

where K[Y,]<P denotes all polynomials of degree < p. Clearly, d respects
the filtration (7). Consider the associated spectral sequence of modules
(Ep 4 dy o) (recall that it is not a spectral sequence of algebras). We use
the explicit construction of spectral sequences, coming from exact pairs (see
[15], with appropriate changes for homological type). We take a long exact
sequence

0 — i j —
coo o Hy o (FP710) = p+q(FpC)i> pa(FPC/FP7I0)

O Hygr (FP71C) = .
and construct the following exact pair:
Dzlxq = Hpo(FPC), E;,q = Hp-&-q(FpC/Fp_lC),
ipq  Hpyq(FPC) — Hp-i—q(FerlC)a
Jp.g * Hpq(FPC) — p+q(FpC/Fp_1C)7
O =kpg: Hyrq(FPC/FP~'C) — Hpyq 1 (FP~10).
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The maps iy, and j, , are induced by ¢ and j, 0 is a connecting homomor-
phism and
1 .
(8) dp,q = Jp—1,4 © kp,q-
By direct calculation,

E;,q = P+q(Cn—1 ® L(er)a (i) = Hp—i—q(Cn—l) & L(YY?)

(here d denotes the derivation induced by d, and L(vi,...,vs) is the vector
space spanned by vy,...,vs). By (8), d}w is induced by d. Therefore

E* =D E2, = H.(H.(Com1) © K[Y,), ),
) b

d

and [an] g+ (¢, _,) denotes the cohomology class of a,, in Cy,_1. Obviously (9)
can be represented in a general form

E?=H,B®K][Y,],d), d|g=0, d(¥,)=be B.

Ho(Cnoy) =0, d(Ya) = [an]m.(c._1)

An easy calculation shows that for every differential algebra (B ® K[Y,],d)
satisfying the conditions above,

H.(B ® K[Y,,d) = B/(b) & (Annp()/() ® K*[Y,].
Applying the above formula to (9) one obtains (6). It remains to show that
(B} ., dr ) converges to H,(C,d). It is well known that the following condi-

par Upiq
tions guarantee the convergence:

(i) FPC = 0if p < 0,
(ii) EL, = Hyyo(FPC/FP=1C) = 0/if ¢ < 0,

(iti) ¢ = U, FPC.

The conditions (i)—(iii) are verified by direct calculation. Lemma 1 is
proved.

LEMMA 2. Let (C,d) be a graded differential algebra satisfying the as-
sumptions of Lemma 1. Then the following isomorphism of graded differen-
tial algebras is valid:

(10) H.(C,d) ~ A/(ay,...,an)

&> Y (Amna(ai, ... ai,)/(a1,. . a0) @ KTY;, .. Y.

s=1 7,1<<’Ls

Proof. We use induction on n. We strengthen (10) by the additional
statement that the isomorphism (10) is canonical in the following sense: if
¢ denotes the isomorphism (10), then

(©) [a] € H.(C,d), a € A= ¢([d]) = 7(a),
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where 7 : A — A/(as,...,ay) is the natural projection. For n = 1 the
condition (C) and (10) are evident. Suppose that (10) and (C) are valid for
all numbers < n — 1. In particular,

H.(Cn_1)~A/(a1,...,an_1)

n—1
®Y Y (Amna(ai,,. . ai,)/(a1, - a0-1) @ KT, Y

s=1141<...<ig

By Lemma 1 there is a spectral sequence (£, ,,d; ) converging to H.(C,d)

and with E2-term of the form (6). Obviously
H.(Cna)/([an]) = A/ (ar, .., an)

@Z_: > (Ama(a,,- .- a,)/(a1, . a0) @ K[V, Y ]

s=111<...<is

Using (C) one immediately obtains

(11) Ay c, ) ([an]) ® KF[Ya] = Amng,_, ((an)) ® K[V,

n—1
o3 Y Annp, . (nan) © K Y, Vi) @ KHYa),

s=1 141 <...<ig
where R,_1 = A/(a1,...,an-1), Lij. i, = Anna(ai,...,a;,)/(a,...
...yap—1) and 7 is the natural projection. Since (E, ,,d ) converges to
H.(C,d), cohomology classes of H*(C') are those surviving in the spectral
sequence. Thus without loss of generality one can consider only elements of
(11) surviving in the spectral sequence. Obviously it is enough to consider
elements from Anng, ,(7(a,)) ® KT[Y,] and from each of the annihilators
Anng, , (7(an)) ® KT[Yi,,...,Y;, ] ® K*[Y,] separately.

In the first case the corresponding representative u of the cohomology
class in H*(C) can be written in the form Y b; ® Y;!, and since it must be
a cocycle, one easily obtains b; € Anny(ay,) and [u] € (Annga(a,)/(an)) @
K*[Y,]. On the other hand, the latter algebra can be embedded in H.(C)
in an obvious way.

The same argument can be applied to the second case. By (11) the
corresponding representative v of the cohomology class in H,(C) can be
taken in the form

v = Z Q5 4q,... 0 X Y;]fl . Y;]féyri with Q... i € AIIDA(GZ'I, A ,ais).
Therefore d(v) = 0 implies a; ;,,.. ;. € Anna(ai,,...,a;,,ay) (direct compu-
tation). Finally, [v] € Anna(ai,,...,a; ,a,)/(a1,...,a,) @ KT[Yi,,...,Y;]

s

® K*[Y,] in cohomology. Since the latter subalgebra can obviously be em-
bedded in H,(C), the isomorphism (10) (of both modules and algebras)
holds. This completes the proof.
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COROLLARY. Lemma 2 is also valid for the algebra (AQ K[Y1,...,Y,],d)
with d being a derivation of degree +1.

It is enough to replace the given grading by a new one deg(Y;) + 2, then
obtain the appropriate isomorphism and return to the previous grading.
In what follows we need a fact proved by M. Vigué-Poirrier:

LEMMA 3 ([20]). Let (A, d) be a graded differential algebra. Let ¥ be the
ideal of )\ generated by the exterior generators, and let A = \ /9. If y is an
exterior generator of \ such that the image of dy in A is nonzero, we have
H* (A, d) = H*(\,d), where \ = \ /(y,dy) and d is the induced differential
on \.

Proof of Theorem 1. Recall that
(12)  (H,9)

= (K[X1,..., Xp] @ A@1,. s 20) @ A1, -+, yn) @ K[Y1,...,Y,],0),
0(X;)=0(z;) =0, i=1,...,n,

S = £ () =3 2L

- 0X,

i=1
Now, it is enough to apply Lemma 3 to each y; (the regularity of fi,..., f,
guarantees the possibility of successive elimination). Finally,

H*(H,0) = H*(K[X1,..., Xa] @ A(@1, -y 20)/(f1,- -, fn))
QKI[Y1,...,Yn],0)

®IL’7;, j:17"’7n7

where ¢ is induced by 8. Denote by A the algebra

A= (K[X1,....Xn]/(f1y- s [n) @ N1, .oy 20)
=H*(A,d) @ N(z1,...,2n).

(The latter equality is obtained by applying Lemma 3 again.) To finish the
proof apply the Corollary of Lemma 2 to A ® K[Y1,...,Yy,].

3. Hochschild and cyclic homology (proof of Theorem 2). To
start with, we outline briefly the basic notions of Hochschild and cyclic
homology. A more complete exposition can be found in [4].

As defined in [4], an algebraic S'-chain complex C, = (Cnydn, Br)n>0
of K-vector spaces is a chain complex (Cy,d) = (Cy,dp)n>0 of K-vector
spaces equipped with the linear maps 5 = {f, : C;, — Cp+1,n > 0} (called
an S'-action) such that 3,16, = 0 and B,_1d, + dpi16, = 0, With 5'*,
one associates the chain complex (3Cy, gd*) defined by

(5C)n = Cn + Crs + ...
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and
(8D)n(Tn, Tn—2,...) = (d(zn) + B(Tn—2), d(Tn-2) + B(Tn-a),...).

DEFINITION 1. The cyclic homology of C, = (Cy,d, 3) is the homology
of the chain complex (gC., gd*):

HC,(Cy) = H.(3Cx, pd").

One can extend the notion of S'-chain complex to bigraded complexes.
A bigraded S*-chain complex C = (C,, ,, d!, d¥, 3) is a collection of K-vector
spaces Cp, p, n > 0, p > 0, and K-linear maps

a’ Cn,p — Unp-1, dr . Cn,p — Un—1,p, Bmp : Cn,p — Un+tip
such that (d/)?2 =0, (d¥)2 =0, 82 =0, d¥ +d¥3 =0 and Bd’ +d'3 = 0.
For any such C one writes
(Tot C), = ( D o d +dE,ﬂ>.
ptg=n

DEFINITION 2. The cyclic homology of the bigraded S*-complex C'is the
cyclic homology of the associated total S'-complex (TotC),. (in the sense
of Definition 1).

Now, let (A, d) € K-ADG(.). We define
T(A)p,q = @ Ay ®A; ®...0A4;, forp>0,q=>0,
io+i1+...+ip=gq
dI(aiO ®...®aip) :daio ® ag, ®...®aip

M=

+ ) (=Detetiog @ @da, ®. .. @ a;,,

=1

1

3

d¥(aiy®...®a;) =Y (-D0ap®...®a,0i,, ®...0a,

(]

~

_1)p+ip(io+---+ip—1)

—~ O

_|_
Bpq=(—1)P(1—=Tpp1)0Spo(1+T,+...+T7),

aipaio ® e ® (Zipil,

where
Sp(ai, ® ... ®a;,) =aj, ®...Qa;, @1,
Tplai,®...®a;,) = (—1)1"“'7’(i"*“'”?—l)aip Ry @...Qa;, ,, a;; €Ay,
It can be verified that (T'(A),. 4, d', d¥, 3, ,) is a bigraded S'-chain complex.
DEFINITION 3. By definition, the homology of Tot(A),
H.(Tot(A),d" +d¥) = HH,(A,d),
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is called the Hochschild homology of (A,d) € K-ADG.. In the same way,
the formula
HC.(T(A),d",d¥,3) = HC,(A,d)
defines the cyclic homology of (A, d).
These algebraic definitions are transformed into topological ones by the

following procedure: denote by M X the Moore loop space on X, and by
C.(MX) its algebra of singular K-chains.

DEFINITION 4 ([2], [7]). Put by definition
HH.(X)=HH,(C.,(MX)), HC.(X)=HC.(C.(MX)),
and call HH,(X) and HC,(X) respectively the Hochschild and cyclic ho-
mology of the topological space X.
We have already mentioned in the introduction Goodwillie’s isomor-
phisms [7]:
H. (XS~ HH.(X), H.(BES'xg X5)~HC,(X),

which permit us to use duality and consider below cohomology rather than
homology. Our considerations use some notions of rational homotopy theory.
We refer to [13] for details.

A graded differential algebra (M,d) is called minimal if M is a free
graded commutative algebra

M = K[Weven] ® /\(Wodd>7
satisfying the following conditions:
(a) W=@&,c; Wa (I is an ordered set);
(b) each W, consists of homogeneous elements;

c) for any o € 1, a) C enotes the subalgebra
f I, d(W, S s<a Wpg) (S(K) d h balgeb
generated by K).

DEFINITION 5 ([13]). (i) Let (A,d) € K-ADG(. A minimal algebra
(M4, D) is said to be a minimal model of (A,d) if there exists a homo-
morphism of graded differential algebras ¢ : (M4, D) — (A,d) inducing
isomorphism in cohomology,

0" : H*(Myu,D) — H*(A,d).

(ii) Let X be a topological space, and Ag : & — Q-ADG(() be a functor
from the category 3 of simplicial sets to the category Q-ADG(.) constructed
in [13] (that is, satisfying the simplicial de Rham theorem). A minimal model
of the algebra Ag(S.(X)) € Q-ADGy is called a minimal model of the
topological space X and is denoted by

Mx = Myy(s. (x))-

Here S, (X) is the simplicial set of singular simplexes of X.



Cohomology of graded differential algebras 191

The proof of Theorem 2 is based on the following result of Burghelea
and Vigué-Poirrier [4]:

THEOREM (B-V). Let X be any simply connected topological space with
minimal model (Mx,d) = (A(V),d). Then

HH*(X) ~ H*(H, )
where (H,0) is given by (2) (or by the remark below (2)).

Proof of Theorem 2

LEMMA 4. Let X be any topological space satisfying the assumptions of
Theorem 2. Then Mx is as in (1).

Proof. Clearly, the K-ADGc)-morphism

Q:K[Xlu"'aXn] ®/\(yla7y’n) _)K[Xla"‘vXn]/(flu"'7f’n)7
Q(XZ):X’L, Q(y])zoa Z,]:].,,'I’L,
induces isomorphism in cohomology by Lemma 3. This proves Lemma 4.

Now, by the (B-V) theorem, HH*(X) ~ H*(H,d), where (H,J) is
obtained from (Mx,d) of the form (1). Applying Theorem 1 to (H,9)
yields (3).

4. Applications of Theorem 2: Hochschild homology of some
homogeneous spaces. Recall some facts relating to cohomology of homo-
geneous spaces. Let G be a compact connected Lie group, and H be its
closed subgroup. In the sequel, the Lie algebras of Lie groups G, H, ...
are denoted by the corresponding small letters g, h, ... Let W < GL(V)
be a discrete subgroup of GL(V') generated by reflections. Let K[V] denote
the symmetric algebra over the vector space V. Consider the extension of
the W-action to K[V] and denote the ring of W-invariants by K[V]". In
particular, consider a maximal torus T of a Lie group G, its Weyl group
W (G, T) and the algebra

Qltg]™ &

(here tg denotes the Q-structure on ¢, that is, tg = {v € t* : a(v) € Q for
any « in the root system R(g®,t%)}). The well-known Chevalley theorem
implies

(13) Qlte)V @) ~ Q[fi, . .., fal,

where the f; are algebraically independent generators. Consider the homo-
geneous space G/H and choose maximal tori 7" and 7" in G and H in such
a way that 7" C T. Consider also the algebra of invariants

Q) HT) ~ Qluy, ..., ug).
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Denote by A(V) the exterior algebra over V. If a base x1,...,x; of V is
chosen, we also use the notation A(x1,...,zx). If V is a graded vector space,
the vectors x; have odd degrees, deg(x;) = 2l; — 1. As usual, A\, (V') denotes
the subspace of all elements of degree k.

It is well known that

H*(G) ~ N(z1,...,2), n=rank(G),
where the z; are primitive elements in H*(G).

DEFINITION 6. The algebra (C,d’) € Q-ADG() of the form
(14) (", d) = Q)Y @ N(z1,...,20),d),
d(u) =0 for any u € Q[t(’@]W(H’T/),
d(z;) = fily = filua, ... ),

where f; (i = 1,...,n = rank(G)) are defined by (13), is called a Cartan
algebra of the homogeneous space G/H.

Remark 1. To obtain the above definition in the form (14)-(15) it
is enough to combine the isomorphism in [8, p. 565] and the definition of
Koszul’s complex in [8, p. 420].

(15)

Remark 2. It was proven in [1], [8] that
H*(M,Q) ~ H*(C',d")

if M = G/H with G a reductive Lie group.

EXAMPLE 1 (Poincaré polynomial P p-(x)(t) for X = SU(3)/T). Let
X = SU(3)/T be the flag manifold of the group SU(3) (T is its maximal
torus). Use the general theory described above. Introduce the coordinates
X1, Xo, X3 in t satisfying the condition X; + Xo + X3 = 0. Then the
polynomials

hi=X{+ X3+ X5, fo=X]+ X7+ X5,

are W (SU(3))-invariant and by direct calculation one obtains (after calcu-
lating the minimal model)

H*(X) = span(uy, us : u“i’ = ug =0, wyug = —(u1 + uz)Q, u%ug = —ulug).

Then the equivalence classes of >, (0f;/0X;)x; in H*(X)® A\(x1, z2) have
representatives

a1 = 2uixy + urxo + uoxy + 2usxr1, ag = 2u%x1 + u%:nz + u%xl + 2u§$2.
By the Hirsch formula,

1—t4)(1—1¢6
Psus)/r(t) = ( (1 —)(t2)2 ) =1+26 +2t* +1°
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and therefore
Pr(X)@A (1.0 (t) = Prex) (1) - (1 +1%)?
=1+22 4+ 263+ 2t* + 465 + 2t
+ 4t + 265 + 210 + 2610 4 412,

Applying (5) to H*(X) ® A(z1,22) and a1, a2, one can calculate directly
all dimensions of the factor algebra in (5) in this particular case.

Dimensions
Degree Additive generators
case 1 case 2 case 3 case 4
2 U, U 2 0 2 2
3 T1,T2 2 0 0 0
4 u,uj 2 0 2 2
5 U1T1, UDTD, UL T2, UDT] 3 1 1 1
6 uug, T 20 2 2 2 2
7 u2 2 2 2
171, Ui T2, U5T1, UST2 2 1 1 1
8 ULT1T2, U2XT1T2 1 1 1 1
9 u%xlu%u%ugmg 1 0 0 0
10 u%mlxz, u%m:ﬂg 1 0 0 0
12 utuaxy o 0 0 0 0

The table gives the explicit expression for the Poincaré series

Prmx)(t) = 14267 + 263 + 3t° + 265 + 2¢7 + 43 417 +¢1°

1
| <1t4 - 1) (467 + 4¢* + 2t° + 4¢° + 267 + 2t%)

1
- ((1—754)2 - 1) (t° 4+ 265 + 7 +¢°).

Remark. In the case H*(X) = K[X]/(X™"!) our procedure gives the
same result as in [19] because annihilators are calculated automatically and
one obtains the algebra

(K[X] @ Al2)/(X"!, X"z)) ® K[Y]
(as in Addendum to [20]).
EXAMPLE 2. Let X = G2 /T. Introduce the coordinates X, X5, X3 in ¢
satisfying X7 + X2 + X3 = 0. Then the polynomials
H=X{+X5+X5, fo=X7+X5+X;5

are GGo-invariant and by direct calculation one obtains

* c2 2 3_,3_ _,2 2
H*(X) =span(uy, us : uj +u5 = —ujug, uy = uy = —ujus — ugus,

5. _ 5 .33 _ 4 4_ 2.2 5 5 4
ujug = —uiuy, ujuy; = 0,u] + us = —ujuy, uy +uy = —ujus).
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The equivalence classes of Y . (9f;/0X;)z; in H*(X) @ A(z1,22) have
representatives

a1 = 2u1 2y Fuoxy Fui Lo +2Upy,  ag = 6ui T +6udra+6(us+ug)® (z1+1s).
By the Hirsch formula,

(1—tH(1 —1t"?)
(1—t2)2

Px(t) = = (1 +)A+ 2+t 10 18 +119)

and
P (X)@ A ,00) (1) = Px (t) - (14 1%)?
=1+2t% 4+ 26 + 2t* + 4¢° + 3¢
AET 4D 4 40 A0 4t 4 32
A 4 opt g 15 4 9p16 4 18,

Applying (5) to H*(X) ® A(z1,22) and a1, az, one can calculate directly
all dimensions of the factor algebra (see Example 1).

o Dimensions
Degree Additive generators
case 1 case 2 case 3 case 4
2 ul, U2 2 0 2 2
3 T1,x2 2 0 0 0
4 ut, ul 2 0 2 2
5 UL, UDT2, UDT], UDT2 4 1 1 1
6 xlzg,u%u%ugul 3 3 2 2
7 u%xl,u%wg,u%ml, u%xg 2 1 1 1
8 ulxlmg,uga:lxz,u‘ll,ué 3 2 2 2
9 u%ugxl,u%ugacg, u%ulxl,ugulmg 3 2 1 1
10 u%mlxg,u§m11‘27u?7ug 3 2 2 2
11 u%ml,uéxg,u%xg, u%xl 2 1 1 1
12 u%ugxlwg,ugulxlwg,ui’azlxg 1 1 0 0
13 u?xl,ugmg,u?xg, ug;rl 2 1 0 0
14 u%xlxg,ugmlxg 1 0 0 0
15 u“;’uzmhu?uzxz 1 0 0 0
16 u%uzrlxg,u%ulzrlxg 1 0 0 0
18 ufudzizy 0 0 0 0

The table gives the explicit expression for the Poincaré series

P (x)(t) = 1422+ 263 + 4" + 3t° + 30 + 27 + 3t° 4+ 37 4+ 3¢'0 + 2t
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+ 2512 + 2t13 + t14 + 2(/_15 + t16

1
- (1754 — 1) (4827 4 4t* 2% 4 418 + 207 + 4% 4 209 + 4410 4 2¢11)

1
+ <(1t4)2—1>(t5—|—3t6+t7+2t8+2t9+2t10+t11+t12+t13>

5. Quasifree and non-quasifree cyclic homology: proof of Theo-
rems 3-5. Let K[a] be the graded free commutative algebra generated by
a with deg o = 2 over a field K. Suppose that a K-graded vector space P* is
endowed with the structure of a K[a]-module by a map V : K[a]®@P* — P*.
Clearly, the existence of V is equivalent to the existence of a K-linear map
S : P* — P**2 defined by the condition V(o ® z) = S (z).

DEFINITION 7 ([19]). The K|a]-module (P*,S) is called: (a) free if S is
injective; (b) trivial if S is zero; (c) quasifree if it is the direct sum of a free
and a trivial module.

Consider the Connes long exact sequence for the cyclic and Hochschild
cohomology of a topological space X:

.. = HH™(X) — HC™(X) 2 HC"(X) —» HH" ™ (X) — ...

Since HC*{pt} = K|a], the operator S defines a structure of a K |[a]-graded
module on HC*(X).

DEFINITION 8 ([17]). The cyclic cohomology HC*(X, K) is said to be
quasifree if HC*(X, K) is quasifree as a K[a]-module in the sense of Defi-
nition 7.

It was conjectured by D. Burghelea and M. Vigué-Poirrier that any topo-
logical space whose cohomology is a polynomial algebra truncated by a reg-
ular sequence, is a space with quasifree cyclic homology. This conjecture
is valid even under more general assumption of formality, as was proved
recently by M. Vigué-Poirrier [18] (in this sense our proof is weaker, but ex-
plains the phenomenon in the case of truncated polynomial algebras). Our
version (Theorem 3) is presented as an example of the use of (5).

Proof of Theorem 3. Asusual, for the cohomology algebra H* (A, d)
of any (A,d) € K-ADG(y, the symbol H,(A,d) denotes the subspace
D, H?(A,d). As in Theorem 2, consider the minimal model of X, Mx =
(A(V),d) and introduce the graded differential algebra (R,D) by the for-

mulae
R = Klo]  A(V) @ A(V), -
6(u) +af(u), uwe A(V)AV).

>
Q
I
=
S
=
I
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Consider the short exact sequence
0-REREH -0,
where I, (r) = a®r for r € R, and p : R — H is the projection p(a*®@c) = 0
(k> 1), p(1®c) = c. As usual, one obtains the long exact sequence
(16) ... — H*(H,8) 2 H*(R,D) > H*"2(R,D) 5 H***(H,5) — ...
where B is the connecting homomorphism, J is induced by [,, and I is
induced by p. By direct calculation one obtains
B(ly]) =[1®pB(y)] € H*(R,D), [y] € H(H,J).

Let B’ = I o B. Clearly, (B’)? = 0 and deg B’ = —1, therefore it is possible
to introduce the complex (H*(H,0d), B’).

PRrROPOSITION 1 ([19]). (i) The following isomorphisms are valid:

HH*(X)~ H*(H,)), HC*"(X)~H"(R,D).
(ii) The operator S in the Connes exact sequence can be identified with

the operator J in (16).

Proposition 1 allows us to use H*(R, D) instead of HC*(X). In what
follows we shall use the Hodge decompositions for Hochschild and cyclic
homology [4].

PROPOSITION 2 ([4]). (i) Both Hochschild and cyclic homology of a com-
mutative graded differential K -algebra (A, d) have natural decompositions

HH"(A,d) =@ HH"(A,d)P,
p=>0
HC™(A,d) = HC,(K) ® HCP)(A,d), HCWP(A,d)=0, p>n+1.
(ii) For the Connes ezxact sequence the following equality holds:
SP(z) =0 for anyx € HC*(A)®),

Denote by HC* (X, K) the reduced cyclic cohomology [4]. Since for any
augmented graded commutative differential algebra (A, d),
HC*(A,d) = HC*(K) ® HC*,
applying the above proposition to the chain algebra C, (M X) of the Moore
loop space, one obtains the equality
- n—+2
HC™(X) =)@,
p=0
Proposition 2 and the last formula imply
is nilpotent; (i) (HC*)? = 0.

PRrOPOSITION 3. (i) J‘P/I\é*(X)
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The following lemma can be proved by direct calculation.

LEMMA 5. There is a short exact sequence
0—imJNHC*/imJ2NHC* % H,(HH*, B') % (ker JNim J) N HC* — 0
where the maps a, b are defined by

a([J(2)]) = [I(z)],  b([y]) = B(y).

Proof. See [14], [15].

Remark. The above lemma is due to R. Krasauskas.

LEMMA 6. HC*(X, K) is quasifree if and only if J|

Proof. Follows directly from Proposition 3.

LEMMA 7. HC*(X, K) is quasifree if and only if
(17) H,(H4(H,6),B.) =0.

Proof. By Lemma 6, HC*(X, K) is quasifree if and only if J|
By Lemma 5, the last equality is equivalent to H*(I?fl *B")=0.

Now, to prove the lemma it is sufficient to notice that

B 7. = Bl .6), HH* = H,(H,0).

To finish the proof of Theorem 3 it is necessary to calculate (17) directly
for (H,d) defined by (12). Obviously, (17) can be rewritten in the form

(18) H+(ﬁ+7ﬁ*> =0,

where H is defined by (3), H* denotes the subalgebra in H generated by
the positive degrees and (3, is induced by 5 (apply Lemma 3). Consider the
quotient algebra

ﬁl :K[Xla'“aXn]®A(w17"'7xn)/(fla'~-7fna/8(f1)7"'?ﬁ(fn))'
Suppose first that G(f) € (B(f1),-..,8(fn)) for some f € K[X;,...,X,]®
N(x1,...,zy,), that is,
B(f) =a1B(f1) + ...+ anB(fn),

with a; being “polynomials” in the variables X, x). Set

f=f—(=1)desleg p —  — (=1)deslan)q 7

Then, by direct computation, one obtains 5(f) € (f1,..., fn). Thus, calcu-
lating cohomology of (12) one can always choose f in such a way that

(19) B(f) € (fr,-- -, fn)-

Now we prove (18). Observe that H; can be represented in the form

(H1, By) = (span(uq, ..., un) @ N (@1, .. 20)/ (v1, ..., 0n), Be),

- =V
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where (3, (u;) = x;, the u; are generators of span(uy,...,u,) satisfying the
relations determined by the ideal (fi,..., f,), and v; = 337, (0f;/0X;) -
Tj|(uy,..u,) (We substitute (ui,...,u,) for X; and take into consideration

their relations). Then (19) can be expressed as

B«(f) =0, fespan(ui,...,uy) @ A(x1,...,2,).

Let us prove by induction the implication

(20) Be(f) =0= f=pB:(9) + o1 + ...+ qnvy
for some g, g; € span(uq,...,u,)@A(x1,...,z,). Use induction on the num-
ber of variables i generating span(uy, ..., u,)® A(z1,...,x,), containing f.

Let i = 1. Then any cocycle with respect to 3. is of the form u¥z;. If
w2y £ 0, then
1
f =0 <Mulf+1x1>.
If ub ™2, = 0, then

XF e (fi,o o fo) = X =aifi+ .+ anfn
= B(XT) = (k+ 1) XFay
= Bla) fi + ...+ Blan) fa
+ (=) ay B(f1)
o (1)o@ g, B(f,,)
= (k+ 1)u’fx1 =aivy +...+apvn
(the @; are the images of a; with appropriate coefficients). Thus in both
cases (20) is valid for ¢ = 1. Suppose that (20) is satisfied for i < n — 1.
Then for arbitrary u € span(uq,...,u,) ® A(x1,...,2,) we consider
w= g1+ goul, + ghrn + gan,  gi = gi(Ur, .. U1, Tn1),

and rewrite the equality 5. (u) = 0 directly. We have to consider the following
possibilities for [ and ¢:

DI>1,1—-1%#¢t 2)I>1,1-1=¢t, 3)l=1,1t>0.

Each case should be considered separately, but calculations do not differ
essentially, therefore we reproduce them in detail only in the first case. Then

6*(91) - 07 ﬂ*(gQ)ui’L = 07 gQu'ln_l = 07 /8*(93)/“:1 = 07 ﬂ*(g4) = 0.

By the induction hypothesis one can eliminate g; and g4. Moreover, goul,"! =

0 eliminates the term gou!,. The equality 3. (g3)ut, = 0 gives two possibilities:
either gsuf*! is zero, or not. In the first case

Be(guy™) = Bu(gayup™ + (=1)*89) (¢ + 1) gyuy,
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which implies
(—1)deg(93) ggut"'l
t+1 no)
In the second case gsX!*! € (f1,...,fn) and applying exactly the same
argument as in the case ¢ = 1, one obtains

gSUfLZUn = ﬁ*(

t I —
93U, Ty = G101 + ... + QpUnp,

which implies (20).
In case 2), by the same technique one obtains the equality

(—1)des(g2)

U:gl'i‘ﬂ*( I

g3u£7,> + 94%n,
from which the assertion follows. Case 3) does not differ from the previous
one.

Now, to finish the proof it is enough to notice that §.(Y;,) = 0 and
that (. preserves all annihilators in (5) because of the evident equality
B(afB(g)) = B(a)B(g). Our argument was inductive and one can observe
that all equalities in the reasoning above remain unchanged under the as-
sumption that they belong to any annihilator (note that gzuf, € Ann(v;)
implies z,08(fi) € (f1,..., fn), from which the contradiction with the reg-
ularity condition can be derived very easily). The proof of the theorem is
complete.

Proof of Theorem 4. Consider (Mx,d) as defined in Theorem 4.
Consider the ideal I = (fy,..., fm). Choose a maximal regular subsequence,
say f1,..., fs-

First we show that because H*(X) is finite-dimensional, s > n. De-
note by V(I) the affine algebraic variety of I and by Rad([) its radical.
If dimV(I) = 0, then Rad(I) is a complete intersection and using [11,
pp. 134-135] it is easy to derive that I = (f1,..., fn, fat1s--., fm), where
fi,.-., fn is a regular sequence, thus s > n. If dimV(I) > 0, then there
exists an infinite sequence of polynomials qi,¢qo,..., which are linearly in-
dependent on V(I) and therefore, mod I. They are cocycles. Suppose that
> a;q; = d(b). Then, clearly, b =" p;y; and thus d(b) € I, contrary to the
above remark. Thus [¢;] are independent cohomology classes and H*(X) is
not finite-dimensional. On the other hand, it is impossible to obtain s > n,
because by the Macaulay theorem [11] the maximal length d(I) of a regular
sequence of any ideal I is equal to its height h(I). But for the polynomial
ring K[X1,...,X,], h(I) < n, and thus s < d(I) = h(I) < n. Thus s =n
and so I = (f1,..., fn, fn+1s---» fm), where fi,..., f, is a regular sequence.
If m = n, then I is a complete intersection [11] and u(I) = u(I/1?) ([11]).
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Regularity implies that HC*(X) is quasifree by Theorem 3. Then the fol-
lowing possibilities remain:

(i) fot+1y---, fm areallin (f1,..., fn),
(ii) at least one of them is not, say fr+1 & (f1,---, fn)-

In case (i) the well known derivation change

i ji=1,....n
d/ ;) = J7 . ? ) 9
() {fj+22:1pkfka j=n+1,...,m,

allows us to replace (Mx,d) by

(Mvad/) = (K[Xlﬂ ce 7Xn] ® /\(ylv cee 73/77,) ® /\(yn+1> v 7ym)7d,)7
d(X;) =d(X;), d(y)=dy) (i=1,...,n),
d/(ynJrl) == d/(ym) =0,

and one easily notices that the “trivial part” (A(Yn+1,---,Ym),d = 0) does
not affect the considerations of Theorem 3, and again p(I) = u(I/I?) and
HC*(X) is quasifree.

In case (ii), fn+1 & (f1,---, fn), but the sequence is not regular. Observe
that the sequence fi,..., fi,... contains a minimal system of generators
of I (see [11, p. 109]). Therefore finally I = (f1,..., fn, fat1y--+» fntk),
wu(I) = n + k. Now, suppose that u(I) > u(I/I?). Then a generator, say
12 12, can be expressed as a combination of the others. Now, use the following

n

inequality, which is valid for any Noetherian ring R (see [11]):

PROPOSITION 4. (i) h(I) < u(I/I%) < u(I) < p(I/1?) + 1.

(ii) If u(I/I%) > dim R, then p(I) = p(I/1?).

This proposition gives u(I/I1?) < n and u(I) < n + 1. Thus, the as-
sumptions of Theorem 4 imply k¥ = 1, I = (f1,..., fn, fn+1) and fﬁH €
(f1,---, fn)- By Theorem 3, HC*(X) is quasifree if and only if Hy (H(H, ¢),
B«) = 0.

Consider now (H,J) obtained as in (12), and take, as in the previous
cases,

(H,0) = (K[X1,.. .. Xpl/(fr, -, fu) @ K[V1,...,Y2]) .
®/\(yn+1) ® K[Yn+1]> )-

Consider the element v = f,,+1y»+1 and its equivalence class in ﬁ,

u= fn+1yn+1-

Since f2.1 € (f1,---,fn), [U] is a cohomology class in H*(H,0) ([a] # 0,
which can be verified directly).



Cohomology of graded differential algebras 201

It can be proved by direct calculation that G.[u] = 0, but [u] # Bi[v].
Indeed,

B(w) = B(frnr1)Yns1 + far1Y = 6(Yns1Y)
and thus f,[u] = 0. On the other hand,

u# §(v) + B(w), where dw =0,

because the left hand side does not contain free variables z; and the right
hand side does contain them if F(w) # 0. If (w) = 0, then u is a coboundary,
contrary to the remark above. Thus H, (H(H,0), ) # 0 and HC*(X) is
not quasifree by Theorem 3. The proof of Theorem 4 is complete.

Proof of Theorem 5. Consider the case
M =SU(6)/SU(3) x SU(3)

and calculate its Cartan algebra (C,d) by the methods described in Sec-
tion 3. In our case

(C,d) = R[TVAXA) @ A(yr, ..., y5), d),
d<yj):}.v]:fj‘t/7 jzla"'75a

where d = 0 on the first factor of the tensor product, and f; and .]?J are
determined by the Chevalley isomorphism:

R[] 4] = Rfy,..., fs], R[4 2 RIXG, X5, Y7, V).
Using the explicit expressions for f;, X;, Y; (see [6]), one obtains
Fi(Z, . Ze) =2 o+ 2T Zi+ .+ Z6=0, j=1,...,6,
Zi= XM XU X X 4 X+ X3 =0, i=1,2,
Y, = X0 X X X+ X5+ X =0, i=1,2
Then, up to scalar multiples which are not important in our considerations,
A=Xi+Yi, fh=Xo+Ys, fo=X{+Y3,
fi=X1Xo 4+ NYs, f5=XP+YP4 X5+ X3,
and finally
(C,d) = (R[X1, X2, Y1,Y2] © A(w1, - - -, y5), d),
d(X;)=d(Y;) =0, i=12,
dy1) = X1+ Y1, d(y2) = Xo+Ys, d(ys) = X7+ Y7,
dys) = X1 Xo + Y1Ya,  d(ys) = X7 + Y7 + X5 + X3,
where the degrees of the variables are
deg(X1) =4, deg(Y1) =4, deg(Xz)=deg(Y2) =6,
deg(y1) =3, ..., deg(ys) = 11.
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Observe that (C,d) is not a minimal algebra. Nevertheless, (C,d) is a free
graded commutative algebra and we can apply Sullivan’s method for con-
structing the minimal model of (C, d). In what follows we apply the calcula-
tions of [13]. Denote by V the linear span of {X;, Xo,Y7,Y2,41,...,y5} and
introduce a new derivation d’ on V by the formula

d:Vr -Vt d =rod,

T Vi g L (V) v
(L*t+(V) is the ideal of decomposable elements in A(V), and 7 is the pro-
jection onto the first summand). Then

d(X;)=d'(Y;)=0 (i=12),

d(y) =X +Y1, d(y2) =Xo+Ye, d(y;)=0 (j>2)
Consider the direct sums
V=imd ®V'eW, imd ®V' =kerd.
Then, obviously,
kerd' = L(X1, X2, Y1,Y2,Y3, Y4, Ys5),
imd = L(X, + Y1, Xz + Ya)
(L denotes linear span). Thus
L(X1, X2, Y1, Y2, Y3, Y1, y5) = L(X1+ Y1, Xo+Y2) + L(Y1, Y2) + L(y3, Y4, Y5),
which implies
V' = L(Y1,Y2) ® L(y3,y4,95), W = L(y1,92),
W' =d(W) = L(d(y1),d(y2)) = L(X1 + Y1, X2 + Ya).
Consider the algebra
C =R[X; + Y1, X+ Yo] @ A1, 92) = AW & W)
and the ideal (CT) in A(V) generated by C* (the elements of positive
degrees). It is easy to calculate that
(ANV'),d) = (A(V)/{CT),d) =~ (R[X1, X2] @ \(y3,94,95), D) = (M, D),
D(X;)=0 (i=1,2), D(ys)=X{, D(ya)=X1X2, D(ys)=X;
(up to scalars). By Sullivan’s theorem [13], (M, D) is a minimal model for
M. Now, clearly, for the ideal I = (X?, X1 X5, X2) we have
w(l) =3, p(I/1%) =2,

and therefore Theorem 4 completes the proof.

In the case M = Sp(20)/SU(6) one applies the same calculation to
obtain the minimal model

(MM?d) = (R[Xl?X2] ® /\(ylay27y37y4ay57y6)y7)vd)7



Cohomology of graded differential algebras 203

d(X;) =0, d(y)=X1X2, d(y2)=X7, d(ys3)=Xj3.

Obviously (X;X5)? € (X2, X3), and therefore again

p(l) > p(1/1%).

This completes the proof of Theorem 5.
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