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1. Introduction and results. In the last years arithmetic properties
of holomorphic functions were studied which satisfy a functional equation
of the shape

(1) P(z, f(2), f(T(2))) =0,

where P(z,u,w) is a polynomial with coefficients in Q, the field of all alge-
braic numbers, and T'(z) is an algebraic function. This generalizes investi-
gations of Mahler [M1], [M2], [M3], which dealt with functional equations
of the form

(2) f(z7) = R(z, £(2))

with d € N, d > 2, and a rational function R(z,u) (resp. generalizations of
these functional equations to several variables and several functions). Cer-
tain cases of (1) were studied extensively by different authors. For a survey
of results about the transformations considered by Mahler see [M4], [K1],
[L], [LP]. If T'(z) is a polynomial, the transcendence of f(«) for algebraic o
was proved by Nishioka [Nil]. This was generalized to algebraic functions
T(z) by Becker in [B3]. Applications to Bottcher functions were given by
Becker and Bergweiler [BB], and transcendence measures for these functions
can be found in [B4] (see also [NT]). The algebraic independence of several
values fi(a), ..., fm(a) was proved by Becker [B2] for certain rational trans-
formations 7'(z) under additional technical assumptions.

Since a general zero order estimate for functions satisfying (2) with 24
replaced by rational functions 7'(z) was proved in [T3], we will give an ap-
plication of the zero order estimate in this paper and derive measures for the
algebraic independence of the values of the functions considered by Becker
in [B2]. Furthermore we give lower bounds for the transcendence degree of
Q(f1(a)y ..., fm()) over Q, if f1,..., fm satisfy functional equations with
more general rational transformations 7'(z).
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THEOREM 1. Let f1,..., fm : U — C be holomorphic in a neighborhood
U of w € C, algebraically independent over C(z), and suppose the power
series coefficients of fi,..., fm in the expansion at w are algebraic. Suppose
that T(z) = T1(2)/Ta(z) with T1, Ty € Q[z], deg T = max{degT1,deg To} =
d> 2, wis a fixzed point of T of order ord, T = d, and f = (f1,..., fm)
satisfies the functional equation B

3) a(2)f(z) = A(2) f(T(2)) + B(2),

where A(z) is a reqular m x m matriz with entries in Q[z], B(z) € (Q[z])™,
and a(z) € Q[z]. Let a € U be an algebraic number with limy,_, o, T*(a) = w,
where T*(a) denotes the k-th iterate of T at o, and suppose for k € Ny
that T*(a) € U\ {w, <}, and T*(a) is neither a zero of a(z) nor a zero of
det A(z). Then for each polynomial Q € Z[y1, ..., ym|\ {0} with deg @ < D,
where deg Q) denotes the total degree of @ in all variables, and H(Q) < H,
where H(Q) denotes the height of Q, i.e. the mazimum of the moduli of the
coefficients of Q, the inequality

|Q(f(a))| > exp(—c1 D™ (D™F? +log H))
holds with a constant c; € Ry depending only on f and a.

Remarks. (i) For w =0, T(z) = p(2~1) ! with a polynomial p € Q[z],
and a diagonal matrix A(z), Theorem 1 is the quantitative analogue of the
theorem in [B2], where the algebraic independence of the function values
under consideration was proved.

(ii) With T'(z) = 2¢, d € N, d > 2, and w = 0, Theorem 1 includes an
earlier result of Becker (Theorem 1 in [B1]) and the improvement of Nishioka
(Theorem 1 in [Ni2]).

THEOREM 2. Let f1,..., fm : U — C be holomorphic in a neighborhood
U of w € C, algebraically independent over C(z), and suppose the power
series coefficients of fi,..., fm in the expansion at w are algebraic. Suppose
that T(z) = T1(2)/Ta(2) with Ty, Ty € Q[z], deg T = d, w is a fized point of
T with ord, T =06 > 2, and f = (f1,..., fm) satisfies

a(2)f(2) = A(2)f(T(2)) + B(2),

where A(z) is a reqular m x m matriz with entries in Q[z], B(z) € (Q[z])™,
and a(z) € Q[2]. Let a € U be an algebraic number with limy,_o T*(a) = w,
and suppose for k € Ny that T*(a) € U \ {w, 00}, and T*(a) is neither a
zero of a(z) nor a zero of det A(z). Let mg be the greatest integer satisfying

2logé 1 log &
logd logd’

m0<m<

Then
trdegg Q(f(a)) > mo.
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COROLLARY 1. Suppose the assumptions of Theorem 2 are fulfilled with
d < §"1/2m  Then fi(a),..., fm(a) are algebraically independent. In par-
ticular, form =1 and d < 63/% we have f(a) € Q.

Remark. The case m = 1 is Becker’s result in [B3] in the special case
of rational transformations and the functional equation (3).

THEOREM 3. Let f1,..., fm : U — C be holomorphic in a neighborhood U
of w € C, algebraically independent over C(z), and suppose f1(w), ..., fm(w)
are algebraic. Suppose that T € Q[z], degT = d, w is a fized point of T with
ord, T'=90>2, and f = (f1,..., fm) satisfies

(4) [(2) = A(2) [(T(2)) + B(2),

where A(z) is a regular m x m matriz with entries in Q[z], and B(z) €
(Q[z])™. Let o € U be an algebraic number with limy_.o T%(a) = w, and
suppose for k € Ny that T*(a) € U\ {w}, and det A(T*(«)) # 0. Let mq be

the greatest integer satisfying
log 6
logd’

mo < (m+1)

Then

trdegg Q(f(a)) > myo.
COROLLARY 2. Suppose the assumptions of Theorem 3 are fulfilled and
d < 6™ Then fi(a),..., fm(a) are algebraically independent. In partic-
ular, form =1 and d < 6% we get f(a) € Q.

Remark. Since the condition d < §%/2 in Corollary 1 coincides with
the condition given in the theorem of Becker in [B3] in the special case of
rational transformations and functional equations of type (3), the weaker
condition of Corollary 2 for polynomial transformations and the more re-
stricted functional equations of type (4) gives a first answer to a question
posed by Becker (p. 119 in [B3]). He asked for weaker technical assumptions
of this form to extend the range of applications of Mahler’s method.

2. Examples and applications. Our first example deals with series of
the form

Xi(2) =) _a(T(z) (i=1,...,m),
h=0

where T'(z) = T1(2)/T2(z) € Q(z), d; = degTj (j = 1,2), w € C is a fixed
point of T of order 6 > 2, ¢; € Q[z] with degg; > 1 and ¢;(w) = 0 for
i =1,...,m. Then all y; are holomorphic in a neighborhood U of w and
satisfy the functional equation

Xi(2) = xi(T(2)) + qi(z)  (i=1,...,m).
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COROLLARY 3. Suppose q1, ..., ¢y are C-linearly independent, 0 < dy <
dy = d, and o € Q satisfies limy_.o. T*(a) = w and T*(a) # w for k € Ny.
Then

trdegg Q(x1(), ..., xm(a)) > mo,
where mqg denotes the greatest integer satisfying

mo < (m—i—l)lOg5 - <1— 10g5>m.

logd logd

Proof. For the application of Theorem 2 we have to show that xq,...
.., Xm are algebraically independent. In the next paragraph this will be
derived from Lemma 6 of Section 3.
Suppose that x1,..., xm are algebraically dependent. By Lemma 6 there
exist g; € C(z) withdegg; =v; (i = 1,2), v = max{v1,72},and s1,...,8,, €
C, not all zero, such that

91(2) _(T() N~ o
GO

92(2)

Since the sum on the right is nonzero, we know that v > 1. From this
equation we get the polynomial identity
91(Dha(2) = go(2)h1 (=) + g2(2)ha(2) 3 siail2)
i=1
with h;(z) = Ta(2)7g:(T(z)) € Clz] (¢ = 1,2). Since g1, g2 resp. Ty, T are
coprime, we see that hq, hy are also coprime. Thus hs | g2, and the condition
do < dy implies

degho = (v — 72)d2 + Y2d1 < 2 = deg ga.

But do > 1, dy > 2 and v > 1. Hence we get a contradiction, and so
X1,---,Xm must be algebraically independent. Then application of The-
orem 2 completes the proof. m

COROLLARY 4. Suppose that 1,q1,...,qm are C-linearly independent,
T(z) € Q[z] with 2 <6 < d, df deg(>_i~, siqi(2)) for arbitrary (s1,...,Sm)
€ C™\ {0}, and o € Q satisfies limy,_.oo T*(a)) = w and T*(a) # w for
k € Ng. Then

trdegg Q(x1(), ..., xm(a)) > mo,
where mqg denotes the greatest integer satisfying

log &

mo < (m—l—l)logd.

Proof. Under the assumption that x1, ..., xm are algebraically depen-
dent, we get analogously to the proof of Corollary 3 the polynomial identity
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(notice that T = 1, hence hy = g2)
(5) 91(2)92(T'(2)) = 92(2)g1(T(2)) + g2(2)g2(T(2)) Z $1qi(2)-

The coprimality of g1,¢g2 implies g2(7'(2)) | g2(2), hence v2 = 0. Now we
compare the degrees in (5). The degree on the left side is 71, and the two
terms on the right have degrees y1d and deg(} .-, s,¢;(z)) = A, respectively.
Since d > 2, this forces v1d = A. But A is not divisible by d except for A = 0.
Then 71 = 0, and we get the contradiction Y .-, s;g;(z) = 0. Therefore
X1,---,Xm are algebraically independent. Now application of Theorem 3
yields the assertion. m

COROLLARY 5. Suppose qi,...,qm are C-linearly independent, T'(z) =
Ti(2)/T2(2) € Q(2), 0 < dg <dy=d = 6, and o € Q satisfies limy .o, T* ()
=w and T*(a) € U\{w} for k € Ny. Then for each polynomial Q € Z[y]\{0}
with deg @ < D and H(Q) < H, B

1Q(x1 (), ..., Xm ()| > exp(—c; D™(D™*? 4 log H)).

Proof. From the proof of Corollary 3 we know that xi,...,Xm
are algebraically independent. Since § = d, the assertion follows from The-
orem 1. m

Remark. The same quantitative result can be derived under the as-
sumptions of Corollary 4 for § = d.

Now we consider certain Cantor series introduced by Tamura [Ta]. Let
G 1
6 HZ‘Z: izl,...,m
©) & =2 (@) am e )
with T'(z) = Ti(2)/T2(2) € Q(z), degT; = d; (j = 1,2), w € C is a fixed
point of T" of order 6 > 2, ¢; € Q[z] with degg; > 1 and |¢;(w)| > 1 for
i=1,...,m (notice that w = oo and ¢;(c0) = oo is possible). The functions

6; are holomorphic in a neighborhood of w € C and satisfy the functional
equation
0:,(T(2)) =qi(2)0:;(z) —1  (i=1,...,m).

Tamura proved the transcendence of («) for certain « in the special case
q(z) =z, T(z) € Z|z] and degT > 3. The more general case of polynomials
¢, T € Q[z] (i =1,...,m) was treated by Becker [B2]. He derived alge-
braic independence results for 0 («),...,0,,(a) at algebraic points « and
discussed in detail the transcendence of 6(«) for linear polynomials ¢ and
algebraic «. Here we study rational transformations and give qualitative and
quantitative generalizations of Becker’s results.
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COROLLARY 6. Suppose q1,...,qm are pairwise distinct, max{2,ds} <
di=d, 1 <degq; <d—1 fori=1,...,m. Let a be an algebraic number
with limy,_oo TF(a) = w and ¢;(T*(a)) # 0, T*(a) # w for k € Ny and

i=1,...,m. If mg is the greatest integer satisfying
log & log &
< 1 —(1-
mo < (m + >logd ( logd>m7
then

trdegg Q61 (), .. O(a)) > mo.
If 6 =d, then 01(«),...,0,(a) are algebraically independent, and for all
polynomials Q € Zly] \ {0} with deg@ < D and H(Q) < H,

1Q(01(t), .., 0 ()| > exp(—cy D™(D™*? + log H)).

Proof. The assertions are obvious consequences of Theorems 1 and 2,
if the algebraic independence of 61, ..., 0,, is verified. Thus we assume that
01,...,0, are algebraically dependent, and apply Lemma 6. First we must
show that ¢;(z)/q;(z) for i # j is not of the form ¢(7'(z))/g(z) for some g €
C(z). With g(z) = g1(2)/g2(2), deggi = v; (i = 1,2), and v = max{y1,72}
we suppose on the contrary that

qi(2)91(2)h2(2) = 4;(2)g2(2) b1 (2),
where h;(z) = T2(2)79:(T(z)) € C|z]. Since g1, g2 resp. T1,T> are coprime,
we see that hi, ho are also coprime. Thus h; | g;g1, he | ¢jg2, and this implies
(notice that dy < dy)

deg hj = vdy +vi(di —dz) = vid1 + (v —vi)d2 < dy — 2+ (i =1,2).

Since dy > 3, we must have 1 = 5 = 0, but this leads to the contradiction
¢i = ¢j- Now all conditions of Lemma 6 are fulfilled, and then there exist
i € {1,...,m} and a rational function g (with g;, h;,7;,v as above) such
that

(7) 92(2)(2) = ha(2)g2(2) + ¢i(2)g1(2)ha2(2).

Hence hs | g2, and this yields

deg ho = ’)/le + (’)/ — 72)(12 < vs.
But d; > 3, and so 72 = dy = 0. Now we compare the degrees on both sides
of (7) and get d1y1 < 71 +dy — 2. Since d; > 3, we must have v; = 0, but

then ¢;(z) is a constant, and this is excluded. Thus 6,,...,0,, cannot be
algebraically dependent. m

COROLLARY 7. Suppose that T € Ql2] is a polynomial with d > 2, and
q € Q[z] is a linear polynomial with q(T(2))* # q(2)* — 2. Let «a be an
algebraic number with limy,_,o, T*(a) = oo and q(T*(a)) # 0 for k € Ny.
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Then for each polynomial Q € Zly] \ {0} with deg@ < D, H(Q) < H the
inequality

Q(6(a))| > exp(—c1D(D? + log H))
holds for 6(z) as in (6). In particular, 0(«) is an S-number in Mahler’s
classification of transcendental numbers.

Proof. In Corollary 2 of [B2] Becker showed that 0(z) is a transcendental
function for ¢(z), T(z) as above. Then Theorem 1 with w = oo yields the
assertion (notice that degT =d =ords 7). =

The next example deals with the series

& ()
66 =2 )

with ¢, 7 € Q2] and degq > 1, d > 2, which was introduced by Becker [B2].
Then §2(z) is holomorphic in a neighborhood of w = co and satisfies

Q(T(2)) = =02(2) +1/4(2).

COROLLARY 8. Suppose q(T(2)) # X\~ q(2)*+q(z) =\ for any A € C\{0},
and o is an algebraic number with limy_ o, T*(a) = oo and q(T*(a)) # 0
for k € Ng. Then for each Q € Z[y] \ {0} with deg@Q < D and H(Q) < H,

Q(2(0))] > exp(—e1 D(D? + log H)).
In particular, this transcendence measure is valid for Cahen’s constant
N (D7
= Z S, —1’
h=0

where Sg = 2 and Sp11 = S,% —Sp+1 forh>0.

Remark. The transcendence of C was proved by Davison and Shallit
[DS] with continued fractions and later by Becker in [B2] using the identity
C = 0(2) for q(z) = 2 — 1, T(2) = 2% — 2 + 1. Corollary 8 implies that C is
a S-number in Mahler’s classification of transcendental numbers.

Proof of Corollary 8. In Corollary 3 of [B2] the transcendence of
the function (2(z) was proved. Then Theorem 1 yields the assertion. m

The last example was studied by Becker in [B3], Corollary 1. Let

o(z) = [ a(T"(2)),
h=0

where ¢ € Q[2], degq > 1, and T(z) = Ti(2)/Ta(2) € Q(2), degT; = d;
(1=1,2), and w € C is a fixed point of T" of order J. Assume that g(w) = 1.
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Then o(z) is holomorphic in a neighborhood of w and satisfies the functional
equation

o(z) = q(2)a(T(2)).
COROLLARY 9. Suppose 0 < do < dy = 0, and « is an algebraic number

with limy,_ o T*(a) = w and ¢(T*(a)) # 0, T*(a) # w, 0 for k € Ny. Then
for any polynomial Q € Z[y] \ {0} with deg@ < D, H(Q) < H,

|Q(c(0))| > exp(—c1D(D? + log H)).

Proof. The transcendence of o(z) was proved in Corollary 1 of [B3].
Then the assertion follows from Theorem 1. m

3. Preliminaries and auxiliary results. Throughout the paper let K
denote an algebraic number field, and O is the ring of integers in K. Define
[al, the house of the algebraic number «, as the maximum of the moduli of
the conjugates of a. A denominator of an algebraic number « is a positive
integer d such that da € O . For a polynomial P with algebraic coefficients
the height H(P) is defined as the maximum of the houses of the coefficients,
and the length L(P) is the sum of the houses of the coefficients.

LEMMA 1. Suppose the rational function g(z) = r(z)/s(z) € K(z) is
holomorphic in a neighborhood of z = 0. Then for each h € Ny the power
series coefficients g of

9(z) =Y gn?"
h=0
satisfy

(i) gn € K(g90),
(ii) [gn] < exp(c2(h + 1)),
(iii) Dle2(HDlg, € Ok

with switable D € N and co € Ry depending only on g.
Proof. From r(z) = s(2) Yo, gn2™ with r(z) = 22:0 rizt, s(z) =

Zé:o 5;2" we get the following recurrence relation for the coefficients gy,
(with rp, =0 for h > 1), h € Ny:

min{l,h}
rh S
Gh="3"" E 50 Jh=n-
0 il

This implies the assertion. m
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LEMMA 2. Suppose T(z) = T1(z)/T>(2) is a rational function with § =
ordg T > 2, and o € C satisfies T"(a) # 0 for k € Ny and limp_o T"(cv)
= 0. Then for oll k > k,

—c30% < log |T*(a)| < —cu6®
with c3,c4 € Ry, k € N depending on T and a.

Proof. Since 0 is a zero of T of order § > 2, we have T(z) = 2%g(2),
where g(z) is holomorphic in a neighborhood of z = 0 and ¢g(0) # 0. Then
there exists a constant € € Ry depending only on 7" such that for all g € C
with 0 < |5 <e (< 1),

wlB1° <IT(B)] < mlBI°,
where 79,71 € R4 depend on T'. Thus

k k
8)  exp(—720") <5181 < ITHB)] <AFIBI° < exp(—730")
with 72,73 € Ry depending on 7" and 3. Since limg .o T*(a) = 0, we know
0 < |T*(a)| < e for k > k with k € N depending on T and «, and together
with (8) this yields the assertion. m

The proofs of the theorems depend on the following results from elimi-
nation theory.

LEMMA 3. Suppose w € C™. Then there exists a constant c5 = c¢5(w, K)
€ Ry with the following property: If there exist increasing functions ¥y, s :
N — R4, numbers ®1,P4, A € Ry, positive integers ko, k1 with kg < k1,
mo € {0,...,m} and polynomials (Qk)k,<k<k,, Such that the following as-
sumptions are satisfied:

(l) @2 Z @1 Z Cs, A Z Wl(k + 1)/Wg(k‘) Z 1 fO’f’ ke {ko,. . .,kl},

(ii) ¥a(k) > c5(log H(Qr) + deg Q) for k € {ko,...,k1},

(iii) the polynomials Qi € Ok[y1,- .., ym] (ko < k < k1) satisfy
(a) deg Qk S @1,
(b) log H(Qx) < P2,
(c) exp(—¥1(k)) < |Qr(w)| < exp(—P2(k)),

(IV) Wg(kl) Z C5Am0_1¢;n071 max{lIll(ko),fpg},

then

trdegy Q(w) > mo.
Proof. This is Theorem 1 in [T1] with slight modifications. m

LEMMA 4. Suppose w € C™. Then there exists a constant cg = cg(w, K)
€ R, with the following property: If there exist functions Wy, Wy : N> — R
which are increasing in the first variable, numbers ®1,P2, A, U, T € R,
positive integers No, Ny with Ny < Ny, for each N € {Ny,..., N1} posi-
tive integers ko(IN ), k1(N) with ko(N) < ki1(N), and polynomials Qp n for
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N € {No,...,N1} and k € {ko(N),...,ki1(N)}, such that the following as-
sumptions are satisﬁed for positive integers D, H and all N € {Ny,..., N1},
ke {ko(N),..., ki (N)}:
(i) (a) @ >@1>C6,A>!I/1(k+1 N) /Wy (k,N) >
(b) W1 (k1 (N), N) = ¥ (ko(N + 1), N + 1),
(c)U < max{%(k:,N) | No < N < Nyp,ko(N) <
T Z mll’l{@l(k‘,N) ‘ NO S N S Nl,k‘o(N) S
(i) ¥2(k, N) = co(log H(Qp,n) + deg Qp,n ),
(iii) the polynomials Qi n € Ok [y1,...,Ym] satisfy
(a) deg QN < D1,
(b) log H(Qk,N) < P,
(c) exp(=¥1(k, N)) < [Qr,n(w)| < exp(=P2(k, N)),
(iv) U > cgA™ @7 " max{rD, A(®; log H + $,D)},
then for all polynomials R € Zyi,...,ym] \ {0} with degR < D,
H(R) < H,
[R(w)| > exp(=U).
Proof. Lemma 4 can be derived from Jabbouri’s criterion [J] analogous
to the proof of the proposition in [T2]. m

LEMMA 5. Let f1,..., fm € C[[z]] be formal power series which satisfy
Ao(2, [(2)) [(T(2)) = Az, f(2)),
where f(z) = (f1(2),..., fm(2)), T(2) = T1(2)/T2(z) is a rational function
with Ty, Ty € Clz], d = max{degTi,degT>}, § = ordgT > 2, A(z,y) =
(A1(2,9), -, Am(2,9)), and Ai(z,y) € Clz,y1,.. ., ym] \ {0} (0 < i < m)

are polynomials with deg, A; < s and deg,, , A; <t. Suppose that t™ <

6 and Q € Clz,y1,. .., Ym] with deg, Q < M, deg,, Q<N and M >
N > 1. If Q(z, f(2)) # 0, then
ordo Q(z, f(2)) < ¢ M N 08/ (log 6—mlog 1)
with a constant c; € Ry depending on f.
Proof. See Theorem 1 in [T3]. m

The following result of Kubota is often useful to verify the algebraic
independence of the functions f1,..., fi.
LEMMA 6. Suppose f; ; € C[[z]] (1 <i <m,1 < j < n(i)) are formal
power series satisfying the functional equations
fi3(2) = ai(2) fi,;(T(2)) + bij(z) (1 <i<m,1<j<n(i))
with a;,b;; € C(z), T € C(z) is not constant, a; # 0, and a;, /a;, is not

of the form g(T(2))/g(z) with g € C(z) for iy #iz. If fi1,..., fmn@m) are
algebraically dependent, then there exist indices 1 < i3 < ... < ig < m,
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complex numbers ¢;. ; for 1 <r < Rand 1 <j < n(i.), not all zero, and
functions g1, ...,9r € C(z) with the following properties:

(i) 9r(2) = as, (2)9-(T(2) + 05 e, i, 4(2) for 1 <r <R,

(ii) there exist my,...,mg € Z, not all zero, such that
n(ir) m
H(chfw ~gr(2)) €Cz).
r=1 j=1

Proof. See Theorem 2 in [K2|. =

4. Proof of Theorem 1. The first step in the proof of the theorems is
the reduction to the case w = 0, as shown in [B3]. This is done by means of
a suitable Mobius transformation @(z), which is defined as

1
2=
Then we consider the functions ff(z) = f;(#7'(z)) and the transformation
T*(z) = ®(T(P71(2))) (notice that deg T* = deg T and ordg T* = ord,, T).
Since the functional equations

a*(2)["(2) = A% (2) [*(T"(2)) + B"(2)

with a*(z) = a(®71(2)), A*(2) = A(®~(2)), B*(z2) = B(®7'(z)) hold,
the assumptions of Theorem 1 are fulfilled for f*, d(z)a*(z), d(2)A*(2),
d(z)B*(z), where d(z) € Q[z] is a common denominator for the rational

functions in A*, B*, a*, and further w = 0.

D(z) =

z—w forweC,
{ for w=o0 with an algebraic number S#£T*(a) for k € Ny.

The next step in the proof of Theorem 1 is the estimate of the power
series coefficients of the functions f; and the construction of an auxiliary
function with high vanishing order at z = 0. This yields a sequence of
auxiliary polynomials in fi(«),..., fm(«). Application of Lemmas 3 and 5
and a suitable choice of the parameters completes the proof.

For the proof of Lemmas 7-9 we suppose that T'(z) = Ti(z)/T2(z)
with T1,T» € Q[2], w = 0, d = degT > 6 = ordg T > 2. Further we de-
fine for f;(2) = Y p— fi.n2" the power series coefficients of the jth power

f1(z) by

O PO X fuefin) =Yg

h=0 h1+...+hj=h h=0

and for j = (j1,...,jm) € N{’,
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(10) F)=f'z)... fir(2)

(T ) S

h=0 hi+...+hm=h
LEMMA 7. Suppose the above mentioned assumptions are fulfilled, and f
satisfies (3). Then for all h € Ng and j € N, j € Ng* with |j| = j1+.. .4 jm,
() fz h € K
( ) < eXp(Cg + h)) D[cs(l+h)]f n € Ok,

(iii) | f 'z(—]h’ < exp(eg(j + h)), Dleoa(G+h)] f(J) € Ok,
v)If

( < eXP(C1o(|J| + h)), D[Clo(\th)]f,(LZ) € OK7
where D €N, cs,cg,c10 € Ry, and the algebraic number field K depend on

fla'-"fm-

Proof. Without loss of generality we may assume that f;(0) = 0 for all
i (otherwise we consider f;(2)— fi(0)), and the entries of a(z) 1 A(z) (hence
of a(z)7'B(z)) are regular in z = 0. If there exist entries of a(z) 1A(z)
which are not regular in z = 0, and the pole order is at most s, we put

= Z_:fi,hzh (1<i<m), R(z)=(Ri(z),...,Rn(2)),

and consider the functions g;(z) = (fi(z) — Ri(z))z~*, which satisfy the
functional equation

9(2) = T(2)° 2 a(2) "' A(2)g(T(2))
—27*(R(2) — a(2) T (A(2)R(T(2)) + B(2))),

and then T'(2)*27%a(z) 1 A(2) is regular in z = 0 because of § > 2. Now let
K denote the algebraic number field which is generated by the coefficients
of the power series expansion of the entries of a(z) 1 A(z) and a(z)~'B(2),
the fixed point w (remember the Mébius transformation @), the coefficients
of T, finitely many power series coefficients of fi,..., f;, (if necessary, see
above), and the point § from the beginning of this section (if necessary).
With a(z) "1 A(2) = (ai,j(2))1<ij<m, a(z) " B(z) = (bi(2))1<i<m and

0o oo
aiyj(z) = Zai,j,hzh, bz<2) = Zbi,hzh7
h=0
l
A=Yom @) =Y A
h=4d

h=4!

the functional equation implies
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i finz" = i(i ai7j7hzh> (i ijl(i pg)zh)) + i binz"
h=1 1=1 h=5! h=0

j=1 h=0
00 m h [log k/ log 4] 0o
= Z(ZZ%,J’JHI@( > fj,l%&”))zh +) bina",

h=6 j=1k=5 =1 h=0

and we get the identity
h m [log k/ log 6]
(11) fin = Z Z ai,j,h—k( Z fj,ng)) + bi -
k=6 j=1 =1

Now assertion (i) is obvious. According to Lemma 1(ii) the power series
coefficients pj, of T are bounded by [pr] < exp(vo(h + 1)) with 79 € R4, and
then
!
p < > Bl el < exp(a (14 h)).
hi+...thi=h

Together with (11) and the bounds of Lemma 1(ii) for the power series coef-
ficients of the a; ;(2) and b;(2) this yields the first part of (ii) by induction,
and with suitable D € N the second part of (ii) follows from Lemma 1(iii).

Assertions (iii) and (iv) are consequences of (ii) and the identities (9),
(10) (notice that the number of h € N}, with |h| = h is bounded by (hjﬂzl) <
2047, m

LEMMA 8. For N € N there exists a polynomial Ry (z,y) € Okl[z,y1,- ..

s Ym) \ {0} with the following properties:

(i) deg, Ry < N, deg, Ry < N,

(11) H(RN) S exp(611N1+m),

(i) o N7 < () = ordg Ry (2, f(2)) < exa NV 198/ 185,

Proof. Put

N 00
RN(Z’f(Z)) = Z Z Ty uzuf(z)* = Zﬂhzh
v=0|u|<N h=0
with
min{h,N}

(12) Bu= > > rv,ﬁf}(bﬁ—)u'

v=0 " |p|<N
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The left-hand inequality of assertion (iii) is equivalent to the condition 3}, =
0 for 0 < h < c1o N1, This yields at most [c;o N1T]+1 linear equations in
the (N+1) (N:Lm) unknowns 7, ,,. After multiplication with DN (gee
Lemma 7) the coefficients of the linear equations are algebraic integers, and
the houses are bounded by exp(yoN'*™). Since (N +1) (V™) > L Nyt+m >
2c15 N1t 4 1 for suitable ¢ € Ry, Siegel’s lemma yields the assertion of
Lemma 8 apart from the upper bound for the zero order v(N) in (iii), but
this is a consequence of Lemma 5. m

LEMMA 9. For k € N with 6% > c14v(N),
exp(—c157(N)o%) < |Rn (T*(a), f(T* ()] < exp(—ci6v(N)o"),
where the constants cy4,c15,c16 € Ry depend only on f and o.
Proof. From Lemma 7 and (12) we get (notice that h > c;o N1T™)
(13) 18u] <[Bh] < exp(roh),  DIOMB, € Ox.

Then we consider

R (T* (@), F(TH(@))) = By (T ()" (1+Z D) (k) )

h=1 PV(N)
Since
(14) 1Bu (| = (Do, )
and
P00 < explon (-4 v(N)
Bu(n)

for h € N, Lemma 2 implies for k € N with 6% > yov(N),

Bh—}—u(N) k s k 1

(T*( <Y exp(y1(h + v(N)) = 43hd*) < 5

h=1
hence

%IBWN)IIT'“(Q)I”(N) < |Rn(T*(@), f(T*(a)))] < g\ﬁwv)IIT'“(a)l”(N)-

Now (13), (14) together with Lemma 2 complete the proof. m

From now on we suppose in addition that 6 = ordgT’ = degT = d, i.e.
the assumptions of Theorem 1 are fulfilled with w = 0. For the application
of Lemma 4 we define polynomials Ry y € K[z,y] for k, N € N with ok >

c1av(N) by
Ro.n(2,y) = Rn(2,9),
Riy1.n(2,y) = (det A(2))VTo(2) "N Ry n(T(2), A(2) " (a(2)y — B(2))),
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where the degree of the entries of A(z) and B(z) is at most s € N, and
dy = c17(d* —1)/(d — 1) + d* with c;7 = ms.

LEMMA 10. Suppose k, N € N. Then

(i) Ren € Klz,y],

(ii) degz RkJ\f S de S 2017de, degy sz,N S N,

(111) H(RkJ\I) S exp(clgN(dk + Nm)),
and if d* > cigv(N), then

(iv) exp(—c20v(N)d¥) < |Ri N (a, f())| < exp(—ca1v(N)d").

Proof. (i), (ii) are proved by induction; (i) follows from the fact that
the matrix det A(z)A(z)~! has entries in K[z], and (ii) is a consequence of
degT = d and the definition of ¢y7. Suppose that L is an upper bound for

the length of a(z) and the entries of A(z) and B(z). Then assertion (iii)
follows from

H(Ri41,n) < L(Rp41,n)
< L(Ry n) max{1, L} max{1, L(T}), L(Ty) }*~

k
< L(Ry)exp (10D diN) < exp(yad N +9N1H).
=0

The last assertion is a consequence of d = ¢, Lemma 8, and

Ry n (e, f(a))

k—1 k—1
= [ (et AT ()™ T](T(T7 ()™ =N Ry (T* (@), f(T*())),
j=0 J=0
k—1 ‘
(15) exp(—73d"N) < [ ] ldet A(TY ()| < exp(y4d"N)
and
k—1
(16)  exp(—y5d*N) < [ ITo(T? ()|~ < exp(yd"N). u
j=0

Suppose that D; is a denominator of o, Dy is a common denominator of
the coefficients of T'(z), and Dj is a common denominator of the coefficients
of a(z) and the entries of A(z) and B(z). Then we put

(17) Qr.N(Yy) = (DlDz)[20”de]+lD§1kNRk,N(a,g).
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Thus for N > Ny and k € N with d¥ > coo N'*™ (cf. Lemma 8(iii)),
Qr.v € Oklyl, degQen <N, H(Qrn) < exp(casd™N),

exp(—caad® N'™) < |Qp,n(f(a))] < exp(—cosd"N'*™).

With sufficiently large constants vp,v1 € Ry, which depend only on f, a, Ny,
and the constant cg of Lemma 4, we choose N1 = [y9D] and the parameters
ko(N), kl(N) for N € {No, . ,Nl} such that

dkO(N)—l < 022N1+m < dkO(N)7

log H
ki1 =k (N) = [ log(Derl + OgD> —i—’yl},

D and H as in the assumptions of Theorem 1. Hence ko(N) < k1, and for
the application of Lemma 4 we define

®y = N1, Py = cogNyd™,

@y (k,N) = coud®NHT™ Wy(k, N) = co5d* N™,

Then obviously (i), (ii), (iii) of Lemma 4 are fulfilled with A = dca4/co5 and
U =coad™ NJT™ 7 = cygdP NI NJT™,
Furthermore, we see that
U > v N{" max{log H + d* D,7D/N;}
> cg A" O Y max {7 D, A(®; log H + $3,D)},

and Lemma 4 implies

QU (@))] > exp(~U)

> exp(—ysd™ N ™)

log H
> exp < — D™ (DmJrl + O%)) n

logd

5. Proof of Theorem 2. The first part of the proof up to Lemma 9
and the definition of the polynomials Ry n in the paragraph after Lemma 9
is identical with the proof of Theorem 1. Since 2 < ¢ < d, Lemma 10 must
be slightly modified.

LEMMA 11. Suppose k, N € N. Then
(i) Ri,n € Klz,y],

(i) deg, Rk,n < dpN < 2c17d"N, deg, R n < N,
(iii) H(Rpn) < exp(cisN(d" + N™)),
and if % > cogv(N) and Nd* < corv(N)S*, then
(iv) exp(—casV(N)O*) < |Rp (e, f(a))| < exp(—cogr(N)6¥).
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Proof. The additional assumption in (iv) is necessary to compensate
the bounds of Lemma 9 and (15), (16). =

With denominators D1, Dg, D3 as in (17) we define polynomials @y n by
Qk,N(g) _ (DlDz)[2cl7de]+1DgnkNRk7N(a’g)‘
Thus for k € N with Nd* < c3ov(N)6F and 6% > c3;0(N) we have
Qun €Oklyl, degQrn <N, H(Qgn) < exp(cs2d"N),

exp(—cz30"v(N)) < |Qr,n (f())] < exp(—e348*v(N)).

With sufficiently large 70,71 € Ry, which depend on f and a, we define
logv(N) logv(N) — mglog N
ko= |———+| k= -
log 6 logd — log §

(notice that c3p € R, may be very small). Then obviously Nd* < c3ov(N)d*
and 0% > e3;v(N) for ko < k < k; (without loss of generality mg > 1), and
ko < ky is shown in (19). Furthermore,

7

(18) V(N)§F >y N™o gk,
and the definition of my, ko, k1 together with v(N) > c1o N1T™ yields
(19) 6k1 Z ,YSanofl(sko

with v9,7v3 € Ry for N > Ny(70,-..,73). Thus we define
®y =N, Py=czpd"N,
Uy (k) = 0335ku(]\7), Uy (k) = C345kV(N), A = dess/csa,
and if we now fix N € N sufficiently large with respect to ~vg,...,7s,d, f, a,

and c5, we put Q = Q. n for kg < k < k; and this value of N. Then (18),
(19) imply

Wy(k) > cs A™0 7110 max{W (ko), o},
and the other assumptions of Lemma 3 are also fulfilled for this choice of pa-
rameters. The application of Lemma 3 completes the proof of Theorem 2. =

6. Proof of Theorem 3. Under the assumptions of Theorem 3 we can
give sharper bounds for the power series coefficients of fi,..., f,, in the
expansion at w. This yields a weaker condition for kg, hence a better bound
for myg.

Analogously to Section 4 we apply the Mobius transformation @ to get
w = 0. Then the sharper estimates for the power series coefficients depend
on the fact that a(z) = 1, and T'(z) and the entries of A(z) and B(z) are
polynomials. For the sake of simplicity the case w = oo is excluded, because
then @ transforms the functional equation into another system, where in
general a(z) is not constant, and 7'(z) is rational.
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Since the proof of Theorem 3 is analogous to the proof of Theorem 2
apart from the estimates for the power series coefficients, most proofs are
shortened or omitted.

LEMMA 12. Suppose that the assumptions of Theorem 3 are fulfilled with
w = 0. Then for all h € Ng and j € N, j € Ni*,
(1 fz n € K
(ii ﬁ < exp(csq log(h + 2)), Dlesa 10g(h+2)]fi7h € Ok,
m < exp(cssjlog(h + 2)), D Dlessjlog(h+2)] f(j) € Ok,

< exp(csslj|log(h + 2)), D[C36|J|log(h+2ﬂf}(g) € Ok,
where D € N, c34,c35,c36 € Ry, and the algebraic number field K depend
on f.
Proof. Without loss of generality f;(0) = 0 for all i (since f1(0),...
., fm(0) € Q, the functions f;(z) — fi(0), 1 < i < m, satisfy functional

equations of the required form). Then with A(z ) (@i ;(2))1<ij<m, B(z) =
(Bi(2))1<i<m and

ai7j(z) = zs:ai’j,hzh, Bi(Z) = zs: bi7h2h,
h=0
:
:thzh7 (T( Zp(l) h
h=§

h=4§!

iii

\_/V\_/\_/

the functional equation implies

i fi,hzh = i(i Qi j,h? ) (Z fi (Z P(l) h)) + ZS: bi,hzh
h=1 h=0

j=1 h=0 h=4!
oo m
h
SEY asl Y o)
h=06 j=1 k=max{d,h—s} log k/ log d<I<log k/ log ¢

s
+ E bi,hzha
h=0

and from the identity
h m
(20) fin= >y ai,j,iﬁk( > fj,zp;(gl)) + bin
k=max{d,h—s} j=1 log k/ log d<I<log k/ log §

(with b; , = 0 for h > s) assertion (i) follows immediately. Since

l
pl < ) Phol- - PR < exp(yol)
h1+...+hl=h
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(notice that 0 < h; < d for i = 1,...,1), the first part of (ii) follows from
(20), if we choose D € N as a suitable denominator for the coefficients of
T(z) and the entries of A(z) and B(z). Then (iii), (iv) can be derived from
(9), (10) respectively (notice that the number of h € Nj with |h| = h is
bounded by (h;rﬁzl) < exp(jlog(h+1)). m

LEMMA 13. For N € N there exists a polynomial Ry (z,y) € Ok|z,y1,. ..
s Ym]) \ {0} with the following properties:
(i) deg, Rxv < N, deg, Ry < N,

(i) H(Ry) < exp(csr N log(N + 1)),

(iii) essN'*™ < w(N) = ordg Rn(z, f(2)).

Proof. Analogous to Lemma 8. m

LEMMA 14. For k € N with 6* > c39N logv(N),

exp(—caor(N)0¥) < [Ry(T*(a), f(T*()))] < exp(—cap(N)3"),

where c39, c40,ca1 € Ry depend only on f and a.

Proof. Analogous to Lemma 9. Notice that

18n] <18n] < exp(roNlogh), ~ DINIelg, e O

and h > v(N). m

Now we define polynomials Ry n by

Ro.n(z,y) = Rn(2,9),
Rit1,n(2,y) = (det A(2)) Y Ry, v (T'(2), A(2) ™ (y — B(2))),

where the degree of the entries of A(z) and B(z) is at most s.

LEMMA 15. Suppose k, N € N. Then

(i) Rk,N S K[Z, ],

(ii) degz Rk,N < C42(dk — 1)/(d — 1) + dk < 2C4Qdk, degg R]QN <N,
(iii) H(Rp.n) < exp(cazN (log(N + 1) + d¥))

with cgo = sm, cy3 € Ry
If 6% > cyqNlogv(N) and Nd* < cysv(N)S*, then

(iv) exp(—cav(N)d*) < |Ri,n (v, f(a))| < exp(—cy7v(N)6%).
Proof. Analogous to Lemma 10 resp. Lemma 11. =

Suppose that Dq is a denominator of o, D is a common denominator of
the coefficients of T'(z), and D3 is a common denominator of the coefficients
of the entries of A(z) and B(z). Then we define

i
Qk,N(g) — (D1D2)[2C42d N]-HDénk:NRk?N(a?g)'
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Thus for N > Ny and 6% > cygNlog v(N) and Nd* < cyov(N)6* we have
Qrn €Oklyl, degQrn <N, H(Qpn) <exp(csod°N),

exp(—c516°v(N)) < |Qr,n (f())] < exp(—e528*v(N)).

With sufficiently large vo,v1 € Ry, which depend on f and «, we choose

log(N logv(N)) b — logv(N) —mglog N
log § Rl T logd — log §

ko = 7|

This implies 6% > c4gN logv(N) and Nd* < cqov(N)5*. Furthermore,
v(N)§* >y N™ogh

for N > Ny(v2). Since mglogd < (1 —e)(m + 1)logd for some ¢ € R, and
v(N) > e3g N1T™ we have for all N > Ny(q0, .- -,73,€),

5" > g N0~ gk,
Thus let
451 :N, @22650Ndk1,
Uy (k) = 0515ku(]\7), Uy (k) = C525kV(N), A = dcs1/cs0,

where N is fixed sufficiently large with respect to vo,...,73,¢,90, f,a, and
cs, and put

Qk(g) = Qk,N(g)
for kg < k < kq and this value of N. Then

!pz(kl) Z C5Am0_1¢§n071 maX{Wl (ko),¢2}7

and since all other assumptions of Lemma 3 are fulfilled, the assertion of
Theorem 3 now follows from Lemma 3. =
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