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1. Introduction. Our starting point is the study of systems of numer-
ation with respect to a general base from an arithmetical and a dynamical
point of view. Let G = (G,,)n>0 be a strictly increasing sequence of positive
integers with GGy = 1. In the following such a sequence is called G-scale.
Any positive integer n can be represented in G-scale as follows:

Let L be the unique integer satisfying Gy, < n < Gpy1. Then there exist
integers 1, (n) and ny with n = ep(n)Gp +ng and 0 < ny, < Gp. This is
the greedy algorithm (see for example [Fr]) and by iteration we finally get
the G-expansion of n

(11) nzeo(n)G0+...+5L(n)GL,

where the digits €;(n) satisfy 0 < ¢;(n) < G4+1/G;. It is well-known that
the expansion (1.1) is uniquely determined provided that

(1.2) Eo(n)Go + ...+ E]‘(n)Gj < Gj+1, 0<j5< L.

A lot of special examples of such expansions have been studied in the
literature. The classical case is the g-ary number system with respect to an
integral base ¢ > 2. A well-known extension is Cantor’s number system,
where G, is given as the product qq. . .q, of positive integers; see [ HW] and
[KT]. Another important number system was introduced by Ostrowski [Os].
In that case Gy, is the denominator of the nth convergent in the continued
fraction expansion of an irrational real number 6. Later this expansion
played an important role in proving precise estimates and exact formulas for
the discrepancy of the sequence (nf); cf. [Dup], [Sg], and [S/os]. A particular
case is the golden ratio # = (v/5—1)/2 which leads to the Fibonacci sequence.
This example can also be viewed as a special linear recurring sequence for
(. This class of expansions has been studied extensively from a number-
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theoretic point of view. The investigations in this direction were initiated
by J. Coquet (see for example [Co| and the survey [Lil] on his work). One
motivation is the study of discrepancy estimates for sequences of the type
(s(n)@) where s(n) = sg(n) denotes the sum of digits of n to base G, i.e.

sa(n) = &;(n).
J<L
Another motivation is the problem to find the asymptotic behaviour of the
moments of the sum of digits function. The most recent papers in this
direction are [GT1], [GT2], [FGKPT], [GKPT] and [Be]. In connection
with substitution automata we refer to the very recent article [DT1], [DT2]
by Dumont and Thomas.

The most popular sequence in this area is the Thue—Morse sequence £,
which can be defined as the sum of digits to base 2 viewed mod 2. From a
dynamical point of view this sequence was first investigated by M. Keane.
The function f(n) = €275(") (9 € R) is G-multiplicative, which means in
general

(1.3) fn) =] fle;(m)Gy),  £(0)=1.
=0

Let us consider a sequence u = (u,,) in a compact metric space X. Let 2
be the infinite product space X~ and let ¢ be the usual shift transformation
on {2 and for u € (2 define the orbit closure O, = {o"u : n > 0}. Then the
dynamical system

K(u) = (Ou,0lo)

can be associated with the sequence u. One of the most natural questions
is to ask for the properties of such dynamical systems. For example, in
the case of the Thue-Morse sequence K(t) is metrically isomorphic to a
two-point group extension of the classical 2-adic machine. For Cantor ex-
pansions a similar result can be proved replacing the two-point group by a
closed subgroup of the circle (see [Li2]). In this paper we introduce the gen-
eral concept of a G-adic machine (we will also call it a G-odometer) which
serves us to understand the dynamics of G-multiplicative sequences. There
is a strong connection to the Bratteli diagram introduced by A. M. Ver-
shik [Ve]. Recently B. Solomyak [Sol]-[So3] used this approach to give a
full description of G-odometers in the case where G comes from a special
expansion based on a linear recurring sequence.

In Section 2 we will define the general G-odometer and we will establish
a necessary and sufficient condition for the continuity. In Section 3 we
will investigate in detail expansions with respect to linear recurrences. In
particular, for second-order linear recurring sequences we identify the G-



Odometers and systems of numeration 105

odometer to a rotation on the circle. In the final Section 4 we study the
discrepancy of some related sequences.

2. General G-odometers. Let £; = {k € N: 0 < k < Gj;1/G,} be
endowed with the discrete topology. The G-expansion of positive integers
leads to a natural injective mapping n — 7 from N to the infinite product
space [ ] ;>0 Ej given by
(2.1) n=-¢cp(n)...er(n)0>

according to the G-expansion (1.1) of n (here the string 7 ends with an
infinite sequence of digits 0). Now we consider the closure of the image N
in E which is the set

(22) Ko = {I‘ = (1'0.21711'2 .. ) elbE:Vj>0, 20Go+... —l—.CEjGj < Gj+1}.

The infinite strings in g will be called G-admissible and we extend this
definition to any finite string X = zg...z,, if X0% is G-admissible.

Obviously, Kg is compact and it will be called the G-compactification of
N. In the following we use the notation z(j) = 20Go + ...+ x;G;. Now we
want to extend the translation @ — n + 1 on N to K. For this purpose we
introduce the set

(2.3) Ke={reKg:IM,;,¥j>M, z(j) <Gjr1—1}.
For z € ICOG and j > M, let us set
(2.4) (@) = (co(a(j) + 1) .22 () + 1)wss1242 .

A straightforward computation shows that this definition does not depend
on the choice of j > M,. In fact, let [ be the greatest integer such that
z(l—1) 41 = G, provided that such an [ exists; otherwise there is no carry
and we just add one to the first digit. Then for all j > [ we have

(2.5) (x(j) +1) = (eo(z(l) +1)...e0(x() + 1))xs141 ... x5
= Ol(xl + 1)1'1-1—1 BRI

We extend the definition of 7 by 7(z) =0 (= 000...) for z € Kg \ K.
Now the transformation 7 is well defined on the space K¢ and it is called
the G-odometer. We need to give a precise description of the G-expansion.
Let x € K¢ and let D(z) = (dy,)n>0 denote the increasing sequence of all
integers d such that z(d) = G441 — 1. Note that D(xz) may be empty, finite
or infinite. The number of elements in the sequence D(zx) will be called its
length. From the definition we easily obtain

(2.6) r € KX < D(z) is finite or empty.

ProOPOSITION 1. (i) If D(z) = (dy,...,ds) is finite, then x = ByBj ...
... B, Xt wyith the notation X (™M) = TmTm+1 - - -, where the strings B;
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are given by:

By0® = Ggop1 —1, By...Bj0® =Gya 11 —1,
(2.7)

Od.7—1+1B].000 =Ga;41—Ga;_ 111
for 0 < j <s. Moreover,
(2.8) 7(@) = 01 F (24,11 + 1) X (F2),

(ii) If D(z) = (do,du1,...) is infinite then x = BB ..., where the B;
satisfy (2.7) for all 7 > 0 and 7(x) = 0.

(iii) The map T is injective on K%.

(iv) The map 7 is surjective if and only if T—1(0) # 0.

Proof. (i) If 0 < n < dp then clearly, x(n) = g ...z, and z(n) + 1 =
(xo+ 1)1 ... 2. If dppy < < dpg1, then
z(n) =x20Go+ ...+ 24, Ga,, +...+2,Gn = (Ga,,+1 — 1) + Z z;G;.

dm<j<n
Therefore
(2.9) 2(n) + 1= (@4, 41+ )Ga, 1+ Y, ;G
dm+1<j<n

We claim that (2.9) is a G-expansion. If this were not the case there would
exist an integer k with d,,, + 1 < k < n such that

2(k) + 1= (a1 +)Gar1+ Y, ;G5 > Grpr.
dm+1<j<k

But in fact #(k) +1 < Gj41, a contradiction, and so (2.9) is a G-expansion.
It follows that

(2.10) Gdj+1 — Gdj71+1 = Z {L‘lGl.
dj—1<I<d;
This expansion is a G-expansion and corresponds to the string O(df*“Ll)Bj 0
which serves us to define the string B; = x4, _,41... 74, and we get
xz(n) = By...Ba4, Td, +1%d,,+2 - - - Tn0™
In particular, By...B;j0* = Gg,+1 —1. The same computation works for
n > dg and in that case we also obtain
m(x)(n) = 0%+ (2 1 + Vg, 1o ... 2,0

From this (2.8) follows immediately.

(ii) follows by the same arguments as (i) by taking into account that
D(z) is an infinite string.

For (iii) let z = BoBy ... B, X+ and o/ = B,B]... B, X" %+ pe
given such that 7(z) = 7(z'). From (2.8) we have dy = d.,, X%+ =
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X’(d;’ﬂ), and since By Bj . .. B;0% corresponds to the G-expansion of G441
— 1 we obtain
BoB,...By = ByB,...B.,.
Thus injectivity is proved.

To show (iv) we only have to prove sufficiency. Let z € K \ K%. Then
x = BgB; ... where By0% corresponds to the G-expansion of Gg,4+1 — 1.
Let Bj0> be the G-expansion of G4,+1 — 2 and take 2’ = ByB1Bs ... € K¢
(clearly this is a G-expansion). Thus by construction 7(z’) = x.

Now let z € K%. If D(z) is not empty then according to (i) we can
write 2 = BoBj ... BsX (@1, Define B} as above and take 2’ = ByB ...
... B, X+ and we get 7(z') = 2. It remains to consider the case where
D(z) is empty. For x = 0 just notice that 771(0) is not empty by assump-
tion. If x # 0 then z has the form

T = O(k)z:ka:kH oo, x> 0.
Now take x = X'(zp — 1)ag41... where G, —1 = X’0°. Then again
7(2') = x, which yields surjectivity and the proof of the proposition is

complete. m

EXAMPLE 1. In the classical case of the g-adic number system G, = ¢"
it is easy to see that g corresponds to the group of g-adic integers and 7
is just addition of 1 in this group. Note that D(—1) = {0, 1,2, ...} since the
G-expansion of —1 is (g — 1)*.

EXAMPLE 2. Take G,, = 2"T'—1. Then G,y 1—1 =2G,and G, 41 — 1 =
0(™2. Then the cardinality of D(x) is not greater than 1. If D(x) = d then

Tr = O(d)2$d+1$d+2 e
with z; # 2 for all j > d+ 1. If D(z) = () then x = zoz; ... with z; # 2 for
all j.
Thus, for this example we have K% = K¢ and 77(0) = 0.
EXAMPLE 3. In the Cantor expansions G, = qq...q, the set Kg cor-

responds to the group of general G-adic integers (cf. for example [HR]). In
that case we have

77H0) ={(¢n — (g2 — 1)...}.

EXAMPLE 4. In Ostrowski’s number system with respect to an irrational
6 given in continued fraction expansion 6 = [0;ay,asg, ...] we have

Gi=a1, Gpy1=0a,11G,+Gpo1.

This yields Go, — 1 = (G2 — Go) + (G4 — G2) + ...+ (G2, — Gop—2) and we
obtain

Gzn —1= OCLQO e a2n_20a2n.
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Similarly we get
G2n+1 —1= (a1 — 1)0(130 e azn_1002n+1.

This odometer is extensively studied in [Li3]. In particular, it is proved that
771(0) contains two points 01 and 0y satisfying D(0;) = {2n+i:n > 0} for
i=1,2.

We compare the G-odometer with the adding shift introduced by Vershik
[Ve]. These notions are both similar and quite identical in some special
case. In particular, Example 4 could also be understood via the adding
shift. We define the partial ordering < on K¢ as follows. Let x = zgz1 ...
and ¥y = yoy1 - .. be elements in Lg. Then z < y if and only if x = y or
there exists an integer k > 0 such that z, <y, and x; = y; for all j > k.

LEMMA 1. For positive integers m, n one has:
mn<&Sm-<n.

Proof. Let m and n be two different positive integers. Let k be the
integer defined by €i(m) # er(n) and €;(m) = ¢;(n) for all j > k. By the
greedy algorithm one has go(m)Go + ... +ex(m)Gy, < (ex(m)+1)Gy. Then
it easily follows that m < n if and only if €x(m) < ex(n). This completes
the proof. m

Now we may replace (2.2) by
(2.2a) r=x9r1... €« KgoVEeN, zy... 25,0 < G — 1.

LEMMA 2. Let x = xgx1... and y = yoy1 ... be in Kg such that © # y
but x < y. Let k be the integer defined by x), < yr and x; = y; for all j > k.
Then the interval [z,y] = {z € Kg : * < z < y} contains y(k) — x(k) + 1
points given by all infinite G-admissible strings z defined by x(k) < z(k) <
y(k) and z; = x; for all j > k.

Proof. Essentially, we have to prove that if z is an infinite string such
that 2o ...z, is G-admissible, z(k) < z(k) < y(k) and z; = z; for all j > k
then z is G-admissible. But z(j) < y(j) < Gj41 for all j > k. Therefore
2(j) < Gj41 for all j > 0, as expected. =

By the above lemma, if = is not maximal in K¢ then the interval [z, —)
={z € Kg : x < zz # z} is not empty, totally ordered and we can define
the successor 7 of x, namely 27 = min{z € [z, —) : z # z}.

PROPOSITION 2. 771(0) is the set of mazimal points of (K, <) and each

z € K& has a successor given by x+ = 7(x).

Proof. Clearly if x < y in K¢ with x # y then z(j) < y(j) for all j large
enough. This implies that D(x) is finite, 2 = 7(z) and elements in 771(0)
are maximal. It remains to prove that if z is a maximal element, then D(x)
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is infinite. Assume otherwise; then directly from the above lemma we have
x < 7(x), a contradiction. m

Our main results in this section concern a criterion for the continuity of
the odometer and its minimality, the latter meaning that the only closed
subsets F' of Kg such that 7(F) C F are the empty set and the full space
Kq. Let A be the set of finite (or empty) sequences § such that there exists
z € K% satisfying D(z) = 6.

THEOREM 1. The G-odometer T is continuous if and only if for all
(do,dy,...,dx) € A the set {d > dy : (do,dq,...,dx,d) € A} is finite.

Proof. First we prove the sufficiency of the above condition. Using the
notation of Proposition 1 let x = ByBj ... be in 771(0) and let y be close
to 2. Then y = BB ... B,Y, with large s and 7(y) = 09) ... with j > d.
Therefore 7 is continuous at the points of 771(0).

Now we take € K2. Using again the notation of Proposition 1,
D(z) = (do,...,ds) and x = ByBy ... B, X%t or D(x) is empty. If y is
close enough to = and D(z) # () then the sequence D(y) starts with dp, ...
..., ds,d(y), where d(y) can be omitted. If D(x) = () then either D(y) = ()
or D(y) = (d(y),...). In the latter case d(y) is bounded by assumption,
uniformly in y. Therefore we can choose y close enough to = such that
D(z) = D(y), and the continuity at = follows easily.

The necessity is proved by contradiction. Assume that there exists (dp,. . .
...,dg) in A (this sequence is possibly empty) and an infinity of integers d
such that (dp,...,dg,d) € A. Thus we can choose a sequence of elements
y™ in K¢ such that

D(y(n)) = (d07 e 7d57 (Sn)

with 6, < 6,41 for all n and y™ converges to an element y. By construc-
tion D(y) = D(z), so that 7(y) # 0 but lim, .o 7(y™) = 0. This is a
contradiction and Theorem 1 is proved. m

Remark 1. In our examples above the odometer is always continuous
except in Example 2 where it is also not surjective. In the next section we
give another example of a non-continuous odometer which is surjective (its
set 771(0) is not empty).

THEOREM 2. Assume that the G-odometer is continuous. Then it is also
surjective and minimal.

Proof. Let o : A — NN be defined by o(5) = (0,0,...) if the length
of € Ais <1, and O’(do,dl,...,dk) = (dl —do,...,d — dk_l,0,0,...)
if k& > 2. Assume that the G-odometer 7 is continuous. The criterion of
continuity in Theorem 1 implies the following: For all integers k > 0, there
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exists an integer my > 0 such that
\V/(SEA, 0(5)k < mg.

This means that o(A) C 2 = [[;-,{0,1,...,m;}. By a compactness ar-
gument there exists a convergent sequence y(™ in K¢ such that the length
of D(y(™) tends to infinity, all sequences D(y(™) begin with the same two
consecutive values do,d; and the sequence n — o(D(y(™)) converges in
(2, say to s = (Sg)k>0, with s > 1 for all & > 0. This implies that if
y = lim, o y™ then D(y) = (do,do + s0,...,do + S0 + ...+ 5g,...). In
other words, y € 7=1(0) and the surjectivity follows from Proposition 1(iv).

It remains to prove the minimality. To this end we show that for all
r € Kg, the orbit {z,7(z),72(x),...} is dense. Let the interval [z, —) be
finite. By Lemma 2 there exists y € K¢g such that [z, —) = [z,y]. But y
must be maximal and by Proposition 2, 7 (z) = y for an integer m > 1.
Therefore 71 (2) = 0 and the orbit of x under 7 contains the dense set
N. Now assume that [x,—) is infinite. Then for any L > 0 there exists
z € [x,—) such that the integer {(z) = [ defined by z; < 2; and z; = z; for
all j > [ satisfies [ > L. Tt is clear that we can construct a sequence y™ in
[z, —) with I(y™) < I(y™*D). Put I,, = I(y™) for short. Then the infinite
string

Z(n) == Gln - 1£Cln.561+ln oo T4l e

is G-admissible and in fact < 2" < y("). Taking a subsequence if neces-
sary we may assume, by the same argument as above, that both sequences
o(D(z(™)) and 2™ converge and the limit of (") belongs to 7~1(0). From
this fact and the continuity of 7 we derive the existence of a non-decreasing
sequence of integers k,, such that

lim 7% (z) = 0.

n—oo
Again by continuity, for any given positive integer m the sequence 7™+ F» ()
converges to m (= 7"(0)). This proves that the orbit closure of x contains
N and finally the orbit is dense. =

3. Systems of numeration with respect to linear recurrences.
Let o« > 1 be a real number. Then Parry’s a-expansion (cf. [Pa]) of an
arbitrary real number x is given by

6,6,
« «

where £y = [z], the greatest integer < z, and the other digits &1, s, . .. can be
computed in the usual way with the help of the transformation Tx = {ax}
({z} = = — [z]). The uniqueness of the representation (3.1) is guaranteed



Odometers and systems of numeration 111

by the following requirements on the digits &;:
(3.2) (&ns&ntis.-.) < (ap,ay,...) formn>1,

where the a; are the digits of a in a-expansion, i.e.
a as
a=a+—+—+...
a o«

(in the case of ambiguity we take the infinite representation of ) and “<”
denotes the lexicographical order (cf. [Pa]). A more general version of digit
expansions was already studied by A. Rényi [Ré]. Furthermore, we note
that digital properties such as periodicity and finiteness of expansions were
extensively studied in the literature (cf. [Be], [F1], [F2], [F3], [F'S], [Sch]).

We consider the digit expansion of integers with respect to the linear
recurrence

(3.3) Gny1 =) aniGr+1, Go=1
k=0

As in [GT?2] we introduce the generating functions

A(z) = i anz", G(z)= i Gpz"
n=0 n=0

satisfying

1
(1—2)(1—2A(2))"
Note that by the theorem of Pélya—Carlson A(z) is either rational and there-
fore the string (ag,aq,...) is finally periodic or has the unit circle as its
natural boundary. We obtain the asymptotic formula

G, ~ Ca™,

where C' can be easily computed by residue calculus. Hence the sequence of
integers G, is strongly connected with the a-expansion. Let

L
n = E SjGj
Jj=0

be the G-expansion. Then the digits €; = €;(n) satisfy
(3.4) (E,‘k,é‘k,l,...,é‘o,o,o,...)<(a0,a1,...) fork=0,...,L,

where L = L(n) is chosen such that G, < n < Gpy;. These are just
the finite admissible blocks as defined in the previous section. From (3.4)
it immediately follows that the inequalities (1.2) are satisfied in this case.
Thus the blocks of digits given by the (uniquely determined) G-expansion
correspond to the admissible blocks. In this paper we will show that for our
purposes only the case of periodic sequences (ag,ar,...) is interesting. In

G(z) =
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this case the sequence G, is generated by a finite linear recurrence of order
d+ 1, where d + 1 is the period length:

(3.5) Gpida+1 = a0Gnia+a1Gpyg—1+ ...+ (ag+1)G, forn>0

and the initial values are given by (3.3). This follows immediately from the
generating functions since finite recurrences correspond to rational func-
tions; of course it also follows from the recurrence (3.3). For a detailed
discussion concerning the initial values of such finite recurrences we refer to
our earlier paper [GT1].

The main aim of this section is the investigation of this G-odometer. Let
us recall that the set of all infinite admissible sequences is given by

]C:]CG:{(xo,l'l,...)EE:.Z'OGo—i-...—I—ijj <Gj+1 VJZO},

and for short we put K° = 2.
Now we present a special G-expansion with non-continuous odometer.

EXAMPLE 5. Let (ag,a1,...) =(2,1,1,...) define the sequence G,, and
& =(1,...,1,2,0,0,...) — (1,1,...),
~——

T(gn) = (0771"-7(),17070" : ) - (0,0,.. ')a
——
n+1
H(1,1,..)) = (2,1,1,...).

Thus 7 is not continuous.

The above example shows that it is necessary to establish conditions
that ensure continuity. In the following we establish a continuity criterion
for this special type of expansions which restates Theorem 1 in a different
form.

THEOREM 3. Let &, = apapn_1...a90°°. Then 7 is continuous if and
only if all accumulation points of &, are in K\ Kq.

Proof. Let 7 be continuous. Then obviously all accumulation points
of &, are contained in K\ Ky (see the above example). For the converse
direction we assume that all accumulation points of §,, are in K\ K. First
we prove the continuity of 7 in ICy. Let z € Ko, 7(x) = 2z = (2021 ...) and
consider

T_l({(ZOa Z1y ey 2nyYn+1) Yn+2, - - ) € K})?

where n > M, and Y11, Ynto,... are arbitrary. This set is open since the
digits y; are not affected by 7~! and there is no accumulation point in Ky.
Thus 7 is continuous on Ky. To prove continuity on K\ Ky we only have to



Odometers and systems of numeration 113

consider neighbourhoods of 0. As

T O kg, - ) = U{(al, c 00, Y141, ) € K}
I=k

is open, 7 is continuous on K\ Ky. =

THEOREM 4. 7 is continuous if and only if (ag,a1,...) is periodic (i.e.
the sequence Gy, is a finite recurrence).

Proof. Applying Theorem 3 we have to show that in the case of an ape-
riodic string (ag, aq,...) at least one accumulation point of §,, = anan_1 ...
...ap0% isin Ky. Define k,, to be the minimal integer such that a,,_, = ao,
Gk, +1 = G1,...,0, = ag, . If k, takes arbitrarily large values we consider
a subsequence n; such that k,, — oo. Then §,, has an accumulation point
in IC(). )

Suppose now that k,, is bounded. Then we have subsequences ng-z) with
i =0,...,K such that k ) = i. At least one of these sequences has to
have an infinity of terms. Let | be the maximal index of a sequence with
an infinity of terms. We write n; = ng-l) for short. Then we have a,;, ;| =
ag, - - ., an; = a;. By our hypothesis we have k,,, 1 <[ for j sufficiently large.
Thus we have a,,, 11 < a1 (kn; 41 > 0) or ay, 41 = ag (kn;+1 = 0). The first
case would imply that Unj—kp, o141 = Q055 Oyl = Ak, < QL1 which
is a contradiction to the lexicographic condition. Repeating this procedure
yields the periodicity of the sequence (ag,ai,...). m

Remark 2. If d 4+ 1 is the period length, then &, has exactly d + 1
accumulation points:
ap...ap(ag,...,a9)> forl=0,...,d.
These are the elements of 771(0).
Remark 3. The proof of Theorem 4 shows that all accumulation points
of &, are contained in K° provided that one is contained in K°. To give an
example, we construct such a string: start with some string agas ... ax, add

one digit 0 and repeat the whole string, then add two digits 0 and repeat
the whole string, add three digits 0 and so on.

From now on we only consider recurrences GG,, leading to continuous 7,
i.e. the case of finite recurrences.

PROPOSITION 3. The sequence D(x) is non-empty iff
r=aaj—1... ao(ad e ao)kB,

where |l = 0,...,d, k € Ng and B is a block not starting with aq...ag. In
this case we have

D) ={l,l+d+1,...,1+k(d+1)}.
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In the case of the accumulation points we have
D(aj...ap(ag...a0)®)={l+k(d+1):k=0,1,...}.
Proof. Simple computations. =

Next we will prove that the odometer is a uniquely ergodic transforma-
tion. For this purpose we need the following lemma, the proof of which is
given later in a slightly different context (cf. Section 4, Proposition 4).

LEmMA 3. Let fi : N — C be arbitrary number-theoretic functions and
let f: K — C be a function satisfying

L K
f(ZQ@) = Hfl(Sl),
1=0 1=0

where (in the case L < K) leading 0’s are considered in the evaluation of f.
Then
N+m—1

(3.6) lim — Y f(n)=Cy

uniformly in m.
Sketch proof. Let
Fro= > f(n).
n<Gy

Then it is easy to see that
(37) Fevgri =aoFqqg+ ...+ (ad+1)Fk

for k > K, which is the recurrence of Gj,. Therefore the limit limy_, o F./G
exists, since by the positivity of coefficients and simple estimates there exists
one positive dominating root. By an argument used in Proposition 4 of
Section 4 this implies the existence of

and also the uniformity in (3.6). =

THEOREM 5. The odometer T is a uniquely ergodic transformation, i.e.
there s a unique invariant measure | given by

wZz) =
Frp10® + (Fiyo — aoFi1)a®  + .+ (Fr a1 — aoFgyad — - — ag_1Fi41)
aF(ad +ad=1 + ... +1) ’

where

Fk = Z XZ(n)7

n<Gy
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Z is a cylinder with fixed digits g ...ex and xz denotes the characteristic
function of Z.

Proof. Using the fact that the functions f considered in Lemma 3 are
dense in the space of continuous functions on K and a criterion for unique
ergodicity (cf. [Wa, Theorem 6.19]) yields the first part of the theorem.
Inserting the function yz, where Z is a cylinder set, in Lemma 3 yields the
same recurrence for Fy, as for G (compare (3.7)). An easy application of
generating functions can be used to compute limy_,o Fi /Gy which is u(Z2)
by Lemma 3. =

In the following we prove that under a certain hypothesis the odometer
has purely discrete spectrum. For linear recurrences with decreasing co-
efficients Solomyak [So2]| proved that result. Our approach is related but
somewhat different and we use the following two lemmata.

1 1
o-(1 ¢)
be a matrix with positive entries such that all entries of the first row and
column are equal to 1. Let B be the mazximun eigenvalue of B and -y the

mazimum eigenvalue of C. Assume that there exists n > 0 with B™ > 0
(componentwise). Then v < (3.

LEMMA 4. Let

Proof. This is a standard application of the Perron—Frobenius theo-
rem. m

LEMMA 5. For integers b, k and | with 0 < k <1, b > 0 define the set
Ek(lab)
={x € Kg:3s withk <s <1 and Ts(b1) - - L(s41)(b+1)—1 = 0(b+1)}_

Then there exist absolute constants ¢ and o with 0 < o < 1 such that for all
k andl (0 <k <) we have

u(Ex(1,b) > 1~ cd,
where p denotes the measure given in Theorem 5.

Proof. It follows from the periodicity of the sequence (a,) and (2.2a)
that a point © = (zox;...) belongs to K¢ if and only if for all £ > 0 the
strings xj, . .. x4, are G-admissible (see [Pa] for details). Let W be the set
of G-admissible strings W = wyq ... w;, of length b+ 1. Let W be ordered by
the lexicographic order and let B be the matrix whose entries are

Bw w. = {1 if WZWJOOO S ’C(;,
R 0 otherwise.
Thus any string = in K¢ can be written as an infinite string z=(Xo X1 X2 ...)
over the alphabet W such that By x, , =1 for j = 0,1,2,... The matrix

j+1
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B has the form (11 é) Let £;(C) be the set of finite strings X = Xg...X]
over the alphabet W such that Cw,w,,, = 1 for j =0,...,l — 1. By the
unique ergodicity of the odometer the py-measure of K¢ \ Eo(l,b) is given by
lim #{n 0<n< G(N+1)(b+1) and eg(n) Ce e(l+1)(b+1)_1(n) c ﬁl(C)}

N—o0 G(N+1)(b+1) .
Let |[A| = 3_, ; laij| denote the 1-norm of a matrix A. Then with the nota-
tions of Lemma 4 we have G (ny1)(p41) = |BN| and for N > 1,

#{n:0<n < Gnpt1) and eg(n) ... eqr1yprn—1(n) € Li(C)}
<|C'-1BY.
The matrix B satisfies the assumptions of Lemma 4. Let § and ~ be the
maximal eigenvalues of B and C respectively and let K > 1, L > 0 be
constants such that K=13™ < |B™| < K3™ and |C™| < Ly™. Then
u(Ke \ Eo(1,b)) < LE*(v/B)".

But u(Ex(l,5)) > p(Bo(1,b)) = 1 - p(Ka \ Bo(,b)) > 1 — LK*(/B)\. This
proves the lemma with ¢ = v/8 and ¢ = LK?. =

We now state a combinatorial assumption concerning the backward car-
ries in digit expansions with respect to linear recurrences.

HypoTHESIS B. There is an integer b > 0 such that for all k and
]V = (60, ey Eky 0(b+1),6k+b+2, e .),

addition of G, to N (with m > k + b+ 2) does not change the digits
€0y .-+ ,Ek, L€

N+ G = (€0,y -+, Eky - - )

A simple consideration shows that for instance the Multinacci sequence
defined by My4+q = Mygiq—1 + ... + My has this property. It seems to
be quite clear that this hypothesis is closely related to the finiteness of
a-expansions. In a recent paper [F'S] it is shown that for recurrences with
decreasing coeflicients all positive integers have finite a-expansions with
respect to the dominating characteristic root . An immediate consequence
of the hypothesis is the following

LEMMA 6. Let x = (zox1...) be in Ex(l,b) (for some block-length b,
as above). Then for all m > (I + 1)(b + 1) we have z; = (7% (x)); for
j=0,...,k(b+1)-1.

THEOREM 6. K¢ is (measure-theoretically) isomorphic to a group ro-
tation with purely discrete spectrum given by the countable group

I'={z€C: lim 2% =1}
n—oo

provided that Hypothesis B is satisfied.
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Remark 4. Notice that for a = 1(a + va® 4+ 4) the corresponding
sequence (ag, ay,...)is (a,0,a,0,...). In this case the odometer is metrically
isomorphic to the translation  — x+« mod 1. This is well-known for a = 1;
the general case follows from [Li3].

Proof of Theorem 6. First step. Let z € I" and write z = %™,
By definition lim,, o [[AG|| =0 (]| - || denoting the distance to the nearest
integer) and in the following we give a short argument showing the (well-
known) fact that the convergence is indeed geometric.

We can write AG,, = u,, + 1, where u,, is an integer and lim,, ... 7, =
0. This last condition implies the sequence (u,,) satisfies the same linear
recurrence as (G,,) (for sufficiently large n) so that the same is true for (n,,).
Thus 1, = Ai(n)al + ...+ As(n)al with a1 = « and the other «; are less
than « in absolute values. Moreover, the A;(n) denote polynomials. Taking
into account the growth of each term it essentially remains to consider the
case of sequences 1, = B10" + ...+ B, with |3;| = 1 for all j. At this
moment we have to distinguish two cases. First assume that all 3; are roots
of unity. Therefore there exists an integer K such that 9,4,k = n, for all
integers m and this implies 7, = 0. In the other case the closed subgroup
generated by the (f31,...,3,) contains a torus. From this it follows that 7,
is identically 0.

Let ¢ € I'. Let x € Kg. Then by the above, the series >, [(**C* — 1]
converges. Thus the limit

T . 7 z(k

"= i ¢
exists. Note that the map Z :x — (% is continuous on Kg. Now we easily
get (- (7(x)) = (¢(x). This means that each element ( of I" is an eigenvalue

of 7 with continuous eigenfunction ¢, thus I" C Spec().

Second step. We claim that for all maps f as considered in Lemma 3
we have

(38) > [ er = fPdp< e,
n Kg

where p is the 7-invariant measure given explicitly in Theorem 5. From this,
by standard arguments (see e.g. [Sol]-[So3]) 7 has a purely discrete spectrum
which is contained in I'. Concluding the proof, we use the notations of
Lemma 5 and split the integral fICG |f o 7% — f|>du into two integrals
assuming (I +1)(b+1)<n<(l+2)(b+1). First fEn(l,b) |f oG — fI?du=
0 because of Lemma 6 and the remaining integral can be estimated by
2/ f1121(Kg\ Ex(1,b)). Thus by Lemma 5, the series (3.8) is convergent.

Third step. It remains to show the countability of I". This is a well-
known fact due to Pisot [Pi] which can be proved using the same argument
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as in the first step. In fact, using the generating functions U(z) and Y'(z)
of u, and n,, respectively, we get the relation
A

(1-2)(1—2zA(2))
where G(z) and A(z) are given at the beginning of Section 3. Notice that (ay,)
is purely periodic, thus A(z)= Q(z)/(1 — z%*1), where Q(2) = ao + a1z +. ..
...+ aqgz? But (u,) satisfies the same linear recurrence (for sufficiently
large n) as G,,; hence U(z) = P(z)/((1 — 2)(1 — 2A(z))), where P(z) is a
polynomial with integral coefficients. Moreover, the series Y has no pole in
the closed unit disk. Therefore

=U(z) +Y(2),

POH(1-0671)

1 — p—(d+1) ’
where 6 is any of the characteristic roots of (G,,) with modulus < 1. This
shows the countability of I and the proof is complete. m

A:

Remark 5. Notice that for all ( € I' the map Zis continuous and we
can define the following factor:

F:KQHH:HUQ xH(Cm)CGI_"
cer
where U is the closed group generated by (. The transformation 7" on II
corresponding to 7 is T : (u¢) — (CU¢) and the image F'(KC,) is the closed
subgroup I1(I") of IT generated by ({)cer.

Remark 6. The above theorem was also proved in [So2]| for recurrences
with decreasing coefficients. In that paper also a more general theorem is
proved under the assumption that all numbers in Z,[a~!] have finite a-
expansions. Itiis an open problem whether this is equivalent to Hypothesis B.

4. Exponential sums and applications. In [GT2] we considered
sequences of the type sg(n)z, where z is a given irrational number and sg(n)
denotes the G-ary sum-of-digits function. A basic tool for investigating the
distribution behaviour of such sequences is the following proposition.

PROPOSITION 4. Let f be G-multiplicative, |f(n)| <1 and
1 1
— n
‘Gk ; fn) 9(Gr)
n<Gg

for an increasing function g with g(x) < x. Then for some constant D only
depending on G we have

<

N+m—1

‘le PO b

g(VN)

<

uniformly in m.
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Proof. It has been proved in [GT2] that under the hypotheses of the
proposition

D,
g(VN)

<

\szm)
=

We now have to consider some cases:

(a) m < Gr(ny4+1. Here we have

N+m—1 N+m—1
Dy

1 1 ey
¥ X o - 5 > f(n)—;of(n)\ég(m.

(b) m > Gr(n)41- In this case we write

L(m) L(N) L(m)
m = Z 0LGr = Z 0rGrL + Z 0LGly. .
k=L(N)+1

Now there are two subcases.

(bl) L(N 4+ my) = L(N). In this case we have

N+m—1 N+mqi—1
Yo fm)=1fma) D f(n)

and this last sum was estimated in case (a).

(b2) L(m1+N) = L(m1)+1. In this case we split the range of summation
into two parts

ma+Gr(n)—1 N+m—1
oo+ DD f)
n=m n=ma+Gr(n)

and both of these parts are of the type considered in case (bl). m

DEFINITION. A sequence z, is called pseudo-random if the following
three conditions are satisfied for all integers k # O:

(i) lim g e2kmizn — 0,
N—oo N

n<N
1 .
(ii) y(h) = lim — Z ki (@ntn=Tn) exigts,
N—oo N e N

lim —
(iii) E»nooH Zh
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A sequence x,, is called well-distributed if for all integers k # 0,
N+l

li 2kmix, —
RS 0
uniformly in .

THEOREM 7. The sequence xsg(n)+yn is well-distributed if at least one
of the numbers x and y is irrational.

Proof. Upon setting f(n) = e>7#(@sc(M)+yn) and observing that this is
a G-multiplicative function, Proposition 4 immediately yields the result. m

Remark 7. It is an open conjecture if the sequence considered above
is pseudo-random. For the dyadic expansion this was proved by K. Mahler
[Ma] using a general approach by N. Wiener [Wi]. The main problem is
to establish (iii) since (i) follows from the above proposition and (ii) can
be managed by Wiener’s approach. M. Mendes France [Mel] has extended
this (elaborate) method to g-ary expansions. Finally, we note that in [Li2] a
dynamic approach is developed which may lead to a proof of this conjecture.

Remark 8. In the theory of pseudo-random sequences a stronger ver-
sion of condition (iii) is known:

(iii") limp— oo y(h) =0

(cf. [Bal, Ba2]). By arguments as in [Ma] it follows easily that in our case
this stronger condition is not satisfied.

Remark 9. The sequence xsg(n) has empty spectrum in the sense
of Mendes France (cf. [Me3]). We note here that pseudo-randomness and
spectrum of sequences were studied in a sequence of papers by different
authors, e.g. Bass [Bal, Ba2|, Bertrandias [Ber| and Mendes France [Mel,
Me2].

A quantitative measure for distribution behaviour of a sequence x,, of
real numbers is the discrepancy

(4.1) Dy (z,) = Sl}p

N 2 vl =20

where the supremum is taken over all intervals J of length A\(J) and {-}
denotes the fractional part. A measure for the well-distribution of a sequence
is the uniform discrepancy

(4.2) ITn(zn) = sup Dn(Tn+n).
heNg

In a series of papers [TT1], [GT2|, [KLTT], [TT2] estimates for the dis-
crepancy and uniform discrepancy of the sequence zsg(n), where x denotes
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an irrational number, were established. A major tool for establishing such
estimates is the Erdés—Turan inequality

1 L1\
2hmixy,
(4.3) DN<xn>g6(H+;h’N;Oe
for every positive integer H.

Remark 10. By using Proposition 4 and choosing a suitable H in (4.3),
estimates for the uniform discrepancy of xn + ysg(n) can be established.
However, the estimates seem to be quite weak, so that we do not work them
out in detail. The different method of [GT2] cannot be applied directly to

that type of sequences. It remains an open problem to find sharp bounds
for the discrepancy and the uniform discrepancy of xn + ysg(n).

Remark 11. In [KLTT] the discrepancy of the sequence xsg(n) was
estimated in the case of Ostrowski expansions with respect to the continued
fraction expansion of a given real number. We note here that in the recent
PhD thesis [Ko] some further results concerning such expansions are proved
under special assumptions on the growth of the partial quotients.

Acknowledgements. The third author is indebted to Y. Lacroix for
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