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Introduction. In 1929, C. L. Siegel [8] defined two classes of functions in
transcendence theory. One is the class of E-functions (for the definition, see
[7]) and the other is the class of G-functions (see §2 below). Proofs of the al-
gebraic independence for values of E-functions and transcendence measures
were first originated by Siegel, and developed by A. B. Shidlovskii and his
students. On the contrary, for G-functions, Siegel only gave a program for
the proofs of the linear independence of their values. After a while, A. 1. Ga-
lochkin [6] proved some irrationality measures. He used the method of Padé
approximations of the first kind. His proofs require an assumption, which is
called the Galochkin condition. This assumption appeared in E. Bombieri’s
paper [3] in another form, but it was not removed from the irrationality
statements. In 1985, D. V. Chudnovsky and G. V. Chudnovsky overcame
this difficulty [4, Theorem III]. They proved that the Galochkin condition
holds a priori. They also used a refined method of classical Padé approxima-
tions. Furthermore, they obtained some measures for values of G-functions
[4, Theorem I] without the Galochkin condition.

To explain the present state of research on the irrationality measures for
values of G-functions, let us introduce the following (unproved) statement:

STATEMENT 0.1. Let fi(x),..., fm(z) be G-functions. Assume that
fi(@),..., fm(x) are linearly independent over Q(x) and that the 1-column
matric

f = t(fl(l:)a"'?fm(:n))

is a solution of a first order linear differential equation

d _

2 F_A

dxf f7
where A € My xm(Q(x)). Let r =a/be Q, r # 0, and 0 < e < 1/2. Then
there exist a constant C1, depending on fi(x),..., fm(x),e, and a constant

[313]
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Cy, depending on fi(x),..., fm(x),e, 7, such that if
‘b‘e > Cl|a’m(m_1+8),

then for arbitrary integers Hy,...,H, such that H = max;—1 . m |H;
> CQ,

(0.1.1) ‘ Zm:Hifi(r)’ > '
=1

[, max(|Hil, 1)°

D. V. Chudnovsky and G. V. Chudnovsky proved a weaker form of State-
ment 0.1 [4, Theorem IJ, with (0.1.1) replaced by

(0.1.2) ‘ iHifi(r)‘ > HimmE,
i=1

We state our result.

THEOREM 0.2. Let f;(x) (i =1,...,n) be a non-zero solution of a scalar
linear differential equation of order m; over Q(x):

((Z)mifi(@ + aim,—1(2) (;;)mi_lfi(x) +.. +aio(x) fi(z) =0,

where a; j(z) € Q(z) (¢ = 1,...,n; j = 0,...,m; — 1). Put fi(j)(ac) =
(d/dz) fi(x) and m = Y m;. Assume fi(j)(x) (t=1,...,n; 5 =0,...
...,m; — 1) are G-functions linearly independent over Q(z). Let r = a/b €
Q, r # 0, and let 0 < g9 < 1/2 be a fized real number. Then there
exist an effective constant Cs, depending only on fi(j)(a:) (i=1,...,m
j=0,....,m; — 1), €0, m, and an effective constant Cy, depending only
on fi(j)(:c) (i=1,...,n;5=0,...,m; — 1), €9, m, r, such that if

‘b‘EO > 03 ’a‘Qm(m+1)7

then for arbitrary integers Hi(j) (t=1,...,m; 7 =0,...,m; — 1) such that
H = maXi:l,...,n(|HiD > 04 and H; = man:O,...,mi—l(’Hi(j)L 1)a

n mifl 1760
() () H
DI C CHT o Hp

i=1 j=0

As compared with the methods of [4, Theorem IJ, our method estimates
simultaneously several systems of G-functions. D. and G. Chudnovsky in-
troduced the method of graded Padé approximations, and announced that
Statement 0.1 can be proved by their methods (|4, Theorem V]).

We use classical Padé approximations and obtain the best possible mea-
sures for some special cases (m; = ... = m,, = 1 in Theorem 0.2). Statement
0.1 is still unproved, at least by the method of classical Padé approximations.
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This paper is organized as follows.

In Section 1 we prove some properties of our Padé approximations. We
follow more or less the method developed by Shidlovskii for E-functions [7,
Chapter 3] until Lemma 1.8 which improves on Shidlovskii’s counterpart:
the matrix that appears in Shidlovskii’s method is too big to provide good
bounds for G-functions. It is important to deal with a matrix of minimal
size and maximum rank for the final estimates to depend only on the H;’s.

Section 2 contains the estimations of linear forms in Padé polynomials.
The Galochkin condition appears as the (G, C)-property. (See Lemma 2.5
below.) We use there the result of [4]. Furthermore, at the end of the section
we obtain a matrix of integers which has good approximations.

Section 3 contains the proof of our result. The sketch of the proof is as
follows: Using the estimates of the first two sections, we obtain an inequality
involving the data, the degrees of the Padé polynomials and their orders
at 0. This inequality provides the bound in our result provided that these
degrees and orders satisfy two conditions. The condition on their orders is
transformed into another one on the degrees of the Padé polynomials. We
reduce them to conditions on ¢ and H, that is, we prove the existence of
the Padé polynomials with these conditions for any 0 < € < 1/2 and for any
large H. We conclude our estimations by these Padé polynomials.

1. Padé approximations. Let A be the set of indices
(1.1.1) A={0,7)]i=1,...,n; j=1,...,m;}

and write
(1.1.2) m = Zml
i=1

We consider the power series f(; ;) = fi5)(z) € Q[[z]] ((4,7) € A).
For parameters D, D;, T € Z (i = 1,...,n), consider P jy = P; ;)(z) €
Q[x] with

(1.1.3) deg P; jy < D,
(1.1.4) ordy—o P ;) > D —D;  ((i,]) € A),
such that
(1.1.5) Ri= Y Pujfus € Qllz]
(i,4)eA
satisfies
(1.1.6) ordg—g R>T

and R # 0.
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These polynomials P(; ;) always exist under a condition on 7. See Re-
mark 1.2 below. They are not uniquely defined.

DEFINITIONS 1.1. We call P; ;) Padé approrimants and R remainder
function in the Padé approximation problem for f(; ;) with parameters

(Tv Da Dz)
Henceforth we write
(1.1.7) D := max D,,
i=1,....,n

and we assume that

(1.1.8) D; > 2D

and
n

(1.1.9) T> [ZmiDi —gD}
i=1

for a sufficiently small £ > 0. Here [a] means the integer part of .

Remark 1.2. The number of the coefficients of P; ;) for (i,j) € Ais at
most Y ., (m;D; +1). If

n
T <> (m;D;+1),
i=1
there exists a non-trivial solution of the Padé approximation problem with
parameters (T, D, D;).
Notations 1.3. Define an m-tuple of power series by

(1.3.1) F="fay - Famy Feny - Famn) € Q)™
We fix Agy € My, (Q(x)), the set of m; x m; matrices, for i =1,...,n and

A 0
(1.3.2) A= € M, (Q(x)).
Consider the differential equation
d - _
1.3.3 —f=A
which means that

where f’i = t(f(i,l)? ey f(l,ml)) € QHIEHmZ
Furthermore, define a sequence of m-tuples of polynomials by

(1.3.5) P = (Paays- - Pamnys Py - - Panmn)) € Qla]™
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and recursively for k =1,2,...,

_ d k
(136) P imu( g+ A )P =l P ) €
where

(1.3.7)  u:= u(x) = the lowest common denominator
of the entries of A € Zl[z].

In other words, one defines sequences of m;-tuples by

(1.3.8) B = YPunys- o Pamyy) € Q)™ (i=1,...,n)
and for k=1,2,...,
d
139) (A e Q™ (=1
then it is clear that pl¥! are the tuples of all entries of f)&k] (i=1,...,n).
Then we put
(1.3.10) RO =50 F =350 € Qla]]
i=1

and for k=1,2,...,

d\F
(1.3.11) Rl .= (ud> R € Q[[]).

x

By elementary calculations, one has

(1.3.12) RM = <ujx>kR°1 —( dd> < ( 5 p[O]A>f>
(i) _1< (<5+ A) "))

d k—1 3 3
Write
(1.3.13) R =5 f; € Qla]
and for k=1,2,...,
k
(1.3.14) R = (udi> R eqQlu)] (i=1,...,n).

Similarly to (1.3.12) one finds that for £ =0,1,2,...,
(1.3.15) rRF =l (i=1,... n).
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Finally, put
(1.3.16) s :=max(degu — 1,deguA).

LEMMA 1.4. Let P ;) be Padé approrimants and R be the remain-
der function in the Padé approzimation problem for f(; ;y with parameters

(T, D, D;). Then P([f]j) are Padé approzimants and R is the remainder
function with parameters (T — k,D + ks, D; + ks + k) for k=0,1,...,T.

Proof. It is enough to show that

(1.4.1) P € Qlal,

[k]
(1.4.2) deg P < D + ks,

[£] o
(1.4.3) ord,—g P(i,j) >D-D;, -k,
(1.4.4) ord,—o R™ > T — k.

This follows immediately from the definitions. m
We formulate Shidlovskii’s lemma [7, Chapter 3, Lemma 8| as the fol-

lowing proposition, which is implicit in his proof.

PROPOSITION 1.5. Suppose that f(; ;) ((i,7) € A) are linearly indepen-
dent over C(x) and satisfy the differential equation (1.3.3). For arbitrary

polynomials P([g]j) € C(x) with

deg P\ <D ((i.) € A),
let
R[O] = Z P([?’]j)f(i,j) € (C[[x“
(z,7)eA
and let

d\F
Kl — 2 (o] — E LI
R™ = <“d$> R = Pyt
(i,4)€A
for k=1,2,... Furthermore, let

o [k] \0<k<m
[ = rank(P(ivj))(iyj)ZA <m.

Then there exists a set Ay C A with #Ay (= the cardinality of A1) =1 such
that

(1.5.1) A = det(P}}

Finally, denote by A, . the (u,v)th cofactor of A. Then there exists a pos-
itive constant T, depending only on f(; ), and there exist, for p=1,...,n,

0<k<l
)(i,j)EAl ?é 0.



G-functions 319

power series Fy, € C[z]] and polynomials G, € C(x), which depend only on
Jiij), such that

(152) Ordm:() FM < T0

and

(1.5.3) AF, =G, Y A, RV
v=1

Proof. The first assertion is proved in [7, Chapter 3, Lemma 6]. (1.5.2)
and (1.5.3) are implicit in the proof of [7, Chapter 3, Lemma §|. m

For the sake of convenience, we often write for ¢ = 1,...,n,
Di,j = Dz (]:1,,77’11)
LEMMA 1.6. Under the assumptions of Lemma 1.4, suppose that f sat-

isfies the differential equation (1.3.3) and that the entries of f are linearly
independent over C(x). Let

k
(1.6.1) l= rank(P([L]j)

Then there exist a positive constant vy, depending only on f, and a set
Ay C A with #A5 =1 such that

(162) OI‘dw:()R < < Z D17]> —i—’yo
(i,j)EAQ

)0§k<m
(i,5)eA”

Proof. We use Proposition 1.5. Let A be a minor of maximal rank of

( ([i]]))?fjlgézn, A, the (p,v)th cofactor of A and 6,, the (u,v)th entry

of A. Each index p corresponds to a double index (7,j) such that 6, ., =

P([;}j); we denote this double index (7,7) by A,. Let A; be a subset of A
which satisfies (1.5.1). From Lemma 1.4, one has
(-1
and
(1.6.4) orde—o Ay > (1-1)D— Y Dy —1(1-1)/2

(i,5)€M\{ .}
or a fortiori

11— 1)

(1.6.5) ordy—g AF, <1D + s+ 10

and there exists pg such that

l l
(1.6.6)  orde—o G Y _ A pRF > 0rd,—o > A, pRFY
k=1 k=1
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>ordpg R—1+(1-1)D— > Di;—1(1-1)/2
(i.5) €A1\ Ao }

for w =1,...,1. Hence we have

I(l+1
(1.6.7)  ordy—gR< D+ > D+ ( : )(s + 1) +1+7
(iaj)eAl\{)‘lto}

from (1.5.3). From (1.1.7), the index o can be picked in such a way that
Dy, = D. For this o, (1.6.7) yields inequality (1.6.2) with #/4> =1. m

LEMMA 1.7. Under the assumptions of Lemma 1.6, for any € > 0 and
for any D > D1, if

(1.7.1) ord,—g R > [Z7mDZ —gD},
i=1
then
k m
(172) rank(F) (5 = m.

where Dy is a positive constant depending only on f and €. Furthermore, let

— [k] \0<k<m
(1.7.3) A= det(P(l.’j))(m.)e/1 .
Then

1
(1.74)  ordy—oA > (m —¢)D — mm+1) _ 1 — max (ordz—o f(ij))
2 (i,4)eA ’
and
-1

(1.7.5) ordy—o A <mD + m(mz)&

Proof. For the first assertion (1.7.2), we assume that

k m
(1.7.6) = rank(P )05k < m.
Then there exists Ay C A with #45 = [ such that
(1.7.7) ord,o R < (Y D)+
(ivj)eAQ

This contradicts (1.1.8) for D > (v + 1) /e, showing (1.7.2).
Let A, , be the (u,v)th cofactor of A. We have

(178) Af(l,]) == Z AM’VR[M_”,

p=1
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where v = 22;11 my + 7. From Lemma 1.4, one finds for v =0,1,...,m—1,

(1.7.9)  orde—o »_ A, R

p=1
> [ZmiDi —5D} —m+ Y "(D-Dij)—m(m-1)/2,
=1 (i,j)eA

where Zl(ji,j)e/l means that (¢,7) runs in A with 22;11 my + j # v. From
(1.1.7), for (4, ) with D = D, ;, we have

(1.7.10)  ordy—o Af(ij) > [ZmiDi . ED} ¢ Y (-Dy
i=1 (i,§)eA
—m(m—1)/2—m—-D—D,;
>mD —eD—m(m—1)/2—m—1,
or weakly,

(1.7.11) ordg—o A>mD —eD—m(m—1)/2—-1— (m?XA(ordeO fa.5))
1,])€E

The inequality (1.7.5) follows immediately from Lemma 1.4. m

LEMMA 1.8. Under the assumptions of Lemma 1.7, for any number §
with Eu(§) # 0 and any D > Do,

k 0<k<m
(1.8.1) rank(P( ()5 hn = m,
where 152 is a positive constant depending only on f, u, .

Proof. We follow the procedure of [7, Chapter 3, Lemma 10]. Let A be
as in (1.7.3) and

(1.8.2) ¥ := ordy—¢ A.

Suppose that *(y1.1,...,Ynm,) is a solution of the differential equation
(1.3.3) and use the notations (1.3.10) and (1.3.11). Then we have

(1.8.3) Ayij =Y Ay, REY
pn=1

where A, , is the (u,v)th cofactor of A and v = 22;11 my + J.
Operating (u-L) on the identity (1.8.3), one finds

d m+1
(184) u(d]:A> Yij + ALla@jﬁ = Z Ml,,u,,yR[Nfl]
pn=1
with Li; ;o a linear combination of y1,1,...,yn,m, over C(z) and My, , €

Clx].
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Repeating this process ¢ times yields

d 53 v—1 d k m—+9
(185) <u19 <dx> A)yZJ + Z ((dl‘) A> L197i,j,k = Z M'ﬁ,u,yR[“_ﬂ
k=0

p=1
with Ly ; j  a linear combination of y1 1,...,Yn,m, over C(z) and My ,, €
Clx].
Since
d\F a\?
— ] A =0 (k<¥9-1) and — ] A #0,
dx vt dz o=t

we obtain

(1.8.6) (<Uﬁ<$>ﬂA>yi’j> o=t
m+19 £

(st (S S s

K= (i1,51)€A
for any (i, j) € A. Therefore

k m
rank(P([iy]j) (E))?@%]k):é/l =m

By Lemma 1.7, we have

¥ < deg A —ordy—g A

-1 1
<mD + m(mz)s —(m—¢e)D+ m(m2+) +1+ (g]l,?é(A(OI"da::O fi.q)
m(m—1)  m(m+1)
=eD+— s+ ———+1+ (gjl,?é(/l(ordx:o fap)-

Therefore (1.8.1) holds for

1/m(m—1) m(m + 1)
D > 5( 55+ 5 +1 _m+($§1§/1(0rdr:0 fa.))
1/m(m—-1)(s+1)
== 1 da—o f(i,j)) |-
(P g (oo o)

Notations 1.9. Let P(; ;) be Padé approximants and R be the remain-
der function in the Padé approximation problem for f(; ;) with parameters

(T, D, D;). Define a sequence {ﬁ<k)}k:0,1,.,, by

k
k) . U d v 4\-0
(1.9.1) P = <d:1; + A>p
_ tplk) (k) (k) (k)
- (P(l,l)""’P(l,ml)’P(Zl)""’P(n,mn))'



G-functions 323

Furthermore, we write

k d k
1.9.2 O N
(1.9.2) i k! \ dx i

Remark 1.10. Similarly to (1.3.12), one has
(1.10.1) R® =tp® f  (k=0,1,2,...).

LEMMA 1.11. Let B be a differentiable | x " matriz. Then there exist
qk,; € Z[z] such that

d k . d k k—1 d
a _ @ il @t
(1.11.1) (u(der A)) B=u (dx+ A> B+ qrju <d$+ A)B

j=1
with
(1.11.2) degqr,; < (k —j)s
fork=12,...andj=1,...;k—1.

Proof. We show (1.11.1) by induction on k. For k = 1, it is trivial.
Assume that

d k
1.11. — +'A) ) B
ana) (oG a))
d k k—1 d
_ k t ' t
= Gk, kU <d:1:+ A> B+ZQk7jUJ (dm+ A)B

J=1

with ¢, =1 and degqy ; < (k—j)sforagivenk>0and j=1,...,k—1.
We now prove it for k + 1. Since

d t J d t g
d

d . d , J
= U((Qk,juj) +agu’ o+ aw g’ tA) <d + tA) B

dx T

- A

= (gt (L 414 ] (gl (L 4 B
7 dx dx dz

= (CIk,jUJ—H (d:n + tA) + ! (dx%,j>](lk,j

d (d J
s Jl = t
+ <d$u)u <d:c + A> >B,
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when we choose

Qk+1,k+1 = 1,

dk+1,1 = 795 Qk,lu)a

7
d . d
Qht1,j = %Qk,j U+ jqk,; %u + Qr,i-1,
we have

(1.11.5) <u<;i + tA>>k+lB

d k+1 k . d J
= uk+1qk+1,k+1 <d$ + tA) B+ qu+1,ju7 (Cl$ + tA) B.

j=1
Furthermore, it follows that
deg gry1,1 < degqr,1 +degu < (k—1)s + 5 = ks,
and

deg qi+1,; <max((k—j)s+s,(k—j+1)s)=(k+1—j)s (j=2,...,k). m

LEMMA 1.12. Let P j be Padé approrimants and R be the remain-

der function in the Padé approximation problem for f(; ;) with parameters
(T, D, D;). Then P(<Z.kj>,) are Padé approzimants and R*) is the remainder
function with parameters (T — k,D + ks, D; + ks + k) for k=0,1,...,T.

Proof. It is enough to show that

(1.12.1) P € Qlal,
(1.12.2) deg P} < D+ ks,

(k) .
(1.12.3) ordz—g P(i,j) >D—-D; —k,
(1.12.4) ord,—o R® > T — k.

We show them for any (7, 7) by induction on k. From Lemma 1.4, the four
assertions, (1.12.1)—(1.12.4), are true for k = 0 and k = 1. Assume that they
are true for a given £ > 0. We now prove them for £+ 1. From Lemma 1.11,
we have

k
(1.12.5) (k + 1)!§<k+1> — Rt (j T tA> 50
X

d k41
()
dzx
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k d h
hi & ¢ —(0)
— A
ZQk-H,hU (dx + ) D
h=1
k
— p[k-&-ﬂ _ Z Qk+1,hh!ﬁ<h>-
h=1

Then all entries of p*+1) belong to Q[z]. Furthermore, for h =1,. .., k,

(1.12.6)  deg(qri1.n P

i) < (k+1—=h)s+D+hs =D+ (k+1)s

and

Ol“d;p:()(Qk-i-l,hPé:;)) >D—-D;i—h>D~-D;—(k+1).

From Lemma 1.4, we find

(1.12.7) ords—o Py 1 > D= D; — (k+1).

Then it follows that

(1.12.8) ord,—o P'HY > D — Di — (k+1)

by the identity (1.12.5). The last assertion, ord,—o R¥**t1 > T — (k +1), is
trivial. m

LEMMA 1.13. Let P j) be Padé approximants and R be the remain-
der function in the Padé approximation problem for f(; ;) with parameters

(T, D, D;). Suppose that f satisfies the differential equation (1.3.3) and that
the entries of f are linearly independent over C(z). Then for any number

& with &u(§) # 0 and any D > D3,
k m
(1.13.1) rank(P") (E)AST = m,
where 53 is a positive constant depending only on f, u, .

Proof. From Lemma 1.11, there exist g ; € Q(x) such that

k—1
(1.13.2) Tg[k] = k‘!ﬁ<k> + Zj!qkdp(ﬁ
j=1
for k > 1. Putting L := [2eD], one finds
(113.3) YE B, pl) = @ 0 BB

where
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1 0 0 0 . 0
0 1 gi(z) gzi(zx) ... qr1(z)
0 O

21 2lgz o(z) ... 2l 2(x)

(L — 1)!(]L,L—1($)
0 0 0 L!

Then det(B|,—¢) # 0 for any £ € C, and we obtain (1.13.1) from Lemma
18. =

2. Estimations of linear forms

DEFINITIONS 2.1. Write
o
(211) f(z,]) = Zai,j,uly (ai,j,u € Q7 (Za]) € A)
vr=0

Assume that there exist positive constants C5 and Cg > 1, independent of
v, such that

(21.2) |aij| < C¥
and that
2.1.3 den (a; i 0, i1s...,0i i) < Cg
( ) (i,j)EA( 1,4,05 %4,5,1 mw) = V6
for v =0,1,... Then we call f; jy G-functions; here den(ag,...,a,) means
the smallest integral positive common denominator of ay,...,a,. For con-
venience’s sake, we use a constant C7, which is independent of v, such that
(2.1.4) max (|Cgai ol |Cgaijal - |C5ai;u|) < C7

(i,§)€A
forv=0,1,...

Furthermore, we define the height of P(z) = a9 +aMz 4 ... +aF 2k €
My vy (Z]x]) as
— (4)
H(P(x)) = max - |ay,|,

1<p<po
1<v<yy

where a() = (aff)u)i?jiﬁ;’ € Myyxuy(Z).

LEMMA 2.2. Let M = [}, m;D; — eD]. There exist Py ;) € ZL[x]
((i,7) € A) such that

(222) OI'dI:() P(ivj) Z D — Di,
n M/(m+eD)
(2.2.3) H(P ) < (€23 (miDs + 1)) ,

=1
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(2.2.4) ordz—o Z Pligfag) = M.
(i,4)eA

Proof. Write

D
(2.2.5) P = Z Pz’
l/:D—DZ
and
[e.e]
(i,5)eA v=0

Equating coefficients yields
min(v,D)

(2.2.7) =Y > aiju-kPijk

(i,j)€EA k=D—D;
for v =0,1,... The number of the unknowns P, ; j in (2.2.7) is Z?:l(miDi
+ m;) and the number of r, equal to 0 is M. We now consider instead of
(2.2.7),

min(v,D)

(2.2.8) 0= > ( den (ai;,n)aijvrPijn

i (i1,51)€A
(ij)€Ak=D-Di \Chas

with integer coefficients for v = 0,1,..., M — 1. Then by Siegel’s lemma [2,
Chapter 2, Lemma 1], there exist non-trivial solutions P; j ;, € Z such that

- M/(37_1(m;Di+m;)—M)
| Pijk| < (Céw > (miD; + 1))

=1

< (C%V[ Zn:(mz‘DH‘ 1)
-1

M/(m+eD)
)

DEFINITIONS 2.3. For A being the coefficient of the differential equation
(1.3.3), we define a sequence {Ag}r=01,.. C M, (Q(z)) by induction as
Ao =1 (the identity matrix),
(2.3.1) d
Ak—i—l = %Ak + ALA (]{) =1,2,.. )

Furthermore, we write

k
(2.3.2) 0, := den (the coefficients of the entries of uAk)
0<k<v k!
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for v =0,1,... We say that A € M,,,(Q(z)) has the (G, C)-property when
there exists a constant § > 0, independent of v, such that

(2.3.3) o, <.
Remark 2.4. One finds immediately that
uk
ﬁAk € Mm(@[x])

The following lemma is due to D. V. Chudnovsky and G. V. Chudnovsky.
Their method is the Padé approximations of the second kind (cf. [4]).

LeMMA 2.5 (D. V. Chudnovsky, G. V. Chudnovsky, cf. [4]). If there
exists a solution of the differential equation (1.3.3) such that its entries are
G-functions and they are linearly independent over Q(x), then A has the
(G, C)-property. m

Proof. We find the proof in [4, Theorem III]|. m
LEMMA 2.6. Let P € M,,(Z[z]). For k=0,1,...,

k
(2.6.1) %uk (Cli - tA) P € M,,(Z[z]).

Proof. We assume that 7 is a solution of the differential equation (1.3.3).
Applying d/dzx to y k times gives

(2.6.2) <CZ;> ky = ALY.

Write R = 'P7. Arguing as for the identities (1.3.12) yields

(2.6.3) <CZ:)I€R = t<(ai + tA>kP)y.

Now one has

(264 ;(;;)kR: 1y (1)

Then

O ki (d : - U AP W
265 Zub (L yta) Ply= “htp) %k b gy,
(26:5)  u ((d:ﬁ ) >y hzz;)((k;—h)!“ )h!“ nY
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Since

k—h
1 <d> 'Pe My (Zlz]) and  EulAy, € M,,(Z[z])

(k —h)!' \ dx
for h <k, we get (2.6.1). m

hl

From now on, we consider the Padé approximations of Lemma 2.2.

LEMMA 2.7. Let P; ;) be the Padé approximants obtained in Lemma 2.2.
Suppose that A in (1.3.3) has the (G, C)-property. For any My < [2¢D],

(2.7.1) deg Pl < D — ks,
(2.7.2) ord,—o P > D — D; — k,
(2.7.3) oo P € Zal,

M/(m+eD)
(27.4) H(owm, P < (0 Z(miDi +1)) M0 (m(s + 1)2Ho)*

i=1

1 k

<o [T+ (-1 +1) +2),
h=1

where M =31, m;D; —eD] and Hy = max(H (u), H(uA)). Furthermore,
for € € R with €] < C5,

|Cs¢ Mk

(k) pk
(2.7.5) 6310 R | < m(D + ks) max (H (6, P, ))m

(i,5)eA (i.9)
for any k < Mj.

Proof. (2.7.1) and (2.7.2) hold by Lemma 1.12. (2.7.3) holds by Lemma
2.6. We show (2.7.4) by induction on k. It is true for £ = 0 by Lemma 2.2.
Assume that it is true for a given k£ > 0. For k + 1, we have

d d F
+'A +tA
i) (i)
k k
R (o( )l
_ d k(44 ’ k1 d (d ’ k1t g 4 *
B (dxu)u <dw+A> T dx dx+A T A dx+A
d wH d d *
_ kb @y @ N k(4
=u (dm+ A) +k‘<dxu>u (dx+ A)7

or
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dz
_ d d * d k(4 *
—u<dx—|— A) <u<d$+ A) > k<dxu>u %—l— Al .
It yields
d d
2.7. DIkt = Loata) k(L 175(k)
(2.7.7) omo(k+1)!p om | e k U k'p

Since deg P(< >) < D + ks and degu < s+ 1, the height of every component
of the right side of (2.7.7) is not greater than

(2.7.8)  EN(s42)(D + ks + 1)Hy + m(s + 1)Ho + k(s + 2)*Hy)

(i,5)€A (2.)
< k'mHo(s +2)*(D + k(s + 1) + 2) max H(5y, P)
(i,5)eA (4,5)

Therefore we obtain

n M/(m+eD)
H(Sp, PISY) < (C7M S (miD; + 1)) M0 (m(s + 2)2 Ho)*
=1
1 k+1
" h=1

So (2.7.4) holds for any k < M.
Now since ordy—g R*? > M — k and deg P<F>.) < D + js, one can write

(27.9) oa R (©) = D 0a1, P (O fu (6 Z rifa” € Q]
(i,5)eA v=M—k

It follows that

(2.7.10) 1P| < m(D + ks + 1) e H (O, PCE.

Hence we obtain the inequality (2.7.5). m

LEMMA 2.8. Let a, b € Z\ {0} with |a/b| <1 and let p(z) € Z[x] with
degp(z) < N and ordy—qp(z) > N —T. Then p(a/b)bY € Z and

p(5)0¥ | < (@ + DG

Proof. Let p(z) = en_72N T + ... + cyzN € Z[z]. Then

p(Z)bN =aV T(en_pbt +... 4 ena) e
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and

a\N, N N-T T

- < T+1
p(5)0%| < ¥ T L 0BT el

= (T + DH(p())|al"T1p". =

LEMMA 2.9. Let M = Y1, m;D; —eD] and My = [2¢D]. Then for any
¢ € R with |C5&| < ~yo with a positive constant vy < 1 there exists a positive
constant -y, independent of D and &, such that
G5 M

(2.9.1) vP = m(D + Mos +1) max (H(5MOP<M°>))W

(i,5)€A (0.9)
for any D > 54; here Dy is a positive constant depending only on m, €, u
and 7g.

Proof. From Lemma 2.7, in order to prove Lemma 2.9, it suffices to
show the existence of a constant v, independent of £ and any sufficiently
large D, such that

n M/(m+eD)
(2.9.2) VP > (Cé” > (miDi + 1))
i=1
x (m(s + 2)2Ho)™om(D + Mys + 1)
My M
1 |Cs|
— D —1 1 2) ——.
g LI+ (=) + 2 20
Now for any sufficiently large D, one has
M m
2.9.3 < —
( ) m+eD ~ €’
(2.9.4) m(D + Mys + 1) < m((1 4 2es)D + 1) < &P

and there exists a positive constant ;, independent of D and depending
only on € and s, such that

1 e
(295) — || (D+(h-1)(s+1)+2)
Mot 14
1 (D +2eD(s+1) +1)Mo
< ——(D+ M 1)+ 1)M <
< 31D+ Mols+ 1) + )M < A

M
o ((A+2e(s+1))D+ )Moy (24 2e(d+ 1D\ <P,
D—o0 V21 My M e=Mo - 2e ="

This gives the existence of v independent of D and £ and depending only
on 4, g, C7, m, s, Hy, m, s, Cs, o, such that the right side of (2.9.2) does
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not exceed

2 1
5251)0? D/s(n(s+2)2H0)25D6D%D’C5|npl . < 7D
— Y

for D > D,. We choose Dy to be a positive constant depending only on m,
€ S, % m

LEMMA 2.10. Under the assumptions of Lemma 2.9, for any & = a/b
with a,b € Z and &u(&) # 0, there exist P((:]i? €Z ((i,j) € A) such that
(2.10.1) det(PSS)) i) kyen # 0,

(210.2) [P < (D + (s + 1) Mo +1)

H(S P<M0> D—Dy, b Dy +(s+1) My
" (ea (Ot Pl )l 1o 7

k,l _ _
(2.10.3) ‘ Z P((i,j))f(k,l)(f) S,YDMM Mo‘b‘ M+D+(s4+1) My

(ke

for D > 155; here l~?5 is a positive constant depending only on f, s, €,
m, Yo-

Proof. According to Lemma 1.13, let \; ; € NU {0} ((¢,5) € A) be
distinct indices with max(; jyea Ai,; < Mg such that

N
(2.104) rank(Pék,l’) >(§))(i,j)7(k,l)€A =m.
Now we write
’ Aij 8
(2.10.5) P((i]fjl)) — 5M0P(<k,l3 >(§)bD+)‘ s

Then det(P((f]’.l)))(m),(k,l)eA # 0. Since degP(gj‘j’)j) < D + X s and

ord,—q P(<,;\';’)j> > D — Dy, — \;; by Lemma 1.13, we have
(210.6) [P < (D + Aij(s+1) +1)

(N30 D—Dy—Xi ;|| De+Aij(s+1)
X (ZE?))EAH(dMOP('Ll,_]Jl))‘a’ k J |b| k J

< (Dy + Mo(s + 1))

x masx (H(Ba, M) a|P~Pe bl Pt Mols+1),
(Zlvjl)eA

From Lemmas 2.7 and 2.9, one finds
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2107 | Y o Py O fuen (©)

(k,)eA
1-1C5¢]
_o
1 —|C5¢

N
<n(D+ X\ js+1) (klrf}?)f’(eA(H(‘sMOPékl,h))))

(Mo)
S n(D + MOS + 1) (kf%?)XEA(H((SMOP(klzl)))

< yPJg M A

for any ¢ with |¢| < 40C5 ! < 1. Therefore we obtain

kil —Aij
(2108) | > P ()] < 4Pl N
(k,1)eA

b|D+>\i1]‘S

_ ’yD |a\M_>‘i'j b|—M+D+(S+1))\i7j

S 7D|G‘M7Mo|b‘fM+D+(s+1)Mo. -

3. Proof of Theorem 0.2. We now prove the following theorem instead
of Theorem 0.2.

THEOREM 3.1. Let Ay € My, (Q(z)), m = Y1 m; and let A :=
are G-functions which satisfy

f(l,l) f(1,1)
a | Ja. fa.
311 _ (l’ml) — A (lvml) ,
( ) dx f(2,1) f(271)
f(n,mn) f(n,mn)
where
Ay 0
A= .
0 An)
Furthermore, assume that f11),-- -, f(n,m,) are linearly independent over

Q(z). Let r = a/b € Q, a,b € Z, v # 0, and 0 < g9 < 1/2 be a fized
real number. Then there exist an effective constant Cg, depending only on
f,j)s€0,m, A, and an effective constant Cog, depending only on f( j, €, m,
r, A, such that if

(3.1.2) b|*0 > Cgla/>™(m+D)
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then for any H;; € Z such that H := max( jyea|H; ;| > Co, and for
H; = maxlﬁjﬁmi( Hi7j|7 1)7

Hlfeo
(3.1.3) ‘ > Hisfoa )| > T

= 1 n

(i,7)eA

Proof. Here is a sketch of the proof: Using the estimates of the first

sections, we obtain the inequalities (3.1.23), which involve the data and the
parameters D, D1, ..., D,. These inequalities yield the bound in Theorem
3.1 provided that D, Dy, ..., D, satisfy the two conditions (3.1.25) and
(3.1.26). The condition (3.1.25) will transform into (3.1.27). Then we prove
the existence of Padé polynomials with these conditions for any 0 < ¢ < 1/2
and for any large H.

After renumbering the indices (k,) of P((ikj’.l)) obtained in Lemma 2.10,
we can assume that

Hii ... Hpym,
(1,1) (nymn)

(3.1.4) Vo= Paz o Tao
(1,1) <nimn>

Poma) + Pnma)

is non-singular. Let A := detV and \;; := 22;11 my, + j and let AE?;))
denote the (\; j, Ag,)th cofactor of V. Without loss of generality, we put
H := |H, 1| = max(; jyea |H; ;| and assume that f(; 1)(r) # 0. We write

k.l .
Loy = Y, Heufep(), Lajp= Y P((m))f(m)(?“) ((i,5) € 4),

(k,1)eA (k,1)eA
where
(3.1.5) A= AN\ {(1,1)}.
It follows that
_ (1,1) (1,1)
(316) f(171)A = L(l,l)A(l’l) + Z L(i,j)A(iJ‘) .
(z,7)eN’
Put

n
M= [ZmiDi - 5D] and My := [2¢D].
i=1
Arguing as in Lemmas 2.9 and 2.10, one finds that there exists a positive
constant 7, independent of r, D, D;, such that
(31.7) [P < (D + Mo(s +1) +1)

(Mo) DD |p|Di+Mo(s+1)
X max (H(0n B, j,))) el = [l 7

< &/D/m|a‘D—Dk |b|Dk+(s+1)M0
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for D > 156; here 156 depends only on m, €, u, 79. Then we have

(3.1.8) AG < om=)FP T lafPPep P
(pv)ea!
and
1,1
(31.9) ALY
b k,l)eA/D_Dk |b Z(k-,l)eA/Dk"F(m_l)(s'i‘l)MO
o 1~ D ‘Cl| {
< (m-2)y ( X):A |a| DD |b|Put s+ 1Mo Hy.
pv)eAN
The inequality (2.10.3) in Lemma 2.10 gives
(3.1.10) [ Lii.gy| < P la M7 Mo pmHHEPHERDM (G j) € A7),
Thus by (3.1.6), we have
(3.1.11) |fa,n(rA| < (m— l)l(vﬁ)D|a|M_M0+E<k7j)eA’(D—Dk)
X |b|_M+E(k7j)eA/Dk,l+m(5+1)M0
H,
X (klz);/l/ |a|D—D#|b‘Du+(s+1)Mo
HLalm =P ] fafP=PepfPereriie,

(n,v)en’
Now we put
iy miDi — M
D

This e, satisfies ¢ < &1 <e+1/D < 3¢ for any sufficiently large D. We

2
choose the parameters

(3.1.13) Dy :=D

(3.1.12) £y =

and Do, D3, ..., D, to be the smallest integers satisfying
X |b|_M+Z<k,,)€A/Dk+m(s+1)M0
(= |f(1,1)(7“)|_1Him!(ry§)D|a|mD—€1D—Mo |b|€1D+m(s+1)M0)
< ‘a|D_Di|b‘Di+(S+1)MO'
We need, fori =1,...,n,
(3.1.15) D> D,
and

(3.1.16) D; > 2D
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in Definitions 1.1. First, we show (3.1.16). Consider the following inequality
which is equivalent to (3.1.14):
(3.1.17) i, < 105l (301 -Di-m-vDres D

m!

X ‘b Dz—ElD—(m—l)(S-‘rl)Mo‘

We define a function g of D by

_log(m!) —log|fu,1)(r)| | log(v7)
N Dlog |b| log [b] ’

o= (¢ W)W'

Now we choose the constant C's in Theorem 3.1 to satisfy

Cs > (y7)3/=.

(3.1.18)

or

From the assumption
(3.1.19) 6% > C,

one has [b° > (v7)3 and 0 < g < ¢/2 for any sufficiently large D. (The
lower bound of D depends on m and f(;,1)(r).) Moreover, we put

__log]al
T Tog b

Then 0 < n < 1. With these notations, (3.1.17) is equivalent to
(3.1.21) logH; < (—gD —nD; — (m —1)nD + e1nD
+nMo+ D; —eD — (m —1)(s + 1)My) log |b]

—(Ditt=w D9+ -1-20n+e

(3.1.20)

+((m—-1)(s+1)— n)%)) log |b).

Since H; > 1, the coefficient on log |b| on the right side of (3.1.21) (= the
exponent of |b|) is non-negative, that is to say,

g+(m—-1-—en+ei+((m—1)(s+1) —n)My/D

1—-n '
Thus (3.1.16) holds for i = 1,...,n since ¢; > ¢ and My/D > 2¢ —1/D for
any sufficiently large D.

(31.22) D; >
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Now applying (3.1.14) in (3.1.11) yields
(3.1.23)  [fa,(r)4|

<(m-1)! Y ’f“;;()ﬂL(ll)\ -)5° ] Ha

(n,v)ed (n,v)ed’

|
m: ( ~)D|a/|M_M0+E(k7l)eA’(D_Dk)_l

. H <|f(1,1)(7”)| 7

(n,v)eN

X |b|_M+D+E(k,l>g/]’Dk+1+m(5+l)M0>

m—1 ~D
:T‘f(l,lﬂ+|L(1,1)‘(m_1)!’7( H Hu)

(mv)ea
m! ~\D D—eoD—Mo—1 D
X o al™ 0 0 pler +m(s+l)M0+1.
(ug[e/v !f(l,l)(T)\( Sl 4
Write
= (m —1)IFP
m! ~\D| |mD—e1D—Mo—1|p|e1D+m(s+1)Mo+1 m
|fa 1)(?”)|( . o '
Since

AeZ\ {0}
and by (3.1.23), we have

[fan(r)] < LM+ 1Lapl€ H H,,
(mpv)ed
or
|f
(3.1.24) Ly > B2 ” "I A
(p,v)en’
_ ‘f(1,1)(7")|571 H
m Hinl e H;'ZLTL '

Consequently, the bound (3.1.3) requires
(3.1.25)  the smallest integer D; in (3.1.14) (or (3.1.21)) satisfies (3.1.15)
and

H™ <

\f(1,1)(7“)|g_1
m )

or more weakly
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m! m
3.1.26) H® > < v D)
( ) ’f(l,l)(r)’( )
% (‘a’meelDfMofl|b‘elD+m(s+1)M0+1)mfl

_ |b|D(mg—l—(m—l)(n(m—eo—MO/D—l/D)+61+m(s+1)M0/D+1/D)).
From the inequalities (3.1.21), one finds that D; are increasing as functions

of H;. Namely, the value D; is maximal for H; = H. Therefore, for the
validity of (3.1.25) it suffices to show

(3.1.27)  logH < <D(1—n)—D<g+(m—1—51)n+51

(= 1)(s+ 1) =) ) ) ol

after replacing D; in (3.1.21) by D. Consequently, if there exists an integer
D satistying (3.1.26) and (3.1.27), then Theorem 3.1 holds. We recall that
7n defined by (3.1.20) satisfies

(3.1.28) |b]" = |al.
Assume that
(3.1.29) n<11(s+ 1)e.
When
1 3 2
n({ ——, — d D>-
8<mm(14m(s+1)’44> an >€,

one has 0 < g < /2 and 0 < &1 < 3¢/2. Then it follows that

(3.1.30) D(mg—i—(m—l)(n(m—sl—]\go—11))+51+m(3+1)]\g)+11)>>
< D(3em+ (m—1)(1lem(s+1) 4+ 3+ 2em(s + 1) + 1¢))
< D(3em+ lem(m —1)(s + 1)) < 15em(m — 1)(s +1)D

and

(3.1.31) D(1-1) —D<g—|—(m— Il+e)n+er+((m—-1)(s+1) —n)]\go>

>D(1—(3e+1)e(m+3e)(s+1)+ 3e+2e(m —1)(s+ 1))
>D(1—¢e(24+13m(s+1))) > D(1 — 14em(s + 1)).
Now we put

(3.1.32) go :=22m(m — 1)(s + 1)e.
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Then to show (3.1.26) it is enough to prove
Heo > ‘b‘15sm(m—1)(s+l)D _ |b‘%€0D,

or equivalently,

22log H
~ 15log|b|

by (3.1.30) and (3.1.32); also, to show (3.1.27) it is enough to prove

(3.1.33)

H< |b‘D(1_146m(5+1)),

or equivalently,

D> log H
~ (1 —14em(s + 1)) log|b]

(3.1.34)

by (3.1.31). From the assumption 0 < g9 < 1/2, that is, 0 < 1dem(s+ 1) <
7/22, it follows that

(3.1.35) 22 ! log i
o 15 1—14em(s+1) ) log|b|

for any large H. This implies that there exists a positive integer D which
satisfies (3.1.33) and (3.1.34). From (3.1.29) and (3.1.32), one has
€0
< ——m.
= 2m(m — 1)

This means [b|® > |a|>™(™~1) If |r| is sufficiently small, then ru(r) # 0.
Consequently, when we choose the constant Cg as above, depending on w,
for any ¢ with 0 < g9 < 1/2, if

(3.1.36) b|*0 > Cgla>™(m=D),
then
Hl—Eo
L
| (1,1)‘ > Hm1 . H;;I’Ln

Remark 3.2. For g sufficiently small, one can improve the inequality
(3.1.36) slightly.

We obtain Theorem 3.1 using the fact that the coefficient in the dif-
ferential equation (3.1.1) is a block diagonal matrix, but this restriction is
not necessary. One finds the bounds for the following differential equation
in place of (3.1.1) in a similar way under the additional assumption that
Dy >...> D,.
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THEOREM 3.3. Let Ay € My, (Q(z)), m = >0 m; and let A :=

A are G-functions which satisfy

fan fan
a | fa. fa.
3.3.1 — | Jm) f =g TG |
( ) dzr f(2,1) f(2,1)
f(n,mn) f(n,mn)
where
A 0
A= ]
* An)
Furthermore, assume that fa11),- -, f(n,m,) are linearly independent over

Q(x). Let r = a/b € Q, a,b € Z, r # 0 and 0 < g9 < 1/2 be a fized
real number. Then there exist an effective constant Cig, depending only on
fa,j)s€0,m, A, and an effective constant Ci1, depending only on f(; ;), €o,
m, r, A, such that if
(3.3.2) |b|%0 > Colal?™ D),
then for any H;; € Z such that H := max( jyea |H; ;| > Ci1, and for
H; = maxi<j<m, (|H;;|, 1) satisfying Hy > ... > H, >0,
Hlfao

(3.3.3) ‘ > Hijfin ()| > g e

., 1 n

(i,7)eA

One can apply Theorem 3.3 into some concrete G-functions such as the
logarithm and polylogarithms.

References

[1] Y. André, G-functions and Geometry, Max-Planck-Institut, Bonn, 1989.

[2] A.Baker, Transcendental Number Theory, Cambridge University Press, Cambridge,
1975.

[3] E.Bombieri, On G-functions, in: Recent Progress in Analytic Number Theory 2,
Academic Press, New York, 1981, 1-67.

[4] D.V.Chudnovskyand G. V. Chudnovsky, Applications of Padé approzimations
to diophantine inequalities in values of G-functions, in: Lecture Notes in Math. 1135,
Springer, Berlin, 1985, 9-51.

[65] G. V. Chudnovsky, On some applications of diophantine approzimations, Proc.
Nat. Acad. Sci. U.S.A. 81 (1984), 1926-1930.



G-functions 341

[6] A. I Galochkin, FEstimates from below of polynomials in the values of analytic
functions of a certain class, Mat. Sb. 95 (137) (1974), 396-417 (in Russian); English
transl.: Math. USSR-Sb. 24 (1974), 385-407.

[7] A.B. Shidlovskil, Transcendental Numbers, Walter de Gruyter, Berlin, 1989.

[8] C. L. Siegel, Uber einige Anwendungen diophantischer Approximationen, Abh.
Preuss. Akad. Wiss., Phys. Math. KI. nr. 1 (1929).

[9] K. Vaandnen, On linear forms of a certain class of G-functions and p-adic G-
functions, Acta Arith. 36 (1980), 273-295.

TOKYO INSTITUTE OF TECHNOLOGY
MEGUROKU

OH-OKAYAMA

TOKYO 152, JAPAN

E-mail: NAGATA@QMATH.TITECH.AC.JP

Received on 22.6.1992
and in revised form on 29.8.1994 (2271)



