FUNDAMENTA
MATHEMATICAE
146 (1994)

The space of ANR’s in R"
by

Tadeusz Dobrowolski and Leonard R. Rubin (Norman, OK)

Abstract. The hyperspaces ANR(R") and AR(R™) in oR" (n > 3) consisting respec-
tively of all compact absolute neighborhood retracts and all compact absolute retracts
are studied. It is shown that both have the Borel type of absolute Gg,5-spaces and that,
indeed, they are not F,s,-spaces. The main result is that ANR(R") is an absorber for the
class of all absolute Gg,5-spaces and is therefore homeomorphic to the standard model
space {23 of this class.

1. Introduction. For a metric space Z, by 2% we denote the space of
all nonempty compacta with the topology determined by the Hausdorff dis-
tance. We shall refer to any subspace of 2% as a hyperspace. The topological
classification of such hyperspaces has been an object of study for many years
[vM]. One of the fundamental results in the area is that 22 is homeomorphic
to the Hilbert cube @ = [—1, 1] if and only if Z is a Peano continuum. If
we consider C(Z) C 27, the subspace consisting of all the continua in Z,
then one has C(Z) = @ if and only if Z is a Peano continuum which does
not contain a free arc.

Recently, much attention has been paid to hyperspaces which are not nec-
essarily complete-metrizable (see [C1], [C2], [DvMM], [DR], [GvM],
[CDGvM], and others). The central theme of these papers has been to iso-
late, for a given Z, a certain subspace of 22 determined by some character-
istic topological property and then to topologically identify this hyperspace
as a classical model of infinite-dimensional topology. Some examples are:
the space of arcs or pseudoarcs in R?, the hyperspace of compacta in @ of
a fixed dimension n, the hyperspace of infinite-dimensional compacta in Q).

Continuing in this direction, we will deal in this paper with such hy-
perspaces as ANR(Z) and AR(Z) consisting respectively of the (compact)
absolute neighborhood retracts and absolute retracts in Z. For a space Z
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with nice local structure, the space ANR(Z) is a dense absolute neighbor-
hood retract of 2%, which itself is an absolute neighborhood retract space.
This is the case if Z = R" for n > 1.

In the project of topologically identifying ANR(R™) and AR(R™), espe-
cially if one expects to put forward the techniques of infinite-dimensional
topology, one first encounters a question concerning the Borel structure of
these spaces. We presume that such questions were asked in the thirties by
the so-called Polish school. Later, the problem of finding a reasonable com-
plete metric on ANR(Z) was successfully investigated by Borsuk [Bor| and
Kuratowski [Kurl]. Borsuk [Bor| discovered that for a finite-dimensional
compactum Z, there exists such a metric that is stronger than the Haus-
dorff metric (i.e., convergence in Borsuk’s metric implies convergence in the
Hausdorff metric). Hence, at least for a finite-dimensional compactum Z,
ANR(Z) is the continuous injective image of a complete space, so it is Borel
by an application of Suslin’s result (see [Kur2]).

In this paper, we shall deal with ANR(R"™) and AR(R") for n > 3.
The cases ANR(R?) and AR(R?) are handled in [CDGvM]. It turns out
that ANR(R?) is a difference of two absolute F,s-sets; indeed, the exact
Borel class of ANR(IR?) is the so-called first small Borel class of the second
ambiguous Borel class (see [Kur2] for this terminology). By contrast, AR(IR?)
is an absolute F,s-set which is not a Gs,-set. It is evident that AR(R) is
homeomorphic to {(z,y) € R? | z > y}. On the other hand, one can show
that ANR(R) = Qf, where Q¢ = {(z;) € Q | ; = 0 a.e.}—see the Appendix.

Our first result on the topological identification of ANR(R™), n > 3,
states that both ANR(R™) and AR(R"™) are absolute Gs,s-sets; moreover,
they are not Fis,-sets. Hence they are of the exact third multiplicative Borel
class.

Results related to the topological classification are obtained with use
of the absorbing set method (see Section 3). We use a variation of this
method by [BM] (and then developed and applied by many authors, see, e.g.,
[DvMM]). In [BM] it is shown that, for each of the absolute Borel classes A,
and M, with a > 2, there exist spaces (one calls them models) A, and §2,,
respectively, which are absorbing sets for A, and M. The spaces A, and
2., are of the exact additive and multiplicative class, topologically contain
all elements of A, M, as closed subsets, and are “minimal” with respect
to these two properties. One can find copies of them nicely embedded as
dense subsets of @ (see [BM]).

We usually will identify R™ with the open cube (—1,1)" C [—1,1]" = D,,
and then will treat ANR(R") as a subspace of 2P = Q. Our main result
states that ANR(R"™) with n > 3 is an Mgs-absorber. By the Uniqueness
Theorem on absorbers, ANR(R™) is homeomorphic to £25. We do not settle
the case of AR(R"™) for n > 3. There are some indications that, for large n,
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the space AR(R™) might not even be an absolute retract; see the Introduc-
tion of [CDGVM]).

To complete the picture, let us mention that in [CDGvM] it was shown
that ANR(IR?) is a I'-absorber, where I is the first small Borel class of the
second ambiguous Borel class. Moreover, it was proved that ANR(R?) =
25 x (Q\ £22), a subset of @ x @, which is another I"-absorber. In [CDGvM],
it was also shown that AR(R?) = (2.

The facts that ANR(R™) and AR(R"™) are absolute Gs,s5-sets are ob-
tained in Section 2. They are consequences of our characterization of (com-
pact) absolute neighborhood retracts and absolute retracts among compacta
in the Hilbert cube Q.

That the spaces ANR(R"™) and AR(R"™) for n > 3 are absolute Gs,5-sets
which are not Fj,s,-sets is derived in Section 4. This is obtained by using a
“cylindrical” variation of the approach used in [CDGvM].

The main difficulty of showing that ANR(R™) for n > 3 is an Ms3-
absorbing set is in verification of the so-called strong Mgs-universality (see
Section 3). Here our method differs from the ad hoc arguments developed
before. The details are in Section 6.

In our case, the proof comes down to this. We will be given a map
f:U — V2R where U is an open subset of Q, and V is an open
subset of 2P, Then for an arbitrary Gsqs-subset C' of U we must be able
to closely approximate f by an injective map ¢ : U — V N 28" so that
g H(ANR(R")) = C.

First we employ an approximate factorization « : U — P, 8 : P —
V N2R" of f through a polyhedron P. We deagn a certain map ¢ : U — 2!’
so that (q) € ANR(I3) for g € C and ¢(q) € 2° \ ANR(I?3) for q € U\C
We then obtain a map ﬂ P x 2" = VN 2R" 50 that for a fixed K € 21
ﬁ P =P x{K} — V2% closely approximates 5. Moreover, this ﬂ
is defined in such a way that if ¢ € C, then 8(p,¢(q)) € ANR(R™) and if
q € U\ C, then 3(p,p(q)) € 28" \ ANR(R") for each p € P. Finally, our
map g : U — V N 2R" is given as the composition (a, ) : U — P x 2!’
followed by B : P x 2 -V 2R", This g will closely approximate f, and
by a procedure involving certain coding given by the map ¢ and retained
by 8, we shall simultaneously deduce that g is injective.

For the reader familiar with the techniques in [CN], we mention that our
construction of the map B bears some resemblance to a method used there.
Our definition of the map (8 was in part inspired by their work.

The authors wish to thank Jan van Mill for several stimulating discus-
sions during his visit to Norman in June, 1992, which initiated our research
in this subject. We are especially grateful to Robert Cauty for suggestions
which greatly influenced our preparation of the final draft of this paper.
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2. Borel type of ANR(R"™). In this section we apply the following
characterization of compact absolute neighborhood retracts and compact
absolute retracts in the Hilbert cube @) to determine the Borel types of
ANR(R"™) and AR(R™).

2.1. PROPOSITION. Let X be a compact subset of the Hilbert cube Q). Then
X is an absolute neighborhood retract (resp., an absolute retract) if and only
if for every € > 0 there exists a neighborhood U of X such that

(x)  for every § > 0 there exists a map f : U — B(X,6) (resp., f: Q —
B(X,0)), where

(i) d(z, f(x)) < e forxz € U,
(ii) f is the identity map on some neighborhood of X in U.

Proof. We will assume that @ is a convex subset of a Hilbert space and
d is the metric induced by the norm.

Necessity. There is a neighborhood V' of X and a retraction r: V — X
(resp., 7 : @ — X). Choose a neighborhood U of X, U C V, such that

(1) d(z,r(x)) <e, z€U.
Given § > 0, choose 5 > 0, 5 < 4, so that B(X, ) C U and
(2) d(z,r(z)) <6 whenever x € B(X, ).

Find amap A : Q — I'sothat A(Q\B(X,3)) C {1} and A\(B(X,3/2)) C {0}.
Define f: U — @ (resp., f: Q — Q) by
f(@) = Ma)r(z) + (1 = Az))z.
We claim that f(U) C B(X,6) (resp., f(Q) C B(X,4)). Since f(x) =
r(z) off B(X, ) and since r(z) € X, we only need to check f(x) for x €
B(X, 3). In this case, however, we have

d(r(x), f(x)) = dA(z)r(z) + (1 = AMz))r(z), AM(z)r(z) + (1 = A(z))z)
<d(r(x),xz) <o
(see (2)). Since r(z) € X it follows that f(z) € B(X,J).

To check (i) notice that, according to (1), d(z,r(z)) < ¢ for x € U,
therefore we only need to check f(x) for x € B(X, 3). As previously, we have
d(z, f(x)) = d\z)x+ (1= Xz))z, \N(x)r(z) + (1 = Nx)z) < d(r,r(z)) <e
(see (1)).

The condition (ii) follows from the fact that A\ carries B(X,3/2) to 0,
and hence f is the identity map on B(X,3/2) C U.

Sufficiency. Let X be a compactum in Q. For each e = 1/2™ we select a
neighborhood U, of X so that condition (x) is satisfied. Pick k,, € N so that

B(X,1/ky) C Ups1,
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and k; < ko < ... Apply () to 6, = 1/k, to obtain a map f, : U, —
B(X,1/ky) C Upyq (vesp., fn:Q — B(X,1/ky,) C Upy1) such that

()n d(z, fo(x)) < 1/2" for x € U,

(ii),, fn is the identity map on X.

Let g1 = f1 : Uy — B(X,1/k1) (vesp., g1 = f1 : Q — B(X,1/k1)).
Assume ¢1,...,9n, n > 1, have been defined so that g; : Uy — B(X,1/k;)
(resp., g; : Q@ — B(X,1/k;)) and g; is the identity map on X for 1 <i < n.
We let In+1 = fn+1 ° gn. By (l)na we get

d(gn+1(2), gn(2)) = d(fr41(gn(2)), gu(x)) < 1/27

for all x € Uy (resp., z € Q). Hence, the sequence {g, }5°; converges uni-
formly on U; (resp., on Q). Let g : U; — Q (resp., g : Q — Q) be the limit
of {gn %O:l' .

Since gy, is the identity on X for each n, so is g. Clearly, ¢,(U;) C
fn(Upn) C B(X,1/ky) (resp., gn(Q) C fn(Q) C B(X,1/k,)). We have that
the sequence {k,}52, increases and X is compact, so img C
N>, B(X,1/k,) = X. This shows that g is a retraction of Uy (resp., of
Q) onto X. m

For a space Z we define the following subspaces of the hyperspace 2%:

(1) ANR(Z) = {X € 27 | X is an absolute neighborhood retract},

(2) AR(Z) = {X € 27 | X is an absolute retract},

(3) AR¢(Z) = {X € ANR(Z) | each component of X is an absolute
retract},

(4) ANR.(Z) = {X € ANR(Z) | X is connected}.

The spaces AR(Z) and ANR.(Z) will be treated as subspaces of C'(Z), the
hyperspace of all continua of Z, rather than as subspaces of 2%.

2.2. THEOREM. The spaces ANR(Q), AR(Q), AR¢(Q) and ANR.(Q) are
absolute Gs,5-sets.

Proof. We first establish the cases of ANR(Q) and AR(Q) by showing
that these spaces are Gg,4-subsets of the compactum 2@,

Let U be a countable base for () which is closed under finite unions. It
follows that for every compactum X C @ and every neighborhood G of X
there exists U € U such that X € U C G. Let F(n,U, m) be the subset of 2%
consisting of X such that X C U, and there exists amap f : U — B(X,1/m)
with d(f(x),x) < 1/n for x € U, and f is the identity on a neighborhood of
X in U; here n,m € N and U € U. According to 2.1, we have

ANR@Q) =) U ) Fn.Um).

n=1 UelUd m=1
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Since each F'(n,U, m) is open and U is countable, ANR(Q) is a Gsys-
subset of 29. Changing the domain of f in the definition of F(n, U, m) from
U into Q and applying the absolute retract part of 2.1, we deduce that
AR(Q) is also a Gsgs5-subset of 2%,

Since ANR.(Q) = ANR(Q) N C(Q) and C(Q) is a closed subset of 2%,
ANR(Q) is a Gsys-subset of 29.

Now we will establish the case of AR¢(Q). Let C,, = {X € 29 | X has
< n components}, n > 1. Then C,, is a closed subset of 2?. In what follows,
we show that AR¢(Q) N C,, is a Gses-subset of 29. Consequently, AR¢(Q),
being a countable union | J;—; (AR¢(Q)NC,,) of closed Gs,s5-subsets, is itself
an absolute Gs,4-set (see Proposition 3.8 of [DM]).

Consider the map u : C(Q)™ — 29 given by u(Ay,...,A,) = A, U. ..
...UA,. Write D; = C1, and D,, = C’n\Uzzll C; for n > 2. We have

u” (AR¢(Q) N D) = AR(Q)" MYy,

where Y, = {(41,...,4,) € C(Q)" | A;NAj =0 when i # j}. Since Y, is
open and the product AR(Q)" is a Gsy5-subset of C(Q)", v (AR¢(Q)ND,,)
is also a Gsy5-subset of C(Q)™. Applying a result of [SR], AR¢(Q) N D,, is
an absolute Gs,s-set. Finally, AR¢(Q) N C,,, being a finite union of absolute
Gsos-sets, J;_, AR¢(Q) N D,,, is also an absolute Gs,s-set. m

2.3. COROLLARY. For every separable, complete-metrizable space Z, the
spaces ANR(Z), AR(Z), AR¢(Z) and ANR.(Z) are absolute Gs,5-sets.

Proof. Embed Z in the Hilbert cube ). Then Z is a Gs-subset of Q.
It is then clear that 22 = {X € 29| X C Z} is a Gs-subset of 29. Since
ANR(Z) = ANR(Q) N 2%, AR(Z) = AR(Q) N 2%, AR¢(Z) = AR¢(Q) N 2%
and ANR.(Z) = ANR.(Q) N 2%, the assertion follows from 2.2. =

3. Main result. Let us recall that a closed subset A of an absolute
neighborhood retract M is a Z-set if every map of the n-dimensional cube
I", n > 1, can be approximated by a map whose image misses A. An
arbitrary set A (i.e., not necessarily closed) with the above property is called
a locally homotopy negligible set. A countable union of Z-sets is called a
oZ-set. An embedding whose image is a Z-set is called a Z-embedding.

Here, the Hilbert cube @ will be represented as [—1,1]*, the countable
product of the interval [—1,1].

Let C be a class of spaces which is topological (i.e., every topological
copy of an element of C belongs to C). Let M be a Hilbert cube manifold.
A set X C M is called strongly C-universal if for every C € C with C C @,
every map f : ) — M that restricts to a Z-embedding on some compact
subset K of @) can be arbitrarily closely approximated by a Z-embedding
g : Q — M such that g|K = f|K and ¢g~'(X)\K = C\K. (This notion is
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closely related to so-called strong (K, C)-universality, where K is the class of
all compacta; see [C3].)
A subset X C M is called a C-absorber in M if:

(1) X eC,
(2) X C S for some 0 Z-set S in M,
(3) X is strongly C-universal in M.

The uniqueness theorem [DvMM, Theorem 2.1] states that two C-ab-
sorbers X and Y in respective copies M and M’ of () are homeomorphic,
i.e., there exists a homeomorphism h of M onto M’ so that h(X) =Y. This
result can be extended to Hilbert cube manifolds as well [BGvM].

The pseudoboundary of @, i.e., the set

is an example of an absorber for the class of all o-compact spaces. The space
B in Q*° is an absorber for the Borel class of absolute F,s-sets. Let

P ={(z;) € (@) | V(i € N) (z; € Q°\B>)] & x; =0 a.e.}.

The space P in ((Q°°)°°)> is an absorber for the Borel class of absolute
Gsos-sets (and P is an absorber in (Q°°)* for the Borel class of absolute
Gso-sets). These absorbers (together with all absorbers related to the Borel
hierarchy) were described in [BM] and denoted by B = Ay, B® = (X,
P:A2 andP‘X’:Qg.

For n > 3, we let D,, = [—1,1]" C R™. We will consider the hyperspaces
2P» and C(D,,), copies of the Hilbert cube [vM]. We will identify the hy-
perspaces 28" and C(R") with 2(=5V" and C((—1,1)") in 2P and C(D,,),
respectively.

Here is our main result.

3.1. THEOREM. For every n > 3, ANR(R"™) and AR¢(R"™) are Gsys-
absorbers in 2P and ANR.(R") is a Gsy5-absorber in C(D,,).

Proof. We need to check the conditions (1)—(3) of the above definition
of an absorber with C = Gs,5, the Borel class of absolute Gs,s-sets, in the
respective copy M = 2P or M = C(D,,) of the Hilbert cube Q.

By 2.3, ANR(R"™), AR¢(R"™) and ANR.(R™) are absolute G,s-sets; hence
(1) is satisfied.

Since every element of ANR(R") is either a finite set or is of dimension
> 1, we have

ANR(R") ¢ F(R") Udim=*(R"),
where F(R") is the hyperspace of finite subsets of R™, and dim="(R") is

the hyperspace of compacta in R” with dimension > 1. Both F(R") and
dim='(R") are 0Z-sets in 2P (see [Cul], [DvMM], [DR]). Consequently,
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the spaces ANR(R™) and AR¢(R™) C ANR(R"™) are contained in a oZ-set
in 207

Consider the hyperspace L(R™) consisting of locally connected continua
in R™. We have ANR.(R"™) C L(R™). By a result of [GvM], the space L(R"™)
for n > 3 is contained in a oZ-set in C(D,); hence ANR.(R") also is
contained in a 0Z-set in C(D,,). The verification of (2) is complete.

We will verify condition (3) in Section 6; more exactly, condition (3)
follows from the condition (abs) (formulated in Proposition 3.2) which will
be proved in Section 6. m

3.2. PROPOSITION. Let M be a copy of the Hilbert cube and C be a topo-
logical class which is hereditary with respect to open sets. A set X C M is
strongly C-universal provided the following holds:

(abs)  given open sets U C @ and V C M, an element C € C with C C U
and a map € : V. — (0,1), for every map f: U — V there exists
an injective map g : U — M such that d(g(z), f(z)) < e(f(z)) for
x €U, g(U) is locally homotopy negligible in M and g~ 1(X) = C.

Proof. Suppose we are given an element C' € C, C C @, and a map
f: Q — M which restricts to a Z-embedding on a compact set K C Q). We
may assume that K # (). Since f(K) is a Z-set, we can approximate f by f
such that f(Q\K)N f(K) =0 and f|K = f|K. For given & > 0, set £(m) =
ed(m, f(K)) for m € M. We may assume that ¢ < 1 and d is bounded by 1.
Now apply the condition (abs) with U = M\K, V = M \ f(K), C replaced
by C\K, and ﬂU to find an injective map g : U — M such that

d(g(z), f(x)) <&(f(x)) = ed(f(2), f(K)), zel,
g(U) is locally homotopy negligible in M, and ¢g=*(X) = C\K. Since € < 1,
actually ¢ maps U into V' = M\ f(K). Extending g by f over K we see
that g : Q — M is injective and continuous, and ¢~ (X)\K = C\K. Since
9(Q) = f(K)Ug(U) is the union of a Z-set and a locally homotopy negli-
gible set, it is a Z-set. The assumption that d is bounded by 1 yields that
d(g(z), f(x)) < &; the proof is complete. m

Let Py = (((Q°°)>)*°, P>°)\ {0}, where 0 € P is the point all of whose
coordinates are 0. The symbol (Q, £25) will stand for (((Q>)>)>°, P*>).

3.3. PROPOSITION. (a) A pair (M, X) is homeomorphic to the pair Py if
and only if

(i) M is homeomorphic to Q \ {pt};

(11) X e géaé;
(iii) X is contained in some oZ-set of M,
(iv) X is strongly Gsys-universal in M.
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(b) For every q € (25, the pairs (Q, £23) \ {¢} and Py are homeomorphic.

Proof. It is standard that Py satisfies (i)—(iv). Conversely, suppose that
a pair (M, X) satisfies (i)—(iv). Let M = MU{oo} be the one-point compact-
ification of M. ObVlously7 Misa topological copy of Q Write X = X U{oo}.
We deduce that X is contained in some oZ-set of M and that X € Gsos-
Moreover, usmg (iv), it can easily be checked that X is strongly Gsos-
universal in M. By [CDGvM, Theorem 2.5], there exists a homeomorphism
h:M— ((Q>)>°)> such that h(X) = P>. Further, one can choose h in
such a way that h(oco) = 0 € P*™. As a result, h(X) = P> \ {0}, and the
proof of (a) is complete.

Part (b) follows from the fact that (Q, £23)\ {q} satisfies (i)—(iv) of (a). =

3.4. COROLLARY. For every n > 3, the spaces ANR(R™), AR¢(R") and
ANR(R") are homeomorphic to P>. More precisely, the pairs (2%,
ANR(R™)), (2%, AR¢(R"™)), and (C(R™), ANR.(R"™)) are homeomorphic to
(Q, 23) \ {q} independently of the choice of q € Q.

Proof. We will apply 3.2(a) and (b). By results of [Cu2], the spaces
M = 28" and M = C(R") are homeomorphic to @ \ {pt}. By 2.3, X =
ANR(R"), X = AR¢(R"™), and X = ANR((R") are absolute Gs,5-sets. An
argument, of the proof of 3.1 shows that each X is contained in a oZ-set
in the respective M. The strong Gs,s-universality of X in 2P~ (resp., in
C(D,,)) implies the strong universality of X in the suitable M. =

We close this section with a remark concerning one property of C which
is usually required in the definition of a C-absorber. Namely, the uniqueness
theorem on absorbers was stated and proved in [DvMM] for a class C which
is closed hereditary, i.e., every closed subset of an element of C also belongs
to C. It is obvious that the class Gs,4 is closed hereditary and the version
of the uniqueness theorem from [DvMM] applies to conclude 3.4. Let us,
however, observe that the closed hereditary assumption is superfluous.

3.5. LEMMA. Let C be a topological class. If a subset X of a copy M of
the Hilbert cube is strongly C-universal then X is also C-universal, where

C={Cy|3(C €C)(Cyis a closed subset of C)}.

Proof. Let C € C, Cy be a closed subset of C and suppose Cy C Q.
Choose a homeomorphism h : C' — C’ such that h(Cy) = Cy and C'NQ =
Co. There exists a copy Q" of @ such that QU C’ C Q'.

Given a map f : @ — M which restricts to a Z-embedding on some
compactum K C @, extend f to a map f : Q" — M. Approximate f by
g such that g|K = f|K, g %(X)\K = C'\K, and g is a Z-embedding. Set
g = 7|Q, and notice that g1 (X)\K = Co\K. =
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4. Allowable sequences and universality of ANR(R"). In this sec-
tion we make the first step towards verification of the strong universality of
ANR(R"™) in the version contained in 3.2(abs). We shall show that the space
ANR(R") (resp., AR(R™)) for n > 3 is universal for the class Gs,s, that is,
every B € Gs,5 admits a closed embedding in ANR(R™) (resp., AR(R"™)).
This will be achieved by using the notion of allowable sequence and the op-
eration X — Z(X) which to every allowable sequence X assigns an element
Z(X) € 28" = {v € 2" | 0 € Y}. Placing B in the Hilbert cube Q, we will
describe an embedding of Q in C(I?) C 27° which precisely sends B into
AR(I®) and Q \ B into C(I*) \ ANR(I®). Write Q \ B = |J;—, A,,, where
each A, is an F,s-subset of (). Roughly speaking, to each = € () we assign
an allowable sequence X = {X;}%, with X; € 2/ * so that the local struc-
ture of | J;2, X; is determined by the fact that z € A, or z € Q \ A,,. (Here
we employ in an essential way a construction appearing in a preliminary
version of [CDGvM].) Finally, the use of the operation X — Z(X) makes
it possible to code the fact that whenever = € B then Z(X) € AR(I3), and
whenever z € Q \ B, then Z(X) € C(I3)\ ANR(I?).

In this section we mostly deal with R? and I? C R3. When appealing to
R, R?, I and I? we mean these objects are subsets of R? in the way that
R=Rx{0}x{0}CRZ=RxRx{0}CR3and I =1 x {0} x {0} C I? =
IxIx{0}CIxIxICR3.

Choose a sequence {I;}22; of closed intervals I; = [a;,b;] so that 0 <
bi—i—l <a; < b <1and bi+1 — i1 < b; — a; for i > 1, and lima; = 0. Let
D; = [a;,b;] x [0,a?] C I?. We have

(1) IiﬂIj :@Wheni7éj,

(ii) the sequence {I;}52, converges to {0} in 27,

(iii) for each line L C R? containing the origin, either L C R x {0} or L
intersects D; for at most finitely many 3.

We shall now describe three classes of one-dimensional continua A}, A2,
A? (i € N). Write ¢; for the midpoint of I;. Then A} C 2Pi consists of
those elements of the form {c} x [0,a?] where ¢ € I;. We define A? C 2P
to be those elements ({a,d} x [0,¢]) U ([a,b] x {e}) U ([c,d] x {e}) where
g <a<b<ce<d<band 0 <e< a%. Finally, A? c 2P will be all those
elements ([a,b] x {e}) U ({a,b} x [a,€]) with a; < a <b < b;, 0 < e < al.
We let

A=A uA2uAdc2Pi) i1

Fix a decomposition

(iv) N = U N,
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of N into infinite sets N;, with N; " N; = () when ¢ # j. We retain this
decomposition throughout the paper.

4.1. DEFINITION. An element X of [[;2, A; C [[;2, 2P will be treated
as a sequence {X;}2, and will be called an allowable sequence if X; €
A} whenever i € Ny. We assign to such an X a 2-dimensional continuum
Z(X) e 263 in the following manner. Write D,, = I x {0} x I and D,,, =
I x I x{0}. Let

Zj(X) = Daz U Dy U J{Xi x [0,1/(G+ 1)) [ i € NgU...UN;},

and
Z(X) =] z;(x).
j=0

Geometrically, Z(X) is the union of two planar disks D,. and D, along
with the cylinders over each X; of height 1/(j + 1), i € N;.

The lemma below collects certain properties of Z(X).

4.2. LEMMA. Let X ={X;}2, and Y = {Y;}2, be allowable sequences.
Then

(a) Dy is the only square in Z(X) containing {0} x {0} x I as one of
its edges;

(b) if i € No and a; < x < b;, then Z(X) is locally a 2-manifold at
(2,0,0) if and only if (x,0) & X;;

(c) relative to the rectilinear PL structure on R3, Z(X) is locally poly-
hedral at the points not in {0} x {0} x I and is not locally polyhedral at all
points of {0} x {0} x I,

(d) Z(X) is contractible;

(e) Z(X) is locally contractible at 0 € Z(X);

(f) if for each j >0, X; belongs to A} for at most finitely many i € Nj,
then Z(X) is locally contractible at each p = (0,0,t) with 0 <t < 1;

() if for some j > 0, X; belongs to A3 for infinitely many i € N;, then
Z(X) is not locally simply connected at p = (0,0,t) whenever 1/(j +2) <
t<1/(j +1);

(h) for each line segment [a,b] in R3, [a,b] N Z(X) is an absolute neigh-
borhood retract;

(i) the local topological structure of Z(X) at (0,0,0) is different from that
of Z(Y) at (0,0,1) and from that of (I x [—1,0] x {0}) U Z(Y) at (0,0,0);

(j) ifi € No, a; < x < b;, and (x,0) € X; NY;, then X; =Y.

Proof. The statements (a), (b), (c), (j) are evident. The formula

(r1,22,23) — (21,22,(1 — N)x3), A € I, establishes a strong deformation
retraction of Z(X) onto the disk D,,. The same formula restricted to a
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cubical neighborhood U of 0 witnesses a strong deformation retraction of U
onto a disk contained in U N I%. This concludes (d) and (e).

To get (f), (g), use the fact that for 1/(j+2) <t <1/(j+1), (0,0,t) has
a neighborhood in Z(X) which admits a strong deformation retraction onto
Z(X)N(I? x {t}), the latter being a copy of U (U{X; | i € NoU...UN;,}).
In the case of (f), the latter is topologically a continuum consisting of I,
a finite union of copies of S, each intersecting I in exactly one arc, and
a null sequence of nonintersecting arcs each with precisely one point on I,
and which converges to {0}. In the case of (g), infinitely many of the arcs
become copies of S* each intersecting I in exactly one arc.

Turning to (h), it is sufficient to prove that for each line segment [a, b]
in R3 such that a € Z(X), there exists ¢ between a and b such that either
[a,c] € Z(X) or [a,c] N Z(X) = {a}. If a is not in {0} x {0} x I, then
(c) shows that Z(X) is locally polyhedral at a, and so (h) is certainly true.
Hence assume that a € {0} x {0} x I. If [a, b] lies in the zz-plane then (h)
is true. If not, then the projection [ag, bg] of [a,b] to the xy-plane is a line
segment with ag = 0 and b not in R. Using (iii), find ¢y between ag and by
so that [ag, co| intersects no D;. Let ¢ € [a, b] be the point that projects to
co. Then either [a, c] N Dy, is nontrivial or [a,¢] N Z(X) = {a}.

Lastly, to see why (i) is true, let W be a neighborhood of (0,0,0) in
Z(X). Then there exists a 2-cell D C W with (0,0,0) € 9D and such that
D\ 9D is an open subset of Z(X). On the other hand, if W is a neighborhood
of (0,0,1) in Z(Y'), then there is no such 2-cell D C W. We leave the proof
of the other part to the reader. m

4.3. PROPOSITION. (a) For an allowable sequence X = {X;}2,, Z(X)
is an absolute retract if and only if for each j > 0, X; € A? for at most
finitely many i € Nj; in case Z(X) is not an absolute retract, it is also not
an absolute neighborhood retract.

(b) The assignment X — Z(X) is continuous and injective from [ ;o A;
wmnto 263.

Proof. (a) Suppose that for each j > 0, X; € A? for at most finitely
many ¢ € N;. Then from 4.2(d)—(f), Z(X) is locally contractible at all points.
Since Z(X) is finite-dimensional (actually 2-dimensional) and contractible
(4.2(d)), it is an absolute retract. Conversely, if there is 7 > 0 such that
X; € A3 for infinitely many i € N;, then by 4.2(g), Z(X) is not an absolute
retract. The same argument shows that if Z(X) is not an absolute retract,
then it is not an absolute neighborhood retract.

(b) The injectivity is obvious. Let {X™}%°, be a sequence in [];-; 4;
converging to X° € ]2, A;. Then, for each j > 1 the sequence {Z(X™) N
(I x1Tx[1/4,1])}52, converges to Z(X%) N (I x I x [1/4,1]). Moreover, for
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each € > 0 there exists j € N such that for all n,
(1) D,y C Z(X™)N (I xIx10,1/7]) C B(Dgy,c). m
Let a® : Ny — N be a bijection.

4.4. PROPOSITION. Let A be an F,s,-subset of the Hilbert cube Q. There
exists an embedding © = (0;) : Q — [[;=, A such that

(a) if ¢ € A, then for some j > 0 there are infinitely many i € N; such
that ©;(q) € A3,

(b) if ¢ € Q\ A, then for each j > 0 there are at most finitely many
i € Nj such that O(q) € A3,

(c) for each q € Q and i € Ny, O;(q) = {271 (b; + a;) + 27 q;(bi —a;) } x
[0,a?] € A}, where j = a°(i).

Let us postpone the proof of Proposition 4.4 and formulate our main
result of this section which is a direct consequence of 4.3, 4.4 and 4.2.

4.5. THEOREM. Let A be an F,s,-subset on3 and @ be an embedding as
in Proposition 4.4. The map o = Z0O : Q — 2L is an embedding such that

(a) ©(q) is contractible for q € Q,
(b) if ¢ € A, then ¢(q) is not an absolute neighborhood retract,
(c) if g € Q\ A, then ¢(q) is an absolute retract. m

A standard immediate consequence of 4.5 and 2.3 is

4.6. COROLLARY. For every m > 3, the spaces ANR(R"™), AR(R"),
AR¢(R™) and ANR.(R™) are essential absolute Gs,s-sets.

Proof. Let Y C 2P~ be one of these spaces. From 2.3, Y is a Gs,s-subset
of the Hilbert cube 2. We need to show that Y is essential, i.e., that Y is
not an F,s,-subset.

There exists a Gsys-subset B of ) such that B is not an F,s,-subset.
Let A= @\ B, and apply Theorem 4.5 to obtain a map ¢ : Q — 263 such
that ¢ 1(Yy) = ¢ 1 (p(Q)NYy) = B, where Yy = Y N2L°. If Y were an
F,5,-subset of 2P, then ¢(Q) N Yy would be an F,s,-subset of 2{)3, which
in turn would imply that B is an F,s,-subset, a contradiction. m

The next lemma will help us prove Proposition 4.4. It exists in a prelim-
inary version of [CDGvM]; we include its proof because [CDGvM] is only a
preprint now.

4.7. LEMMA. Suppose A is an F,s-subset of Q. There exists a map ¥ =
(¢i) : @ — 12, A; such that

(a) if ¢ € A, then 1;(q) € A3 for infinitely many 1,

(b) if g € Q\ A, then 1;(q) € A} U A2 for almost all i.
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Proof. Write A =2, Ur~_, A", where each A”, is compact and

(1) Ay C Ay C ... for every n > 1, and
(2) Umzi A 2 U 40, 2
Let ¢; be the midpoint of [a;, b;] and d; = 271a?(b; — a;). Choose a bijection

(2

v : N x (NU{0}) — N such that v(n,m) < vy(n,m + 1) for every (n,m).
Define maps o), : Q — I by

(q) = {dv(n,m) distq(q, A%) ifn,m >1,

n
m
Here d is a metric for () which is bounded by 1. Note that since b;11 —a;11 <
bi — a; and a;41 < a;, we have d; < d; whenever ¢ < j; consequently,
dw(n,m+1) < d'y(n,m)' By (1) (A:L - A%Jrl)a we now have 0 < O‘Z@+1(Q) <
al (q) for all q.

Fix n,m and ¢q. Write v = y(n,m) and o', = o (¢q) and let T =T (q)
be ({cy — a0y + 042%} X [O7a'2y]) U ([ey — ams ey — agypq] X {a?y}) U ([ey +
a1y Gy +ap] X {af}).

We see that T} (q) € Ay(n,m) for ¢ € Q. The map T} has the following
properties:

(3) If ¢ € Q and n > 1, then the sequence {7 (q)}5°_; consists entirely
of elements Ty (q) € A2, ) if and only if aj},(q) > 0 for m > 0 if and only
if g ¢ ngl AL

(4) If ¢ € Q and n > 1, then for exactly one j > 0, T7'(q) € Ai(n’j),
whereas for all other m, T (q) € A;(mm) U Ai(mm); this is true if and only
if there exists M > 1 such that for all m > M, o}, (q) = 0, or, equivalently,

if and only if ¢ € |J,-_, A%,.

Now we put 1;(q) = T (q), where i = y~!(n,m). The requirements (a)
and (b) are readily checked using (3) and (4). m

Proof of 4.4. Fori € Ny, define ©; as in (c). Now write A = (Jy-; Ax
where each Ay is an Fj,s-subset of (). For each k£ > 1, with the help of 4.7,
find (0;) : Q — [[;cn, Ai satisfying 4.7(a), (b).

Our map O is (0;);cUz> v, = (Oi)ien. Items (a) and (b) follow from the
conditions 4.7(a), (b): if ¢ € A then q € Ay, for at least one k;if g € Q \ A
then g € Q\ Ay for all k. m

5. Finite unions of Z(X). This section contains some auxiliary facts
relating to Z(X) which will be used in Section 6.

For a set K C R3, u € R, and positive numbers A, §, we define

Kxnus) = {0021, \xg + u, 6x3) | (21,22, 23) € K}.
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For an allowable sequence X we define
U(X) = {Z(X)(Al,ul,fs) U...uU Z(X)()\k,uk,é) ’ up < ...<ug, k€ N}

Our objective here is to lay out the important properties of the 2-dimensional
compacta which are elements of U(X).

5.1. LEMMA. Let X = {X;}2, and Y = {Y;}52, be allowable sequences,
FelU(X) and GeU(Y). Then

(a) if C is a component of F, then C is contractible, everywhere locally
2-dimensional, not a square, and C' € U(X);

(b) F is an absolute neighborhood retract if and only if Z(X) is;

(c) if F and G are connected and there exists an affine isometry h : R —
R3 carrying F onto G, then X; =Y; for each i € Ny C N.

Proof. Since the formula of the proof of 4.2 yields a strong deformation
retraction of C' onto a 2-cell in R?, C is contractible. The other statements
of part (a) easily follow from the definition of U(X).

Let F' = UZ:l Z()\}wuk’(g) and G = Ule Z(m,vug)? where u; < ... < u,
and v1 < ... < vg, I;¥ = {0} x {ug} x [0,6], and I} = {0} x {v;} x
[0, o]. We see that, relative to the triangle PL structure of R3, F' (resp., G)
is not locally polyhedral precisely at the points of Sp = (Jj_; [ X (resp.,
Se¢ = U, I}). Let m; : R® — R3 be the affine isomorphism given by
Tk (21,22, 23) = (021, \gxa + ug,dzg). For each 1 < k < r, there exists
er € {0,1} such that 7 carries some neighborhood of {0} x {0} x [0,1] in
Z(X) U ([0,1] x [—&x, 0] x {0}) onto a neighborhood of I;X in F; we always
have £; = 0 and if F' is connected, then ¢, = 1 for each k > 1.

Now we are in a position to show (b). Assume that Z(X) is an absolute
neighborhood retract. It follows that Z(X) and Z(X)U([0, 1] x [—¢ek, 0] x{0})
are locally contractible. Consequently, F' is locally contractible at the points
of Sg. Since, in addition, at every point p € F'\ S, F'is locally polyhedral, F’
is locally contractible everywhere; hence F' is an absolute neighborhood re-
tract. Conversely, suppose F' is not an absolute neighborhood retract. Then,
according to 4.2(e)—(g), Z(X) is not locally simply connected at (0,uq,t)
for 0 < ¢ < 9; the proof of (b) is complete.

Now suppose that F, G, and h : R® — R3 are as in (c). We have
h(Sr) = Sc. This easily shows that § = p and r = s. Moreover, there exists
1 < Iy < r such that h(I{X) = I};. Suppose lg > 1. The local topological
structure of F at (0,u1,0) € I;X is that of Z(X) at (0,0,0), while the local
topological structure of G at (0, v;,,0) € Ifg and at (0,v;,,0) € 120/ is that of
Z(Y)U([0,1]x[—1,0]x{0}) at (0,0, 0) and (0,0, 1) (use the fact that G is con-
nected). Since the local topological structure of Z(Y)U([0,1] x[—1,0]x{0})
at (0,0, 1) coincides with that of Z(Y) at (0,0,1), an application of 4.2(i)
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leads to a contradiction. Consequently, we have h(I{X) = I} ; the above
argument also shows that h(0,uq,0) = (0,vy,0).

Applying 4.2(a) we see that [0, §] x {u1} %[0, d] (resp., [0, §] x {v1} x 0, I])
is the only square in F (resp., in G) with I{* (resp., I ) as one of its edges.
We conclude that h([0,d] x {ui} x [0,0]) = [0,0] x {v1} x [0,]; and since
h(0,u1,0) = (0,v1,0), we have h(x,uy,0) = (z,v1,0) for 0 < z < . Now, if
i € Ny and a; < x < b; then, applying 4.2(b), we see that F' is not locally
a 2-manifold at (0z,uq,0) if and only if G is not locally a 2-manifold at
(6x,v1,0) if and only if (z,0) € X; NY;. From 4.2(j), we get X; =Y;. =

5.2. COROLLARY. Let X be an allowable sequence, F; € U(X) and h; :
R3 — R" be affine isometric embeddings with n > 3, 1 < i < k, and
hi(EF;) N hj(F;) =0 when i # j. Suppose that G is a finite one-dimensional
polyhedron in R™. Then M = hi(F1) U...U hi(Fy) U G is an absolute
neighborhood retract if and only if Z(X) is.

Proof. Suppose Z(X) is an absolute neighborhood retract. By 5.1(b),
each h;(F;) is an absolute neighborhood retract, hence so is Ule hi(F3).
By an application of 4.2(h), G N Ule hi(F;) is an absolute neighborhood
retract. A standard fact yields that so is M.

Suppose Z(X) is not an absolute neighborhood retract. Then from 5.1(b),
neither is hy(Fy). From 4.2(h) it follows that there is an open neighborhood
of hy(Fy) in M which retracts onto hy(F}). If M were an absolute neighbor-
hood retract, this would imply that so is hy(F}). =

6. Verification of strong universality. This section is entirely devoted
to verification of the condition (abs) of 3.2 for the spaces ANR(R™), AR¢(R™)
and ANR.(R"™) with n > 3. This will complete the proof of 3.1.

Let us recall that we identify R™ with (—1,1)" C [-1,1]" = D,,. We are
supposed to prove the following fact.

6.1. THEOREM. Let U C @Q and V C 2P with n > 3, be open sets,
and let C' be a Gsp5-subset of U. Given maps f : U — V (resp., f: U —
VNC(Dy,)) and e : V — (0,1), there exists an injective map g : U — 2P»
(resp., g : U — C(Dy,)) such that H(f(q),9(q)) < e(f(q)) for q € U,
g H(ANR(R")) = C and g~ (AR¢(R™)) = C (resp., g 1 (ANR.(R")) = C),
and g(U) is locally homotopy negligible in 2P~ (resp., in C(D,,)).

Here by H we mean the Hausdorff metric generated by a fixed metric
on D,.

A standard way of proving a statement like 6.1 is to “replace” U by
a polyhedron P and then verify the assertion for f defined on P. We will
slightly modify this strategy.
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Let P be a locally finite countable polyhedron and let @ : U — P
and §: P — V (resp., § : P — VN C(D,)) be maps so that §o « is
as close to f as we wish (see, e.g., [MS, p. 316]). Since 2P~ \ 28" (resp.,
C(D,) \ C(R™)) is a Z-set in 2P (resp., in C(D,)) we can additionally
require that 3: P — V N 28" (resp., 3: P — V N C(R™)) (see [Tor]).

Here is our major technical step.

6.2. PROPOSITION. Given a map 6 : V — (0,1), there exists a map
B:P x 263 — 2R such that

() H(B(z), Bz, K)) < 8(3()) for (2, K) € P x 2L,

(b) Bz, 10}) € F(R™) for z € P,

(c) if K € 263 is a continuum and x € P, then B(.CL‘, K) has only finitely
many components each of which intersects B(z, {0}).

Moreover, for x € P and an allowable sequence X, set A = B(x, Z(X)).
Then

(d) every nontrivial component of A is either a square or an affine iso-
metric copy of an element of U(X),

(e) there exists a component of A which is an affine isometric copy of an
element of U(X).

Here H is the Hausdorff metric on 28" induced by the Euclidean metric
d on R™. Assuming 6.2, the proof of 6.1 goes as follows.

Proof of 6.1. Since 2P~ \ 28" (resp., C(D,) \ C(R™)) is a Z-set, we
can assume that f: U — V N 28" (resp., f: U — V N C(R")).

There exists £ : VN 28" — (0,1) so that whenever h: U — V N 28" and
H(f(z),h(z)) < &(f(z)) for z € U, then H(f(x), h(x)) < e(f(x)) for z € U.
In view of this, it is enough to restrict our attention to maps into 28" and
the metric H.

Let ¢ = Z 0 © be the map of 4.5. Define

9(q) = Blala),(q)), aq€U.

Using 6.2(a), one sees that H(f(q),g(q)) < &(f(q)) for ¢ € U provided ¢ is
sufficiently small and [ o « is suitably close to f.

To show that g is injective, fix p,q € U with p # ¢q. Write X = O(p),
Y = 0(q), A= B(a(p), Z(X)), and B = B(alq), Z(Y)). By Proposition 4.4,
© is an embedding, so X # Y. To show that g(p) = A and ¢g(q) = B
are different sets, it is enough to argue that they have different sets of
components. Using 6.2(e), select A’, a component of A which is an affine
isometric copy of an element F' of U (X). Let B’ be any component of B and
suppose that B’ = A’; we may assume that B’ is nontrivial. Using 5.1(a), we
see that B’ is not a square. By 6.2(d), we find that B’ is an affine isomorphic
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copy of an element G of U(Y"). Using 5.1(c), one concludes that X; =Y; for
all i € Ny. But X; = 0;(p) and Y; = 0;(q), so (c) of 4.4 shows that p; = ¢,
for all j € N, i.e., p =gq.

Applying the fact that ¢ "'(ANR(R")) = C (use 4.5 with A = Q \ C)
together with 6.2(d), and a special case of 5.2 (when G = 0)), we infer
that ¢g7!(ANR(R™)) = C. Moreover, if ¢ € C then, by 6.2(d) and 5.1(a),
every component of g(q) is contractible; hence g(q) € AR¢(R™). This shows
g_l(ARf(Rn)) =C.

Finally, note that g(q) is locally two-dimensional at every point ¢ € U
(see 5.1(a)). Since the hyperspace of at most two-dimensional compacta in
2R" is homotopy negligible in 2P~ for n > 3, g(U) is locally homotopy
negligible in 2P,

The case of ANR((R"™) needs certain adjustments. First, in this case, we
have f : U — VNCR") and §: P — V N C(R™). For every x € P and

v, € o) = B, {0}), we let
Av,w(2) = [v,w] N (Ba(v, 6(8(2))) U Ba(w, d(B()))),

where [v,w] is the segment joining v and w. We let '(z) = J{Av v (2) |

v,w € Bo(x)} (cf. proof of 5.4 of [DR]). Since H(Bo(z), B(x)) < 6(B(x)) (see

6.2(a)) and B(x) is a continuum, so is 3'(x). We see that ' maps P into
C(R™), and for x € P we have By(z) C §'(z) and H(5'(z), B(x)) < 26(8(x)).

Let ¢'(q) = #'(a(q)) Ug(q) = '(alq)) U Balq), ¢(q)) for g € U. Since »(q)
is a continuum (see 4.5(a)), an application of 6.2(c) yields that so is ¢'(q);

hence ¢’ : U — C(R™).

In showing that ¢’ is injective it is sufficient to note that the set of points
of ¢’(q) at which ¢’(q) is locally two-dimensional is the same as that for g(q).

The fact that (¢') ! (ANR(R™)) = C and the local homotopy negligi-
bility of g(U) follow as previously (in this case, however, we apply the full
strength of 5.2).

We have

H(3(a).9'(0)) <26(B((q))), q€U.
Hence, if § is sufficiently small and if co3 is close to f, then ¢’ is an injective

map as desired in 6.1. =

The rest of this section is devoted to proving Proposition 6.2. We start
with the following auxiliary lemma.

6.3. LEMMA. There exists a map D : I x 263 — 21 such that

(a) &(t,{0}) = {(0,,0)} C B(t,K) for (t,K) e I x 2’
(b) &(t,K) ={(0,t,0)} fort e [0,1/16] U[15/16,1] and arbitrary K,
(c) if K is a continuum, then so is ®(t,K) for allt € I,
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(d) for every K', K" € 2{)3, we have &(t, K') N ®(s, K") = () provided
t#sandsel\(1/8,7/8).

Moreover, for an allowable sequence X and a finite subset F' of I, set

A=H2(t,Z(X))|te F}. Then

(e) every nontrivial component of A either belongs to U(X) or is a trans-
lation of a certain ¢D,., 0 < ¢ < 1, in the y-direction; if F N (1/8,7/8) # 0
then there exists a component of A that belongs to U(X).

Proof. Fix a map ¢ : I — [0,1/16] such that ¢([1/4,3/4]) = {1/16},
o 1({0}) = I\(1/8,7/8), and t+p(t) < 7/8 whenever ¢ € [3/4,7/8). Fix also
%H;iap ¥ I — I sothat ¢([1/8,7/8]) = {1} and (I \ (1/16,15/16)) = {0}.

O(t, K) = {(¥(t)z1,t + o(t) 2, Y(t)x3) | (1, 22,73) € K}

for (t,K) € I x 2(1)3. (Note that, according to the notation of Sec. 5, if
t € (1/8,7/8) then &(t, K) = K(,(t),t,(t))-) The properties (a)—(d) and the
first part of (e) easily follow from the definition of @. For the second part of
(e), use the fact that K, ) € U(X) provided ¢(t) > 0 and ¥ (t) > 0,
and the last part of 5.1(a). m

Our next lemma contains the construction of “carriers”—straight line
segments in R™"—that will be used to describe 3 restricted to the 1-skeleton
of P. Let us make some basic assumptions on the polyhedron P that will
be kept throughout the text (one sees that generality will not be lost):

(i) P is infinite,

(ii) the set of vertices P(®) = {v; | i € N} of P is enumerated in the way
that v; # v; when i # 7, and each v; € P is adjacent to some v; € P(®),

(iii) P is subdivided so finely that diamg (8(st(7))) < 55 min{é(8(z)) |
x € 7} for every simplex 7 of P,

(iv) whenever we write (v;,v;) for a 1-simplex (i.e., (v;,v;) € PM), we
mean that i < j, and we call (¢,7) admissible.

The last condition fixes an orientation of (v;,v;) and we assign the pa-
rameterization ¢t — tv; + (1 —t)v;, t € I, to (v;,v;5).

6.4. LEMMA. One can assign to every v € PO q set o(v) € F(R"),
and to every (v;,v;) € PY) a finite collection of straight line segments (=
segments) S(; ;) in R" so that

(a) the collection {¢(v) | v € PO} is pairwise disjoint,

(b) every segment S € S(; jy has one endpoint in p(v;) and the other in
©(vy); every z € p(v;) Up(v;) is an endpoint of at least one S € S(; jy,

(c) for every S" € S jy and S" € S(im), S’ and S" intersect in at most
one common endpoint when (i,7) # (k,m),
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(d) there exists X; jy € S, ;) such that when (i,7) # (k,m) then X; ;)N
Xtiem) =0,

(e) for every simplex T of P, every x € T, every (v;,v;) € (st(7))™M)
and every S € S(; ;), we have diamg(S) < $6(B(x)) and H(p(v;), B(v;)) <
160(8(2)).

Proof. For each v € P let §(v) = L min{6(8(z)) | = € ;2(V)}.
Suppose inductively that for 1 < i < r, o(v;) = ¢; € F(R™) have been
chosen so that:

(1) the cardinality of ¢; is greater than the number of vertices of P that
are adjacent to v;,

(2) H(B(vi), i) < 0(vi),

(3) wiNg; =0 whenever 1 <i < j <r.

Suppose also that for all admissible pairs (¢,7) with 1 < i < 7 < r, a set
S(i,j) has been assigned to satisfy (b)-(d) and

(4) diamg(S) < SH(B(vi), B(v;)) +(vi) +6(vs), S € Sy

Choose ¢(vy+1) = @r41 € F(R™) so that (1)—(3) hold for r + 1. We
will adjust this choice if necessary. Suppose that for all admissible (k,r +
1), Stk,r+1) has been defined to satisfy (b)-(d) and (4) for all k£ with 1 <
k <i—1. Let (i,r + 1) be admissible and = € ¢; be arbitrary. From (2)
there exists x; € (B(v;) so that d(z,z1) < 0(v;). Pick zo € B(vy41) with
d(z1,22) < SH(B(vi),B(vrs1)). Applying (2) again, find y € @41 with
d(z2,y) < 0(vr41). It is now clear that the segment S joining x and y
satisfies (4) with j = r + 1. Reverse this procedure starting from arbitrary
y € ¢; and ending with some = € ¢; so that the collection S; 11y will
satisfy (b) and (4).

To get (c), just slightly revise the choice in ¢, if necessary. To obtain
(d), use (1) to find = € ¢; so that x lies in no previously defined X(; ;) and
look at a segment S joining x € ¢; with some y € @, 1. In case y is already
an endpoint of some X ;1) with & < i, add y* to ¢, 41 near y to serve
as the endpoint for S = X, .1 1). Find y* so that the previously indicated
procedures with new data ensure that (a)—(c) and (4) are still true. The
inductive construction is complete.

The second inequality of (e) is a direct consequence of (2) and the defi-
nition of §(v) for v = v;. Using (4), (iii) and the definition of ¢, we have

diamg(S) < §H(B(vi), B(v;)) + 6(v) + 6(v;)
< 5 520(8(2)) + 150(8(2)) + 156(B(x)) < 56(B(x))
for every S € S(; ;) with (v;,v;) € (&2(7))(1) and z € 7. This shows the rest

of (e). m
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For each (i, ) and S € S; j), let us orient S by the following parameter-
ization. Let € ¢(v;) and y € p(v;) be the endpoints of S; we set

(v) ks(t) =ty + (1 —t)z for t € I.

The next lemma uses the “carriers” X' = Y, ;), and x5 to continuously
assign to each (¢, K) € I x 263 a compressed copy Kx(t,K) of K which
“emanates” from p = kx(t) € X. Moreover, kx(t, K) will be an affine
injective copy of K when t € (1/8,7/8), a planar compactum when ¢t €
(1/16,1/8) U [7/8,15/16), and {p} when t € [0,1/16] U [15/16, 1].

Let us introduce a notation. For [ € N, we let

(vi) Sig; = {Z(hm) | (ks 0m) € (587 (0r)) D}

6.5. LEMMA. To every X' = Y ;y, one can assign a map Ky : I x 263 —
28" such that

(a) 7x(t,{0}) = {kx(t)} C Rx(t,K) for (t,K) € I x 28",

(b) kKx(t,K) ={kx(t)} fort € [0,1/16]U[15/16,1] and arbitrary K,

(c) if K is a continuum, then so is Kx(t,K) for allt € I,

(d) for any simplex T of P, x € T and (vg,vy,) € (st(7))V), we have

. ~ 3

diamg ks, ., (t, K) < 16(B(x)) for (t, K) € I x 2.

Moreover, for an allowable sequence X, 1 € N, and a finite set F C
Sig; xI, set A= {kx(t,Z(X)) | (X,t) € F'}. Then

(e) A satisfies 6.2(d), and

(f) if (X,t) € F for some ¥ € Sig; and 1/8 < t < 7/8, then A satis-
fies 6.2(e).

Proof. Using 6.4(d), for each I € N we choose ¢; with 0 < §; < 1 so that

(1) B(X',26)NB(X",26) =0, X' X" e€Sig, X #3".
We may assume that
(2) § < & min{6(8(x)) | = € 5 (u)}.

Fix X = Y, ;) and let
zy =ky(0) € p(vi) and yx =rx(l) € (v;)
be the endpoints of X. Write ts = d(rx, yx). Define a map cx : R® — R3 by
(3) cs(x) = (61, tsxs, 8xs), = (x1,20,73) € RS

We see that for any allowable sequence X and A € U(X), ¢x(A) also lies in
U(X). Fix an affine isometric injection 75 : R* — R" sending 0 € R? onto
ry and (0,tx,0) € R? onto yx. We let axy = 75 ocx : R® — R™ and

(4) Fo(t,K) = ax(®(t, K)), (tK)elx?2l,
where @ is that of 6.3.
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The conditions (a)—(c) are consequences of 6.3(a)—(c). To get (d), let 7
be a simplex of P, x € 7 and (v, vy,) € (58(7))(), and write X = ;. ,,). By
(3), 02(13) lies in [O,(;k] X [O,tg] X [O,(Sk], SO diamd 02(13) < \/25% + tZZ. By
(2), 6 < 150(8(x)) and by 6.4(e), tx < +6(B(z)). Hence diamgcx(1?) <
16(B(2)). Since 75 preserves distance and Kx(t,K) = txes(P(t, K)) C
Txes(I3), we get (d).

The map 7y is defined in such a manner that the segment {(0,¢,0) | 0 <
t < tx} C R? is transformed affinely onto X by 7x. Hence any point in
[0, ;] x [0,tx] x [0, ;] is mapped by 75 into the 2§;-neighborhood of . We
conclude that

(5) kEx(t,K)C B(X,20) forany X € Sig; and any (¢, K) € I x 263.
By (1) and (5), we get
(6) if Xy e Sig, and X' £ X" then ks (t/,K,) N %Ell(t”,K,/) =0

for any choices of (¢', K') and (¢, K") in I x 263.

Let A be as in the statement of the lemma and let us examine the
structure of A. For each X € Sig;, let A* be the subset of A consisting
of  {kx(t,Z(X)) | 3t € I)((X,t) € F)}. As a result of (6), one sees
that A~ N A" = § whenever £’ # X" and that {A¥ | ¥ e Sig,} is
a partition of A into closed sets (note that possibly A* = () for a given
X € Sig;). Moreover, for each X with A% # (), there exists a finite set
0<t; <...<t, <1 such that

(7) ax'(A%) = J{o(ty, 2(X)) 1< g <7},

From this discussion, one concludes that if A’ is a component of A, then
there exists X € Sig, such that A’ is a component of A*. Hence there exists a
component A* of T = | J{®@(t;, Z(X)) | 1 < ¢ < r} such that A" = ax(A¥).
By the first part of 6.3(e), A* € U(X) or A* is a square, which yields
(e) of this lemma. If 1/8 < t, < 7/8 for some ¢, then the second part of
6.3(e) shows that there is a component A* of T with A* € U(X). Then
the component A’ = ax(A*) satisfies (e) of 6.2, and this proves (f) of the
current lemma. m

We are now ready to prove Proposition 6.2. An essential step in our proof
will be the following fact, which is a consequence of [CN, Lemma 3.3].

6.6. LEMMA. There exists a map h: P — F(PY)) such that

(vii)  h(z) € F(rW) for every simplex T of P and x € T; h(z) = {x}
whenever x € P1), m

This lemma suggests a way of defining B : P x 263 — 28" Assume for

a moment that a certain map y : P(M) x 2{)3 — 2R" has been defined. Then

we would obtain an extension 3 : P X 2{)3 — ok’ by using Lemma 6.6 as
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follows. For (z,K) € P x 21°, consider the finite subset h(z) C P(1). For
each p € h(z), we have (p, K) € P x 2{)3, and thus (p, K) € 28", We
shall define 8(z, K) = U{X(p, K) | p € h(z)}.

In order to produce E as required by 6.2, it will be necessary to make a
suitable choice of the map X indicated above. Let us first indicate how we
could construct a certain map & : P x 263 — 28" which would extend, by
the method indicated above using Lemma 6.6, to a map §* : P X 263 — oR",
This map §* will satisfy (a)—(d) of 6.2 but not (e). We shall then show how
to adjust K to produce X in such a manner that the map B induced by Y
will still satisfy (a)-(d) of 6.2, but now also (e).

To obtain K, consider an admissible (4, j), and for (¢, K) € I x 263 let
(viii) Keig)(t, K) =Ky, K)U{ks(t) | S € Suj \ { a5t}
The maps K(; ;) induce a map « : P x 263 — 28" via the formula

K(p, K) =FkKau )t K), p=tv;+ (11t p€E (vi,v5).

Using 6.5(b), one can check that, indeed, & is well defined.

Let us indicate why §* will not satisfy (e) of 6.2, and hence why we shall
need to introduce adjusted versions xs of the maps ks in order to produce
the needed ¥ and in turn its extension [.

Suppose p is a vertex of P, say p = v; € (v;,v;). For any K € 263,
E(p, K) = K50, K) = Ex, (0, K) UU{rs(0) | S € Sy \ {Zi5n}t} By
6.5(b), k5, ,, (0, K) is a singleton and of course {rs(0) | S € S(; ;) \{ X, }}
is a finite set. Hence 5*(p, K) = K(p, K) is a finite set which cannot satisfy
6.2(e) because dim Z(X) = 2 for every allowable sequence X.

Proof of Proposition 6.2. First, for every admissible (i,7) and
every S € S(; ;) we prescribe a parameterization ys : [ — R" so that
imygs C SU U{E(k,m) | E(k,m) NS # @} For Y = Z(i,j)a we let

(1) xx(s) =skx(3/4)+ (1 —s)kx(1/4), sel.

Observe that im xx C kx([1/4,3/4]) C X, and further that yx preserves
orientation. A description of x5 for S € S(; ;) \ {X( )} requires some aux-
iliary preparation.

Let x = kg(0) € ¢(v;) and y = kg(1) € ¢(v;) be the endpoints of S. We
fix t, € {0,1/4} and t, € {3/4,1} so that t, = 1/4 if « is an endpoint of
some segment Y, ,,) and ¢, = 0 otherwise; and ¢, = 3/4 if y is an endpoint
of some Y ,,) and t, = 1 otherwise. Next we select T and 7 as follows.
We take T = z if t, =0 and g =y if t, = 1. If ¥’ = X3, ,,) has = as an
endpoint, we let T = kx/(3/4) whenever i = m, and T = kx(1/4) whenever
i = k. Similarly, if X" = X, ,) has y as an endpoint, we let 7 = xx(1/4)
whenever j = ¢, and § = kyx~(3/4) whenever j = r. Finally, xs will be
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the unique piecewise affine map that transforms affinely, in an orientation
preserving fashion, [0,t,), [t;,t,], and (¢,,1] onto [Z,z), [z,y], and (y,7],
respectively. Hence, we have

[E,CC) cY = E(k,m) if T = [O,tz),
(2) xs(T) = [xvy] =5 T = [tmvtyL

(y,@] c X' = E(q,r) T = (ty, 1].
Note that
(3) Xs = kg if and only if ¢, =0 and ¢, = 1.

Moreover, for the unique orientation preserving affine map ¢y : I—[1/4, 3 /4]
we have

(4) xx(s) =kx(ts(s)), sel.

For S € S(;, 5y \ {¥(,5)} there are unique affine mappings txv, of [0,t,) into
I, ts of [ty,t,] onto I, and tx of (t,,1] into I so that

/izl(tz/(s)) if s e [O,tm),
(5) xs(s) = ks(ts(s)) if s € [t ty],
/{,Eu(tzw<3>) lfS S (ty,l]
We see that tg preserves orientation; also tx» and ty~ preserve orientation

provided ¢ =m and j = g; otherwise tx/ and ¢y~ reverse orientation.
Given (s, K) € I x 25" and S € S; ;) we define
ig(S, K) = fl%g(m.) (tg(w,) (8), K) if S = E(i,j)?
and if S € S(i,j) \ {E(i,j)}a
Eg/(tgf(s),K) if s € [O,tm),
(6) Xs(s, K) = ¢ {rs(ts(s))} if s € [ta, 1],
%EII(tZ//(S)’K) if s € (ty,l]
By an application of 6.5(a), (5) and (6), one has

(7) Xs(s,{0}) = {xs(s)} C xs(s,K) for (s,K) eI x 2(1)3.
Applying 6.5(c) and (6) we infer that

(8) Xs(s,K) is a continuum if (s, K) € I x 2{)3 and K is a continuum.

We see that s is continuous for each S € S; ;) as follows. First, if
S = X ;) then the fact (Lemma 6.5) that kg is continuous and the for-
mulation of X show the needed continuity. If S # X; ;), then continuity
hinges on whether the three formulas describing y¢ agree in the limit inde-
pendently of K at the places t, and t,. For example, by an application of
6.5(b), lim__,- Xs(s, K) = lim__ ;- Ks/(ts/(s), K) = {z} independently of
K, whereas Xs(ts, K) = ks(ts(tz)) = ks(0) = {z}. One can make a similar
argument at t,.
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Define
9) X(ig) (8, K) = U{QS(SJQ | S € St
These maps X, j) : [ X 253 — 28" induce a map ¥ : PV x 263 — 2R by
(10) X, K) = X(i,j)(5,K)  where p = sv; + (1 — s)v; € (vs,v;).

We must show that Y is well defined, and this requires checking only
at the vertices of P(). Suppose v; is a vertex, say of (vi,v;), and of an-
other simplex, say (vg,v;). Then for a given K, we have to show that
j(v(zj)(o K) - S(v(k z)(l K) Now, 55(1])(0 K) U{%S(O K) ’ S e S(l])}
When S = Z(”), Xs(0,K) = kg, ;,(1/4, K), since tx, ,(0) = 1/4. Hence
X(i.j)(0, K) = ks, ,,(1/4, K)U U{XS(U K)|S €S, \ {2(1,])}}

There is an Sy € S(; ;) \ {25} such that Y ;) has an endpoint in com-
mon with S; (see 6.4(b)). For any such S1, Xs, (0, K) =Ky, ;(3/4,K). We
therefore have X(; j)(0, K) = ks, , (1/4, K)Ukx,, ,(3/4, K)UU{XS(O K) |
S € S, ) and SN (X, ;U E(k,z)) = (}. A similar argument shows that
%(k,i)(L K) = EZ‘(k,i) (3/4a K) UEE(L_,-) (1/4a K) U U{%S(la K) | Se S(k,z) and
S0 (Za5 U Zwa) =

Using 6.4(b) again, we note that if So € S, ;) and So N (X ) U X 4q)) =
0, then there is at least one Sy € S(; ;) with S1 N (X ;) U X)) = 0
and S; having an endpoint in common with Sy. The construction yields
Xso (1, K) = Xs, (0, K). The reverse is also true: for such S; there is Sy with
the same equality. Therefore, finally, we have X(; j)(0,K) = X, (1, K).
The other case, that is, the second simplex is (v;,vg), yields the same
equality.

The continuity of X follows because P(1) is locally finite and each X (i,5)
is continuous. We define the required 3 : P x 2" — 28" by

(11) =X, K) | p € h(2)},

where h is the map of Lemma 6.6. The continuity of h and of ) yield that
of (.

Throughout the process of verification of (a)—(e) we will maintain the
following notation: x € 7, 7 is a simplex of P (dim7 > 1), p € h(z) N (v;, v;)
where (v;,v;) € 7() (h is from Lemma 6.6) and p = sv;+(1—s)v;, 0 < s < 1.
We start with verification of (a).

Note that K¢ ;) (s,{0}) = {ks(s) | S € Su, )}t and X )(s,{0}) =
UtRs(s{0}) | 5 € S} = {xs(s) | 5 € S} Hence Hig (s, {0}).
X(i,j)(5,10})) < max{d(ks(s),xs(s)) | S € S(”)} We see that kg(s ) €S
while xg(s) lies in, say, S" where S’ NS # 0, §" € Sy ) and (v, vm) N
(vi,v;) # 0. Using 6.4(e), we get diamg(S) < %5@(3:)) and diamg(S’) <
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16(B(x)). Hence d(rs(s), xs(s)) < 26(B(z)) and we conclude that

(12) H (i g)(5,{0}), X (i (5, {0})) < 28(8()).
We now want to show that
(13> H(%S(sv{o})v%S(va)) < ié(ﬂ(m)% S e S(i,j)-

Since xs(s,{0}) C xs(s, K), it is sufficient to prove that diamg xs(s, K) <
16(B(z)). Referring to (6), one sees that Ys(s,K) is either a singleton
{ks(ts(s)}, in which case its diameter is 0, or is of the form Kx(tx(s), K).
In the latter instance, we apply 6.5(d).

From (13) we get

(14) H(X(i.5)(5:{0}), X1,y (5, K)) < 30(B(x)).
Now
H(B(z), X(p, K)) = H(B(x), X(1,5) (5, K))
< H(B(x), B(vi)) + H(B(vi), p(vi))
+ H(p(vi), Ki gy (s,{0}))
+ H (K5 (5, {0}), X(i,5) (s, {0}))

+ H(X(i.5)(5:{0}), X(i.5) (5, K))
<(m+15+35+35+1)0(B() <d(B(x))
by respectively applying (iii), the second part of 6.4(e), the first part of
6.4(e), (12) and (14). Since H(B(x), 3(x, K)) < max{H(8(x),X(p, K)) | p €
h(z)}, the estimate (a) follows.

To obtain (b), note that B(z,{0}) = U{X(p,{0}) | p € h(z)} =
Ulx@.i (s,{0}) | p € h(x)} = U{Xs(s,{0}) | S € S, p € h(x)}. By (7)
each Xs(s,{0}) is the singleton {xs(s)}. Since S(; ;) and h(z) are finite, so
is B(z, {0}); hence we have (b).

If we replace {0} in the above argument by a continuum K € 2! then
using (7) and (8) instead of just (7), we get (c).

Before we check (d), (e) let us make some observations on the structure
of 3(z, K). From (6), (9), (10), X(p, K) is a union of a finite subcollection
of {Fx, ., (6, K) | t € I and (v, vpm) N (vi,v;) # 0} and a finite set. Hence
X(p, K) = 2(p, K)UJ L(p, K) where £2(p, K) is a finite set and L(p, K) is a
finite subset of {Kx, ., (t, K) [ (Z(k,m),t) € Sig; x I and (vg,vm) N7 # 0}.
Indeed, if we choose any vertex v, of 7, then L(p,K) C {kx, ,,(t K) |
(X(k,m),t) € Sig, x I} because of the definition of Sig, (see (vi)). This,
together with (11), shows that

(15) Bz, K) = 2oz, K) U\ Lo(z, K)
where (2y(z, K) is a finite set and
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(16)  Lo(x, K) is a finite subset of {kx, . (t,K) | (X(m),t) € Sig; x I}
where v; is a vertex of 7 and 7 is any simplex of P containing .

From (15), (16) and 6.5(e), one obtains (d). To prove (e), it is suffi-
cient to show that for X' = X; ;), we have kx(tx(s), Z(X)) C B(z, Z(X)),
because tx(s) € [1/4,3/4] C (1/8,7/8) and we can apply 6.5(f). By (6),
Xx(s,Z(X)) =kx(ts(s),Z(X)). Then one applies (9), (10) and (11) to get
X2(8, Z2(X)) C Xy (s, Z(X)) € X(p, Z2(X)) C Bz, Z(X)). =

Appendix. Let D = [—1,1] and identify R with (—1,1) C D. Denote
by Ktq the class of spaces that are countable unions of finite-dimensional
compacta.

We have:

THEOREM. The space ANR(R) is a Kiq-absorber in 2P,

Since Qf = {(z;) € Q | z; = 0 a.e.} is another Kg-absorber in @, the
uniqueness theorem on absorbers yields

COROLLARY. The space ANR(R) is homeomorphic to Qs. m

Proof of Theorem. According to a result of Curtis [Cul], the space
F(R) is a Kgq-absorber. In order to show that ANR(R) D F(R) is also a
Ksa-absorber, we use the maximality theorem of Torunczyk (see [BP, The-
orem 4.2, p. 131]). We only need to check that (1) ANR(R) € Kyq, and (2)
ANR(R) is a 0 Z-set in 2P.

The subset of ANR(R) consisting of exactly n components can obvi-
ously be identified with {(ai,b1,a2,b2,...,an,b,) € R?" | a; < by <
ag < by < ... < ap, < b,}. Since the latter set is o-compact, it fol-
lows that ANR(R) is a countable union of finite-dimensional compacta; this
shows (1).

We will show that every compactum K C ANR(R) is a Z-set in 2P (then
(2) follows from (1)). Let f : I — 2P be a map of the n-dimensional cube
I" and 0 < e < 1 be given. We let f.(q) = [(1—¢/2) f(q)]U[sup(1—¢/2) f(q)+
(e/2)C] for q € I", where C'is the standard Cantor set in [0, 1]. We see that
d(f, f:) < eand f.(q) € ANR(R) for all ¢ € I". Hence, f.(I")NK =0, and
Kisa Z-set. m

References

[BGvM] J. Baars, H. Gladdines and J. van Mill, Absorbing systems in infinite-
dimensional manifolds, Topology Appl. 50 (1993), 147-182.
[BP] C. Bessaga and A. Pelczyniski, Selected Topics in Infinite-Dimensional
Topology, PWN, Warszawa, 1975.
[BM] M. Bestvina and J. Mogilski, Characterizing certain incomplete infinite-
dimensional retracts, Michigan Math. J. 33 (1986), 291-313.



58

[CDGVM]

[Cul]
[Cu2]

[CN]

[DvMM]

[DM]

[DR]

[GvM]
[Kurl]
[Kur2]
[MS]
[vM]
[SR]

[Tor]

T. Dobrowolski and L. R. Rubin

K. Borsuk, On some metrizations of the hyperspace of compact sets, Fund.
Math. 41 (1954), 168-202.

R. Cauty, L’espace des pseudo-arcs d’une surface, Trans. Amer. Math. Soc.
331 (1992), 247-263.

—, L’espace des arcs d’une surface, ibid. 332 (1992), 193-2009.

—, Les fonctions continues et les fonctions intégrables au sens de Riemann
comme sous-espaces de L', Fund. Math. 139 (1991), 23-36.

R. Cauty, T. Dobrowolski, H. Gladdines et J. van Mill, Les hyper-
espaces des rétractes absolus et des rétractes absolus de voisinage du plan,
preprint.

D. W. Curtis, Hyperspaces of finite subsets as boundary sets, Topology Appl.
22 (1986), 97-107.

—, Hyperspaces of non-compact metric spaces, Compositio Math. 40 (1986),
139-152.

D. W. Curtis and N. T. Nhu, Hyperspaces of finite subsets which are homeo-
morphic to Ro-dimensional linear metric spaces, Topology Appl. 19 (1985),
251-260.

J. J. Dijkstra, J. van Mill and J. Mogilski, The space of infinite-dimen-
sional compacta and other topological copies of (K?)"", Pacific J. Math. 152
(1992), 255-273.

T. Dobrowolski and W. Marciszewski, Classification of function spaces
with the pointwise topology determined by a countable dense set, preprint.
T. Dobrowolski and L. R. Rubin, The hyperspaces of infinite-dimensional
compacta for covering and cohomological dimension are homeomorphic, Pa-
cific J. Math. 164 (1994), 15-39.

H. Gladdines and J. van Mill, Hyperspaces of Peano continua of euclidean
spaces, Fund. Math. 142 (1993), 173-188.

K. Kuratowski, Sur une méthode de métrisation compléte de certains es-
paces d’ensembles compacts, ibid. 43 (1956), 114-138.

—, Topology I, Academic Press, New York and London, 1966.

S.Mardesié¢ and J. Segal, Shape Theory, North-Holland, Amsterdam, 1982.
J. van Mill, Infinite-Dimensional Topology: prerequisites and introduction,
North-Holland, Amsterdam, 1989.

J.Saint Raymond, Fonctions boréliennes sur un quotient, Bull. Sci. Math.
(2) 100 (1976), 141-147.

H. Torunczyk, Concerning locally homotopy negligible sets and characteri-
zation of la-manifolds, Fund. Math. 101 (1978), 93-110.

DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF OKLAHOMA
601 ELM AVENUE, ROOM 423
NORMAN, OKLAHOMA 73019-0315

U.S.A.

E-mail: TDOBROWO@NSFUVAX . MATH.UOKNOR.EDU
LRUBIN@NSFUVAX.MATH.UOKNOR.EDU

Received 25 June 1993;
in revised form 5 October 1998 and 8 March 199/



