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1. Introduction and statement of results

1.1. Hecke groups. The Hecke groups G(\), with A > 0, are the discrete
subgroups of SLy(R) generated by ((1) ?) and (91 [1)) The condition of dis-
creteness implies that either A = 2 cos(7/q) with ¢ = 3,4,..., or A > 2. This
is the class of discrete groups for which Hecke [14] considered the relation
between Dirichlet series and automorphic forms; see also [15]. In [19] and
[20], Maass extends Hecke’s theory to real analytic automorphic forms.

This paper concerns the case A < 2 only, hence A = 2cos(m/q). Nota-
tion: G, = G(2cosm/q). It is well known that Gs = SL2(Z), the modular
group. Conjugates of the Hecke groups G4 and Gg are commensurable to G3.
The other GG, are incommensurable to conjugates of G'3 and of each other;
see [18]. These G, are called non-arithmetical as subgroups of SLy(R).

1.2. Dedekind sums. The classical Dedekind sum S(d,c), with ¢,d € Z,
d > 0, ¢ and d relatively prime, is a rational number that occurs in the
transformation formula for the eta function of Dedekind; see R. Dedekind’s
Erlauterungen zu den Fragmenten XXVIII in Riemann’s collected papers
[10]; especially formula (12) on p. 469, or see [24], p. 47. Dedekind obtains
an elementary expression for S(d, c), see (32) on p. 475; it is equivalent to

- £ ()

z mod ¢
u—1/2 if0<u<l,
((u))=40 if u=0,

((u+mn)) for all n € Z.

In [24], Rademacher uses this expression as the definition.

Goldstein has generalized Dedekind’s approach to general cofinite dis-
crete subgroups of SLa(R); see [11]-[13]. This can be applied to the G, and
gives a number T'(c,d) € Q(\) for each (¢,d) that occurs as the lower row

(11]
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of an element of Gy, and satisfies

T(1,0) =
(C dl) T( ) ifdi —de e,
(1'1) ( d) _T(C d)
T(=c¢,—d) = T(c,d),
A +d*+1
T(c,d)+T(d,c)=(q—2)————
(C? ) + ( ? C) (q ) )\Cd
(I do not follow Goldstein’s normalization.) These relations determine
T(c,d) recursively. In the modular case (¢ = 3) the same relations are
satisfied by 12 times the classical Dedekind sum; hence T'(¢,d) = 125(d, ¢)
if ¢ = 3.

As far as I know, an elementary, non-recursive, expression for the T'(c, d)

is available only in the arithmetical cases ¢ = 3,4, 6.

—q ife,d>0.

1.3. Distribution of Dedekind sums. The Dedekind sums turn out to
satisfy T'(d,c) = O(c) (¢ — o). So the T'(¢,d)/c are elements of a bounded
interval. We can get information concerning the distribution of (a/c,d/c,
T(c,d)/c) where (¢ Z) runs through the elements of G, that satisfy ¢ > 0,
—Ac/2 < a < A¢/2 and —A¢/2 < d < A¢/2. In the next propositions we
denote by ch a) the sum over the lower rows that satisfy these restrictions.
For a given pair (¢, d) there is exactly one matrix (‘; Z) € G, satisfying these
conditions.

1.4. ProprosITION (First distribution result). For all continuous func-
tions f on (R mod M\Z)? x R

. 1 r a d T(Cvd) o

(c,d), e<X 00

1.5. PROPOSITION (Second distribution result). For each continuous
function g on (Rmod M\Z)? x R define the function f by f(&,n,0) =
o%g(&,m,0). Then

.1 r a d T(cd)
Jm o ) f<z’z’T )

(¢,d), c<X
=3 Y5

(Cl 7d1) (62 ¢d2)

Z a1 @ +(¢—2)
6102 T Cl,CQ’ )\6162 '
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Remarks. The first distribution result states that the majority of the
T(c,d)/c are concentrated near zero, and that the distribution is uniform
with respect to (a/c,d/c). The quadratic factor in the test functions that
occur in the second distribution result masks this majority near zero. The
minority staying away from 0 turns out to be concentrated near a set of
limit points.

In [8], §3, I have stated these results for the modular case ¢ = 3. I have
proved two-dimensional versions of these results (without the dependence
on a/c) in [5], for the modular case only.

The proof, in Sections 57, will go along the same lines as in [5]; it
takes some more work to include the dependence on a/c. The proof uses
the meromorphic continuation of Eisenstein and Poincaré series in spectral
parameter and weight jointly. This continuation is given in [2], [3] for the
modular case. The results we need can be obtained in exactly the same way
for the G, as for G3. Full proofs one finds in [9], in a much wider context.

These continuation results can be extended to G(2), the theta group,
but are more complicated, due to the presence of two cusps instead of one.
I think that one can get distribution results for Dedekind sums associated
with G(2) as well, but they will be more complicated. For G(\) with A > 2
I do not know what would be the right concept of Dedekind sum. These
discrete groups have a fundamental domain with infinite area.

1.6. Limit points. Let GY = {(‘CIZ) € Gq : ¢ # 0}. The distribution
results above give information concerning the image of the map

O R ab a d T(cd)
fey IR'<cd>’_><c’c’ c '

((02)(22))=(2a) roroo
((2a)Gr) = i) o

This explains the use of periodic test functions.
Let P be the plane {(£,7,0) : £,n7 € R} in R3, and let

d -2 b
£:{<ﬂ,—2,iq >:<a] ]>€Gqforj:1,2}.
c1 ca Aciea cj dj

From the distribution results it follows that all points of P U L are limit
points of B(Gg). In Proposition 1.9 we shall see that there are no more limit
points.

Clearly

and
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Figures 1 and 2 give illustrations for Proposition 1.5; they are discussed
in Section 2. In these figures the elements of £ seem to be approached by
lines of points. The next result describes this feature.

Fig. 1. T(c,d)/c against d/c for the modular group G3, with ¢ < 1000. Number of points:
151897. Horizontal: d/c € [0.00, 1.00), vertical: T'(¢,d)/c € [—1.00, 1.00]

1.7. PROPOSITION. Let v; = (% %) € I', with ¢; > 0, j = 1,2. For

<

+r — oo, r € Z,

1ri a1y dg q—2
- ===
s(xn(y 7 )n) = (22712

1 (—1 -1 :tT(cl,dl):I:T(CQ,dg)—l—q> +O<1>.

_|____ J—
\r 20 2 7.2

Proof. For the first and second coordinate a computation suffices. For
the last coordinate use (3.1).
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Remarks. Elements of (Gg) approach the points in £ along approxi-
mately straight lines. The proposition does not say that there are no other
elements of $(GY) near points of L.

D. Zagier pointed out this result for the modular case. He also suggested
to look whether 3(GY) is discrete outside £ U P. Proposition 1.5 gives a
density result only.

1.8. Notations. Let
.y
p=(ai/c1,dz/ca, F(q—2)/Acice) € L,  withy; = <ZJ dj> € Gy, c; > 0.
Jj %
For X > 0, put

o= (a3 1)) e (7)) )

with c¢(M) the left lower entry of the matrix M. Each A*(p, X) is an end
part of a “line” of points in 3 (Gg) approaching p. The freedom in the choice
of the 7, can be absorbed in a translation of r.

For any p = (21, 2, 73) € R? we define the e-neighborhood U, (p) by

Ue(p) = {(y17y27y3) : ‘IL'] - y]‘ < ¢ for j = 17273}

1.9. PROPOSITION. For each p = (£,m,0) € R® with o # 0, there are
€ >0 and X > 1 such that
a b ab 0 A*(p,X) ifpel
: X = ’ ’
Pt evms(La) eche>xp={

otherwise.

Proof. See Section 4.

Remark. In [6] I have discussed the results of Propositions 1.7 and 1.9
for the modular case, without the a/c-coordinate. The proofs are based on
the recursive relations defining the Dedekind sums.

1.10. Remarks. Clearly the T'(c, d) generalize the 125(d, ¢) of the mod-
ular case. I am not fully happy with the name (generalized) Dedekind sum.
After all, a nice expression defining T'(¢, d) directly as a sum depending on
c and d does not exist in the non-arithmetic cases, as far as I know.

If one looks at the distribution results in the modular case, it seems that
the set of limit points has a very arithmetical structure. It has surprised me
that these results can be carried over to all Hecke groups Gy.

In [21], and in Proposition 13.6.2 of [9], the method of this paper leads
to distribution results for other quantities.

One finds other distribution results for the classical Dedekind sums (¢ =
3) in [26] and [7]. The methods are quite different from those in this paper.
Extension of the results in [7] to the distribution of (a/c,d/c, S(d,c)), and
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Fig. 2. T(c,d)/c against d/c for the Hecke group G5, with ¢ < 1000. Number of points:
221080. Horizontal: d/c € [0.00, 1.62), vertical: T'(c,d)/c € [—1.85, 1.85]

to the Hecke groups Gy might be possible. That extension is not the aim of
this paper.

2. Figures. The distribution results ask to be illustrated. In this
section, we look mainly at the case ¢ = 5.

It is difficult to get the three-dimensional structure in a picture. Here
we are content to consider the distribution of (d/c,T(c,d)/c). In Figures
1 and 2 we have given for ¢ = 3 and ¢ = 5 a plot of (d/c,T(c,d)/c) with
(d, c) occurring as the lower row of an element in Gy, with the additional
conditions 1 < ¢ < 1000, —Ac/2 < d < A¢/2.

In both figures we see limit points being approached along lines. The
horizontal black strip is the majority of points with 7'(c, d)/c approximately
zero. We shall see in 2.4 that the gaps are due to the truncation ¢ < 1000.
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The figures suggest a selfsimilarity of the distribution. This is explained
by a partial action of Gg/{£I} in R? that leaves 3(GY) approximately in-
variant; see 4.6.

2.1. Figure 2. We take a closer look at Figure 2. The matrix elements
of G5 are in Z + Z, with A = $(1 + V/5). The seven positive values of ¢
smaller than 6.0 are 1, A = 1.62, 2A = 3.24, A + 2 ~ 3.62, 2\ + 1 ~ 4.24,
3\ &~ 4.85, and 242\ ~ 5.24. For the corresponding matrices in GG5 that oc-
cur in the distribution results we have listed the values of @ and T" in Table 1.

Table 1. Values of & and T for the first few (¢, d) for G5

(1,0) o({5) =0 T(1,0) =0
(A, £1) (5 L)) =+2 T(\ 1) =10 — 6)
(2X, £1) B(52 £1) =71 T(2\,1) =73\
(A+2,4X) o(FH1) =0 T(A+2,A) =0
(2A+1,£)) (52 ) =%1 | TE@A+1,0)=181-128
(2A+1,£2)) D30 15y ) =1 | T(2A+1,2)) = 18X — 28
(3\, £1) o(5) L) =F4 T(3A,1) = 8 — 2\
(2+2)\20+1) o(305530) =3 T(2+2),2X+1) =0

2.2. Limit points. We consider a few limit points (ay/c1,0,3/Ac1) that
are projected to (0,3/Ac1) on the left hand side of Figure 2. (So "= (“1 )

and vy = ((1] _01).) The first four values of ¢; give 3/\ ~ 1.85, 3/\? ~ 1.15,
3/(22%) ~ 0.57, and 3/(A(A + 2)) ~ 0.51. Proposition 1.7 implies that
(0,3/(Ac1)) is approximated by lines with direction (1, M)

The possibilities for d; are listed in Table 2. Note that for g =A+2

both values of d; give the same direction.

Table 2. Direction of approach to some limit points for G5 (compare Figure 2)

c1 dq Direction
1 0 (1,-5)
A 1 (1,5XA — 11) =~ (1.00, —2.91)
-1 (1,21 — 15X) = (1.00, —3.27)
2A 1 (1,A—=5/2) ~ (1.00, —.88)
-1 (1,15/2 — 6A) =~ (1.00, —2.21)
A+2 +1 (1, A — 3) = (1.00, —1.38)
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2.3. Selfsimilarity. The projection pa3B3(GY) of B(GY) onto the (n,o)-
plane is invariant under 77 : (n,0) — (n+ A\, 0), and j : (n,0) — (—n, —0).
In Figure 2 we have the union of two fundamental domains for the group
generated by T} and j. In 4.6 we shall see that pe33(G?) is also approzimately
invariant under W : (n,0) — (=1/n,0/|n|), defined on {(n,o) : n # 0}.

Consider, for instance, (n,0) = (A — 14 6,0) with ¢ small. This means
that (n,0) is in the vertical strip near the large gap left from the center in
Figure 2.

The composition 77 o W sends (n,0) to

<_—1 DY i) ~ (A25 + O(62), Ao + O(5)).
n ]
So the vertical strip near n = A — 1 is mapped to the vertical strip near
n = 0. (Imagine Figure 2 horizontally extended with period A.) In the
vertical direction there is a scaling with factor A ~ 1.62, in the horizontal
direction the factor is A\? ~ 2.62.

This process can be extended to find everywhere approximate copies of
the vertical strip near 7 = 0. In Figure 3 a small part of Figure 2 has been
enlarged.

2.4. Truncation effect. The presence of gaps in the black band around
the horizontal axis in Figure 2 is a truncation effect. We consider it for
0 < n < 1/5. The symmetry (n,0) — (—n,—oc) and the reasoning that
leads to the selfsimilarity explain the other gaps.

Forl1<c¢< Nand0 < d/c < 1/5we consider n = d/cand o = T(c,d)/c.
We use (3.2), which states that |T'(c,d)| < Bsc¢ for some constant (5, and
the reciprocity relation (1.1). Thus

3/c¢c d 1 3 1
co (c,d) (d’c)+)\<d+c+cd> 5> ﬁ5d+)\ ; 5,
3 /1 b5HA 3 1 5
> [ —— — ) — > | — = — | = .
U_c)\<77 3> ﬁm—m(n 3) fs1

The points (d/c,T(c,d)/c) with 0 < d/c < 1/5 and ¢ < N stay above the
curve o = %(n_l — %) — (Bsn. This curve is approximately a piece of a

hyperbola; it moves down with increasing N.

3. Hecke groups and the associated Dedekind sums. We ap-
ply Goldstein’s definition of Dedekind sums to the Hecke groups G,. This
method yields a generalization of the eta function of Dedekind from a study
of the Eisenstein series in weight zero.

3.1. Fundamental domain. Hecke [15] gives a fundamental domain
for G,. It is the region {z € $ : Rez < A/2, |z| > 1} in the upper
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e

Fig. 3. Enlargement of the region [0.243, 0.485] x [0.000, 0.556] of Figure 2

half plane $ = {z € C : Im z > 0}. It has area 7(q¢ — 2)/q. We see that G
has only one cusp.

This fundamental domain is symmetric under reflection in the imaginary
axis. This corresponds to the (outer) automorphism j of G, given by the

conjugation
) 10 10
N —
J 0 —1 gl 0-1)

which sends both generators to their inverses.

3.2. Automorphic forms. A function f : $ — C has automorphic
transformation behavior of weight r for G if it satisfies

az+b _ ir arg(cz+d) ab
f<cz—|—d> =v(y)e f(z) for all cd € G,
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for some map v : G4 — C*, called the multiplier system of f. The argument
takes values in (—m,7]. Consider z — y~"/2f(z) to get the well known
transformation behavior of holomorphic automorphic forms.

To allow non-zero functions f with this behavior, the multiplier system
has to satisfy some relations; it is determined by the weight and its values
on generators of G.

A function f with automorphic transformation behavior of weight r is a
(real analytic) automorphic form if it satisfies

(—y?0; —y°0; +ird,) f = Bf

for some § € C, the eigenvalue, and a growth condition at the cusp to be
discussed later on. (Here and elsewhere we use Rez = x and Imz = y as
real coordinates on £).) This definition is equivalent to Maass’ definition
in [19].

3.3. Eisenstein series. Examples of automorphic forms are provided by

the FEisenstein series
> Im(y - 2) ot1/2
)\ bl

YEGF\Gq
where G° is the subgroup of G generated by (é ?) and (7)1 fl), and
ab az+b
sz = .
cd cz+d
The discreteness of G in SLy(R) implies that any element (0 :) € G4 is an
element of G;°.

The Eisenstein series converges for Res > 1/2, and defines, for these
values of s, an automorphic form of weight 0, with trivial multiplier system
v + 1, and with eigenvalue 1/4 — s?; see e.g. [16], Ch. VI, (6.7) on p. 41,
Proposition 8.1 on p. 56 and Definition 8.5 on p. 65. The normalization
of the spectral parameter differs from the usual one: sysyal = Shere + 1/2.
(The present choice is a bit simpler when Whittaker functions are involved.
Moreover, I like to have the unitary principal series to be parametrized by
purely imaginary complex numbers.)

3.4. Fourier expansion. Any automorphic form satisfies f(z + \) =
v((l] i‘) f(z). Hence there is a Fourier expansion in z. For the Eisenstein
series this expansion takes the form

e(s;02) =y 2 eo(s)y™ M2+ Y eals)e®™ M Wo s (dm|nly),
n#0
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1/2
UL L(s) if n =0,
enls) = A717250 (5) - I'(s+1/2)
n n 7Ts+1/2|n|571/2
——— ifn#0,
I'(s+1/2)
90(7)1(8) — Z 671725627rind/(c/\)'
(e,d)eB

B denotes the set of (c, d) occurring as the lower row of elements of G, with
the additional conditions ¢ > 0, —A\¢/2 < d < A¢/2. The Dirichlet series
©Y(s) converge absolutely for Res > 1/2. In the modular case, ¢ = 3, we
have ¢3(s) = ((25)/¢(2s + 1) and ¥ (s) = o_94(|n])/¢(2s + 1) for n # 0.

In [16], Ch. VI, Theorems 11.6 and 11.8, on p. 128-130, one sees that e,
and hence the ¢! as well, have a meromorphic continuation to s € C. As
e is the unique family of automorphic forms with a Fourier expansion as
indicated, it has a functional equation for s — —s. The right-most pole of e
is at s = 1/2. Tt is a first order pole, its residue is the constant function
with value 1/(area of G,\$)) = ¢/(w(q — 2)). Further poles in Res > 0 can
occur only at points of (0,1/2).

3.5. Matriz elements. From the convergence of J(s) for Res > 1/2 it
follows that the positive numbers ¢ that occur in (C :) € G4 form a discrete
subset C of (0,00). Left and right multiplication by (_01 é) shows that
CU{0}U(—C) is the set of numbers that occurs at each of the four positions
in the matrices in G,.

For each (ig) € Gy there are £1 and k € Z such that i(ig)(ékf‘)
has its lower row in B. The whole set B, and hence C as well, can be found
recursively:

Let BT = {(c,d) € B:d > 0} and B® = BT U{(1,0)}. As

(3 5)0(E)) = ()

it is clear that we can recover B from BT. Consider the map 7 : BT — B°
given by (c,d) = (d,dy) € B°, dy = +¢ mod AdZ. This corresponds to the
following transitions in Gy:

ab ab 0-1
H
cd cd)\10 )’
b —a b —a 1rA . .
(d —C>H<d —c><0 1) with r € Z suitable,

b br\—a (b brA—a .
(d dr)\—c> H_‘7<d dr)\—c> ifdra = e <0.

If ¥(c,d) = (¢1,d1), then ¢ < Ac/2. Hence after O(log ¢) iterations of
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we have left the domain BT; remember that C is discrete. Thus we end
up at the element (1,0). By backtracking v departing from (1,0), we can
construct the whole of B™.

3.6. Generalized eta function. Now I review, for G, Goldstein’s intro-
duction of generalized Dedekind sums; see [11]-[13].

The residue of e at s=1/2 is the constant function with value ¢/(m(g—2)).
Hence the ¢? with n # 0 are holomorphic at s = 1/2, and

co(s) = ﬂ(qq_Q) . 3—11/2 +B+O<s—%> for some 3 € C.

Furthermore, e(s; —%) = e(s; 2), hence ©° ,(s) = ¢ (s), with real values for
real s. Consider the G -invariant function h on §) given by

h) = lim, (6(3“) e —11/2>'

It can be written as

h(z) = —

4
log%+ﬁ— ( g Rel(z),

q
m(q —2) m(q—2)
where [ is the holomorphic function on $ given by
Tz q— 2 ﬂ-z(q - 2) — 0/1)\ 2minz
I(Az) =1,(\z) = - ~ g Z o (3)e .

q n=1

For g = 3 we get I(z) = logn(z), the logarithm of the Dedekind eta function.

Let v = (‘CIZ) € I'. The equality h(y - z) = h(z) may be expressed
in terms of I(z) and I(z). Bring all holomorphic terms to one side of the
equality, and the antiholomorphic terms to the other side. Then both sides

have to be equal to the same constant. This yields

az+b 1 .
l(cz n d> =1(z) + 5 log(cz + d) +iC(y),

with C'(v) a real constant.
One easily sees that [(z + \) = (2) + 7i(q¢ — 2)/(4q). For ¢ # 0 we write
the transformation formula as

az+b 1 cz+d m _(ab
l =1 -1 —@
<cz+d> (2) + 2 %8 <z’signc> + 4q <c d>’

with @(‘; Z) € R. We write @, if the dependence on ¢ has to be emphasized.

3.7. Alternatives. There are Eisenstein series for each even weight. For
non-zero weight the meromorphic extension is holomorphic at s = 1/2. Take
the value e3(1/2) of the Eisenstein series in weight 2. It can be expressed
in terms of I’. One can define @ in terms of periods of the differential form
associated with e5(1/2). In the case of hyperbolic elements in the modular
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group (¢ = 3) the resulting formula is equivalent to (5.28) in [1]. Atiyah
derives this description from geometric considerations concerning the bundle
of elliptic curves above G3\$. I do not know whether this approach can be
generalized to general Hecke groups G|.

If one wants to avoid automorphic forms, one may consider the central
extension 0 — Z — G4, — G4 — 1 where Gy is the full original of G, in

the universal covering group SLa(R) of SLa(R). It turns out that the group
homomorphisms Gy — R form a vector space of dimension 1. Let a be a

basis element. If one takes an obvious section o : SLa(R) — SLo(R) and
tries to evaluate o o o in terms of the matrix elements of elements of G|
one ends up with an expression containing @. In another language one can
formulate this as “@ is needed to describe the connected component of the
group of multiplier systems for G,”; see 3.11. To check this consult [23].

3.8. Dedekind sums. Consider the transformation formula for I(y - z)
and for [(A + - z). That gives

& a+ e b+ \d % ab g2
c d cd

Hence the quantity

Tled) =Tyfed) = - 2550 ~2( 1)
does not depend on a and b. In this definition of the generalized Dedekind
“sum” T'(c,d) for all lower rows (c,d) occurring in Gy there is the freedom
of a multiplicative factor. The present choice seems a sensible one; A times
it might be as good.

From the transformation formula one obtains more properties of @ and T
(see the table below); we take v = (¢ Z) € G, with ¢ # 0. These relations
imply that @ has integral values.

1 ?(Z2Zg) =2(2a) T(—c,—d) = T(c,d)

2 (95" =0 T(1,0) =0

3 @(‘é giig):¢(zg)+q—2 T(c,cA+d) =T(c,d)

4 o( ) =-o(2)) —T(¢c,—d) = T(c,d)

5 (i) =a(2]) T(c,a) = T(c,d)

Reciprocity law. For ¢,d > 0

T(c,d)+T(d,c)

6 o) =—2(tq) +a A d® i1
=g
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To prove (2), take z = i in the transformation formula. For (4) use
1(z) = I(=Z). For (5) apply the transformation formula to y~! -~ - z; after
that use (1) and (4).

Formula (6) is the reciprocity law. Take z = —1/z = 4, and apply the

transformation formula in two ways to get

1 m _(ab 1 m (b —a
-1 —di)+ — =1 L +d)+ — .
5 og(c— di) + 10 <c d> 5 og(ci+d) + 17 <d —c>

This implies
b —a ab
P =@ —q.
<d —c> <c d> 4

3.9. Three Dedekind sums. For v; = (‘;J ZJ'_) € Gy, c; >0, forj=1,2,3,
J J
with v1y2 = %73, we apply the transformation formula to I(ys3-z) = I(7172-2)
to find

Now use (4).

D(v3) = P(n1) +P(12) F o,

qg—2( c2 c3
31) T(cs.ds) = Tlcy.dy) + T(co.d +q.
(3.1) (cs3,d3) (c1,d1) +T(ca,d2) F Y <0203 + ci1c3 + 0102> 1

This result is needed to complete the proof of Proposition 1.7.

3.10. Estimate.
(3.2) T(c,d) = O(c).
It suffices to show that |T'(c,d)| < Bc for all (c,d) € BP, for some 3 > 0. We
shall get 5 =3¢/(2 - \).

Of course we apply induction on the size of c. As T(1,0) = 0, the start
is no problem. Consider (c¢,d) € B*. If we can show that the right hand
side in the reciprocity law satisfies |RHS| < ae for some positive «, then we
get by induction |T'(c,d)| < fd+ ac < (A\F/2+ a)c, and |T'(c,d)| < Be if we
choose = 2a/(2 — ).

We use the fact that 1 is the minimal element of C, and hence 1 < d <
Ac/2. We get

q—2(c d 1 q—2 A 3
HS= —(-+—-4+— ) —q¢g< —— —+1-X| <=
RHS 3 <d+c+cd> 7= — <c+2+ < 546

and
3
RHS > —¢ > —54c
This leads to « = 3¢/2 and 8 = 3¢/(2 — \).
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3.11. Multiplier systems. Let r € C. The function n,(z) = ¢*"'(*) is a
holomorphic function on §), and satisfies, for each v € Gy,

N (v - 2) = ve () (cz + d) e (2),

where v, is the multiplier system that satisfies

vr<a b> _ p—rir/24min(g=2)(a+d)/ (2gA0)—mirT(e,d)/ (20)

" elo(ic2) 1)

if ¢ > 0. The logarithm of cz + d is taken with respect to the argument
convention —7 < arg(cz + d) < w. We see that z — y"/?n,(z) has automor-
phic transformation behavior of weight 7. The function z — y"/?n, (z) is an
automorphic form of weight r, with eigenvalue %(1 — %) for the multiplier
system v,.. All other multiplier systems for weight r are of the form y - v,.,
with x a character of G,/{%I}. In the modular case all possible characters
of G3/{%I} are of the form v,, with n € 2Z. For general G, the description

of all characters is slightly more complicated.

3.12. Congruence cases. We have already remarked that G5 is the mod-
ular group SLy(Z), that I3 is the logarithm of the eta function of Dedekind,
and that T3(c,d) = 125(d,c). We now consider the cases ¢ = 2k, k = 2,3,
with A = Vk.

For these values of k the subgroups

Go(k) = {(Cc‘ 2) € SLy(Z) : ¢ = 0 mod k:}

are generated by ([1] }) and (,1[1)) As (i?) € G, for all ¢ > 3, we get for

q = 2k the conjugate group

s (1 Doun ()

inside GG9i. From a computation of the areas of fundamental domains it
follows that Asp has index 2 in Gop. As (fl é) ¢ Aok, we have Gop, =
Ao, U (%) Ay

The fact that Go, is conjugate to well known congruence subgroups of the
modular group leads to an explicit description of lox. It suffices to exhibit a
holomorphic function m on $) with the same transformation behavior under
the generators of Ggj as that of la, and such that m(z) = lak(z) + o(1)
(y — o0). It turns out that m(z) = 3 log n(zvk) + 1log n(z/Vk) satisfies
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these conditions. This implies for (‘é Z) € Agg, ¢ £ 0,

(L) =5 (0 (0 ) o ")
Tor(c,d) = 4k(S(d, cVk) + S(d, ¢/VE)),
and for (‘;Z) e (Y 1)A2k7

()30 ()

Tor(c,d) = 4k(S(dVk, ¢) + S(d/VE,c)

4. The structure of 3(GY). In this section we prove Proposition 1.9.
To do that we prove Lemma 4.1 below. Proposition 1.7 implies that the
other inclusion in Proposition 1.9 can be arranged by adapting X.

Remember that P C R3 is the plane {(£,7,0) : 0 = 0}, and that £ is the
set of limit points (ay/c1,ds/ca, (¢ — 2)/c1c2), with (‘Clj Zj) € Gg, c; > 0.
We use A*(p, X) and U.(p) as defined in 1.8.

4.1. LEMMA. For each p = (£,1,0) € R? with Fo > 0, there are € > 0
and X > 1 such that the set

{ﬁ(i db> € U.(p) : (Z Z) €Gy, c>X}

is contained in AT (p, X) if p € L, and is empty otherwise.

4.2. Plan of the proof. For the cases n = 0 and |o| large the statement
in the lemma is proved directly; see 4.3 and Lemma 4.4. To get the other
cases we show in 4.5 and 4.7 that if the statement in the lemma holds for p,
it holds for some other p; as well. In 4.8 we shall see that this suffices to
reach all p.

4.3. Large 0. According to (3.2) all T'(d, ¢)/c are contained in some finite
interval [—0,, 3,]. Hence the statement in Lemma 4.1 holds if |o| > g,.

4.4. LEMMA. The statement in Lemma 4.1 holds for p = (£,0,0) with
o #0.

Proof. The set {|oc — (¢ —2)/(\d)| : |d| € C} has a minimal element o.

For v = (ZZ) € GY with 3(y) € Uc(p), ¢ > X, and with ¢ > 0 and X > 1
to be fixed later, we obtain from the reciprocity law

T(c,d) q—=2| | d T(d[c) q—2 d—i-i _ gsignd
c A | c |d| A c2d c
-2 —2
gsﬁq+(q )€+q +i::0(s,X).

AX AX?2 X
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We conclude
q—2
o — ——

Ad

If @ > 0, we can choose € and X such that « as above cannot be found.
Then the set in Lemma 4.1 is empty, and we are done.

If @« = 0 we know that o = F(q — 2)/(Ac1) for some ¢; € C. A suitable
choice of ¢ and X ensures that d = Fe¢; for all vy = (‘CIZ) € U (p) with
¢ > X. For such v we have

a< <C(e,X) +e.

b 1
Sz—:—l—‘gi— —e+ — <e+ctXh
&

e+l
lceq |

C1 C1

As the set of Fb/c; with ¢; fixed and ( bCI) € G, is discrete, a suitable
choice of € and X assures us that the existence of v as above implies that it

has the form v = (‘C1 TF(;II) with a; fixed, and that & = a;/c;. Choose v =

(chll :) and 7 = (1 0 ) GO then v = i’Vl(o 1)72 and p = (c1717:':[f\c12)'
Hence v € A%(p, X).

4.5. Translation. Consider the maps T, : (£,1,0) — (£, n+n), o) in R3.
As

5(1(3") = Tup) and AT X) = T 1),

the statement of Lemma 4.1 is true for all T,,p, if it holds for one of them.
We can use the same ¢ and X.

4.6. Involution. Let W(&,n,0) = (§,—1/n,0/|n|). This is an involution
in {(§,n,0) € R® . #0}.

Remark that 77 and W generate a partial action of G,/{£I} in R3.
The image of § is approximately invariant under this action. To see this
we show that 5(7((1) _01)) ~ Wp(y). Let v = (z Z) € Gg with ¢ large; put
v = 'y((l] _01), then 7 € Gg as well.

~ bsignd —asignd
ﬁ<7)_ﬁ< |d| —csignd>

— 9 ¢ _T(|d|ac)

“\d 4 d

_f(a 1 -1 T(cd) g—2 c 1 1
_<c cd dfc’ |d| Y 'd\d\+0<c+\d\>>

_ q—2 1
=it - 152 (00 ) oL )
If d/c is near n # 0, then 1/d = O, (1/c), and

(4.1) B = WB(y) + Oy(1/0).
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4.7. LEMMA. If the statement in Lemma 4.1 holds for p = (§,n,0), with
n # 0, Fo > 0, then it holds for Wp.

Proof. Consider v = (¢ Z) € G with ¢ > X and 3(y) € U.(Wp), with
e >0 and X > 1 to be specified later on. Equation (4.1) and the continuity
of W at Wp allows us to choose € and X in such a way that we can apply
Lemma 4.1 to ¥ = sign(d)'y([l) Bl). This means that 3(7) € A*(p, X) if
p € L, and that such 7 are impossible if p € L. Asp € £ and Wp € L are
easily seen to be equivalent statements, this finishes the case p &€ L.

Let

a; dy _q—2 : a; bj 0
=(—,—=, th v, = e Gy, i > 0.
p <61 C2 q:)\0102> W ’YJ <Cj dj 4 C]

Put ¢ = signd,. Then

ar da q—2> . <52 52> <Cbz —Ca2>
Wp = —Y =y = with = - = .
P <01 Ca’  AciCa i Co dy |da| —Cez
We have arranged ¢ and X so that 8(3) € AT (Wp, X), for X suitable. Hence

v = :t’yl([l] Tf‘)fyg for some r € Z. This gives v = :tsign(d)C’yl(é Tf)%. As

we started with ¢ > X and |% — %| < &, we may arrange € such that
signd = ¢. Hence 3(y) € A*(Wp, X).

4.8. Induction. We start with p = (§,71,0), 0 #0. If n =0 or |o]| > G,
the proof of the statement in Lemma 4.1 is given in Lemma 4.4 or in 4.3.
Otherwise we reduce the proof to that for another p; by 4.5 and Lemma 4.7:
take n € Z such that 7, = n+nl € (=A/2,A/2], and put p1 = WT,p =
(& —=1/m,a/|m]). As |o/n1| > 2|o|/A, iteration of this process will bring us
into the reach of 4.3, unless 1 becomes 0 at a certain stage; then Lemma 4.4
can be applied.

5. Poincaré series. To prove the distribution results we shall use the
fact that Dedekind sums describe multiplier systems of automorphic forms.

In this section we consider Poincaré series in their domain of convergence,
and describe their Fourier coefficients.

5.1. Automorphic forms.We restrict our attention to automorphic forms
of weight r, eigenvalue 1/4 — s and multiplier system v, (see 3.11).

For Res > 0 and |Rer| < 4¢/(q — 2) we impose a growth condition at
the cusp by prescribing a Fourier series of a special form. Let f satisfy the
conditions in 3.2, with 8 = 1/4—s2. The transformation behavior f(z+\) =
e™r(a=2)/(29) £(2) implies that f has a Fourier series expansion f(\z) =
>, fn(2), where n = (¢ — 2)r/(4q) mod 1, and f,(z + iy) = €™ f, (iy).
The functions y — f,(iy) satisfy second order linear differential equations
that depend on n and s. It is not possible to give a basis of the solution space
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that is useful for all (r,s). But for Ren # 0 a one-dimensional subspace of
solutions stands out by an exponentially decreasing behavior at infinity; it
is spanned by

w(r,s;2) = T W, o(Edrny)  for £Ren > 0.

For the Whittaker function W. . see, e.g., [25], 1.7.

The growth condition we impose on automorphic forms is: f, is a mul-
tiple of w™(r,s) for all but a finite number of n. This growth condition
allows exponential growth at the cusp. Usually one allows only polynomial
growth.

5.2. The basis element w"(r, s; z) is holomorphic in (7, s); here and in the
sequel we tacitly assume that n varies with r such that n—(¢—2)r/(4q) stays
constant (with an integral value). The following basis element u™(r,s) is
meromorphic in (r,s), with its singularities at the lines s = —1/2,
leN:
1/2+s—1/2

n . — 5 1t1/2 2minz F
pt(r,s;z) =y € 11[ 1495

27my] .

It is characterized by its behavior p"(r, s;iy) ~ y*+t1/2 for y | 0. For general
values of (r,s) it increases exponentially as y — oo. Note that u%(0, s;2) =
y*t1/2 occurring in the Fourier expansion of the Eisenstein series in 3.4.

For general values of (r,s) the functions w™(r,s) and u™(r,s) span the
space of possible Fourier terms of order n.

5.3. Poincaré series. For r € R, m = (¢ — 2)r/(4q) mod 1, and
Res > 1/2, the absolutely converging Poincaré series

) b
pr(rsiz) = Y ve(y) e EEEEHD (e s (ye2) /X)) withy = (a d)
YEGP\Gq c

defines an automorphic form p™(r, s) of weight r, with eigenvalue 1/4 — s?
and multiplier system v,.. For r = 0 these are the Poincaré series studied by
Neunhoffer [22]. Even more general Poincaré series than the present ones
are discussed in [16], Ch. IX, §5, see p. 355. The Eisenstein series discussed
in 3.3 is given by e(s) = p°(0, s).

Define the Fourier coefficients ¢]*(r, s) by

P s A) = (s 2) + S () (r, 53 2),

with 7" (r,s) = w™(r,s) if n # 0, and 7°(r, s) = u°(r, —s). The principle of
computing ¢ (r, s) is well known. In the same way as in Proposition 2.16
in [5] one arrives at the following description. Write
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o or(g—2)
1q and n=v+ P

(One may also use Proposition 5.2.9 in [9]. Then one should note that the
roles of n and m have been reversed, and that the factor A='=2% has been
moved.)

Cnm(rv 8) = GT(TL,’I’)’L, 8)905(7"7 5)7
Gr(n,m, 8) — e—wir/Q)\—l—2s
w2172 (2s)
't/)2+s+r/2)I'(1/2+s—1/2)
7rs+1/2|n|sfl/2

r(1/2+s+r/2)

AN
@y (r,s) = Z J(n,m,s;c)vr<a > g2mi(matnd)/(Ac)

if n=20,

if £n > 0,

(e,d)eB cd
c 172 if mn =20,
47/ I'l1+2
c_1J25< T mn> ( ;_ ) if mn > 0,
J(n,m, ;) = xe ) @r /NP (mn)
4/ |mn| I'(1+ 2s) .
1 f .
¢ b < e )(271'/)\)25|mn|5 ifmn <0

In the sum over B the choice of a,b does not influence the result.
The ©%(s) in 3.4 are the present (0, s).

5.4. Symmetry. ©}(0,s) = ¢},(0,s). To see this, note that for (c,d) € B
there is a unique vy = (‘;Z) € G, with —lc/2 < a < A¢/2. The map
v — j(y~1) induces an involution in B that gives the symmetry.

5.5. Dirichlet series with Dedekind sums. In the remainder of this
section we relate the ¢ to the following series:

_ —w T(C7 d) : 2mi(pa+vd)/(Ac)
(51) Ak(ynuvw) - Z c <T> € )
(c,d)EB

with v, u,k € Z, k > 0. In view of the estimate in (3.2) this converges
absolutely and defines a holomorphic function for Rew > 2. The choice
of ain (¢ ;) € G, for a given (c,d) € B does not matter in this defini-
tion.

5.6. PROPOSITION. Let v, € Z, 1 € N, [ > 2. For fizred s € C with
o=Rese (I/2,(l+1)/2), we have
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—mir/2

€ (1, s)

-1 0

h
Zrh ZB (v, 1, 8) A (v, 1, 1 + 25 + 2p — k) + O(r27 1)

h=0 p=0 k=0

as r |0, with
ﬁg,k(% My S)
_ (@m)tr(g —2)"F 3 <p> <p>'upj1ypj2
(4q)" A2 klp!(1 + 25),, j1) \J2 '

J1,J2€[0,p], j1+j2=h—k

Remark. This result extends Lemma 3.7 in [5]. There g = 3 and

= 0; as ﬁ 1 (1,0,5) =0 for k + p > h, the sum expressing ©Y in the Ay, is

ﬁmte if p= 0. In this sense the dependence on a/c makes the proof of the
distribution results more difficult than that in loc. cit.

The proof is given in the remainder of this section.

5.7. Splitting up the Bessel functions. In the sequel m and n vary with r,
whereas p and v stay fixed. The sign 7 of

e )00

does not change for small positive . Put les = Jys and JQ_S1 = Io.

L) = o (A (A 2s)
o) = 135 (MG ><2ﬂ/k)25(nmn)s

i —1-2s— 2p —4m® mn)P
1 + 25)p, A%’

The multiplier factor and the exponential in the series for ¢#(r, s) have
absolute value one. We can interchange the order of summation with respect
to (¢,d) and p. This gives

oy (r,s) = e/ Z ap(nv m, 8)®,(r, s + p),
p=0
(—4m2mn)P
pl(1 4 2s),A%P
(p,tlj (7’, U) — Z c—2u—167rirT(c,d)/(2q) e27m'(,ua—f—l/d)/(/\c) )

(c,d)eB

ap(n,m,s) =

The dependence of ay, on r is hidden in m and n.
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5.8. LEMMA. For Reu > v > 1/2,

Z C—1—2u — OU(XI—Q Reu) (X N OO)

(c,d)EB, c>X
For —2 < Rew < —1,
Y v =0(X*R) (X - o).

(e,d)EB, c<X

Remark. For ¢ = 3 this is easy.

Proof of Lemma 5.8. We use the fact that ©J(0, s) has a meromor-
phic extension to s € C, with as right-most singularity a first order pole
at s = 1/2 with residue ¢g\?/(n%(q — 2)). For Res > 1/2 it is given by a
Dirichlet series with positive coefficients. The Ikehara Tauberian theorem
(see, e.g., [27], Ch. V, §17, or [17], Ch. XV, §2, 3) implies that

1 2902
DR A Gy )
(e,d)EB, c< X ¢ g (q B 2)

By partial summation this implies the statements in the lemma.

5.9. Taylor expansion. For Reu > o, Reu & Z,

r

-1 N\ k
(5.2) Ph(r,u) = Z T <72T—;> Ay, 14+ 2u— k) + 0%~ Y (r]0).
k=0

The constant implied in @ does not depend on the choice of u, provided
Reu > 0.

This corresponds to Lemma 3.6 in [5], and is obtained in the same
way: The terms with ¢ > r~! in the series for ®* give a contribution
O(r?Reu=1) — O(r29=1). For the other terms consider a Taylor expan-
sion of e T(¢:d)/(29) yp to the term with /=1, The remainder terms give a
contribution estimated by

’I"l Z Cl—2z7—1 — O(T,Qd—l)‘
(c,d)eB, c<1/r

In the other terms we go over from ¢ < 1/r to all ¢; the difference is again

O(r?e=1).

5.10. The final sum. We insert the expansion in (5.2) into

e TRk (r,8) = Y ap(n,m, s)®(r, s+ p).
p=0
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As > Zgap(n,m,s) = O(1) (r]0), the remainder term contributes
O(r?°~1). For each k € [0,1 — 1], and s still fixed, the series

> Ap(vo 1425+ 2p — k)ay(n,m, s)

p=0
converges absolutely, uniformly for r in a neighborhood of 0. It defines a
holomorphic function of . We replace it by its expansion up to O(r!), and
get

e 2,5
-1 r .\ k oo 2\ P
re (i —47 (mn)P
= — | = Ap(v,p, 1 +2s+2p — k)
(B >(50) 5 o
— kI \2q = A pl(1+ 2s),
+O(r?° 1)

-1 oo h
= Z Th Z Zﬁg,k(%:uv S)Ak(ymua 1425+ 2]9 - k) + O(TQU_I)’
h=0

p=0 k=0

with ﬁgk as in Proposition 5.6.

6. Meromorphic continuation. It is well known that Eisenstein and
Poincaré series have a meromorphic continuation in the spectral parame-
ter s, and satisfy a functional equation. The case of weight 0 may be found
n [22]. In [2, 3, 4] the meromorphic continuation in (r,s) jointly has been
studied. These papers treat the modular case, ¢ = 3. Extension to all G|,
is straightforward for the results in [2, 3], and for part of the results in [4].
Here we need only results that extend easily from G5 to Gy. Theorem 10.2.1
in [9] gives these results in a more general context. (To obtain the results
in 6.1 one takes the cell of continuation J equal to the null cell J(0).)

Our aim is to obtain the meromorphic continuation of the A, and in-
formation concerning the right-most singularity.

6.1. Meromorphic continuation in two parameters. Proposition 2.19
in [3], generalized to G, gives:

Let u € Z. There are a neighborhood U of 0 in C, containing (;74[21, i—%),
and a meromorphic family EY of automorphic forms on U x C that is

uniquely determined by the following conditions:

(i) For each (r,s) € U x C at which E* is holomorphic it is an auto-
morphic form of weight r, with eigenvalue 1/4—s% and multiplier system v,.
(ii) There are meromorphic functions C on U x C such that

E*(r,s;Mz) = p™(r,s;2) + Ch(r,s)p" (r, —s; 2) + Z Cl(r,s)w"(r,s; z)
v#£0
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as an identity of meromorphic functions. We understand the quantities
m=p+ (qg—2)r/(4q) and n = v + (¢ — 2)r/(4q) to vary with r; by ng we
mean (q — 2)r/(4q).

The characterization of E* by the form of its Fourier series expan-
sion implies various functional equations. Here we shall use the follow-
ing ones: E°(r,—s) = CJ(r,—s)E"(r,s), E°(r,s;—z) = E°(—r,s;2), and
CY(r,—s)CY(r,s) = 1.

A holomorphic family of automorphic forms is a C*°-function in (7, s, z)
that is holomorphic in (r, s) if we leave z fixed, and that is an automorphic
form in z if we leave (r,s) fixed. A meromorphic family is understood to be
locally in (7, s) of the form m f(r,s,z), with f a holomorphic family, and
1) a holomorphic function that is not identically zero. So all meromorphic
functions (r, s) — E*(r,s; z) have common denominators.

Generalization of Proposition 2.23 in [3], or application of part (ii) of
Theorem 10.2.1 in [9], implies:

The family s — E"(0,s) exists as a meromorphic family of automorphic
forms of weight 0. It is holomorphic on Res > 1/2, and is given by the
Poincaré series p*(0,s) for Res > 1/2.

The existence of the restriction s +— E*(0,s) is not trivial, as E* might
have had a singularity along the line » = 0. The holomorphy at s = sg of
this restriction need not imply the holomorphy of E* at (0, sq); see 6.7.

6.2. Fourier coefficients. The C* are meromorphic on U x C, the re-
strictions s — C#(0, s) exist, and coincide with ¢#(0,s) for Res > 1/2. It
will turn out to be useful not to work with C¥#, but with ¥}, defined by
Cli(r, 5) = \12g, (r, $)WA (r, 5), with

21725 (25)
go (T7 8) = )
rt)2+s+r/2)I'(1/2+s—1/2)
ast1/2 g—2 s—1/2
v(r,8) = tvEt —— if + 0.
9u (1) F(1/2—|—s:|:r/2)< P r) e

Each ¥# has a meromorphic restriction to the line » = 0; on Res > 1/2

it is holomorphic with value ¢#(0, s).

6.3. Derivatives. For each integral h > 0 the function

1
Yh(h;s) = 7l

is meromorphic on C. Of course, ¥¥(0; s) is just the restriction s — ¥H(0, s).

oMl (0,s)

6.4. Poincaré series of positive weight. Let UT = {r € U : Reu > 0}.
On U™T x C there is no reason not to use the basis u™(r,s), w™(r,s) for
the Fourier terms of order ng = (¢ — 2)r/(4q). In Proposition 2.20 of [3] the
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E! are combined to form meromorphic families P* on UT x C that have
a Fourier expansion with a simple form with respect to the latter basis.
(One may also apply Theorem 10.2.1 in [9] with J equal to a minimal cell
of continuation, and consult the discussion in 10.3.2 of [9].) To make this
explicit we need

o) = (q _ 27W> s+1/2 I(—25) |
q Ira/2—-s—r/2)
for which w™(r,s) = v(r,s)u™ (r,s) + v(r, —s)u" (r, —s). It turns out that
v(r,s)Cy(r, 5)
v(r,—s) —v(r,s)CQ(r, s)

P*(r,s) = E*(r,s) + E%(r,s).

It has a Fourier expansion

Pt(r,s) =p™(r,s) + Z D (r, s)w"(r,s),

with D¥ the meromorphic function on Ut x C given by

Dg(r,s) = Cf(r,5)/ (v(r,—s) = v(r, s)C3 (1, 5)),

v(r,s)Cg (r, 5)CH(r, 5)

’U(’I", _S) - U(T7 8)08(7", 8)
Proposition 2.23 in [5] can be generalized to state that P is holomorphic
at (r,s) if 0 < r < (¢ —2)/(4q) and Res > 1/2, with value p™(r,s).
(Remember the convention m = p + (¢ — 2)r/(4q).) Hence for these values
of (r,s) the D¥(r, s) are given by the ¢"(r,s). (In [9] I call a family like P*
a family on a restricted parameter space; see Proposition 10.2.12 for the
holomorphy.)

This makes it possible to express the ¥} in terms of the ¢f. We do
not carry this out completely, but are content with inverting the relation
between the C’s and the D’s:

Cl(r, ) = u(r, —S)Dgér, s) ’
1+ v(r,s)Dg(r,s)
v(r, s) D} (r, s)DO(r, 5)
1+ v(r,s)Dy(r,s)

Dy (r,s) = Cy(r,s) +

if v #0.

CH(r,s) = Dt(r,s) —

iy if v #0.

6.5. Behavior for v | 0. Let us take I € N, [ > 2. The restriction
s — WH(0, s) is meromorphic, hence the strip {s € C: /2 < Res < (I+1)/2}
contains an open dense subset of points s such that ¥ is holomorphic at
(0, s).

Let us fix such an s, and put 0 = Re s. We want to consider the behavior
for 7 | 0 of Wk (r,s) = A"172%g,(r,s)"1C¥(r,s). We express C¥ in the D’s,
which are equal to the corresponding ¢ (r, s) = G,(n,m, s)pk(r,s) for the
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current (r,s). The ¢’s we express in the ¢#, for which Proposition 5.6 gives
a Taylor expansion in 7.
) _9 2s
v(r,s) DY (r,s) = e~ ™2\ 7172 <q?7rr>

225+1I‘( )
T2 —s—r/r(2+s+r/2)7
- 0(™)

o (1, 5)

q— 9 s—1/2

Do(r,s) = eI/ 2N\T1=28 |, 4 r

7Ts-|-1/2
I'(1/2 + s+ (r/2)signv
=0(1) (with v #0),
Cl(r,s) = v(r,—s)Db(r,s)(1 + O(r*?)),
CH(r,s) = D¥(r,s) + O(r 2") (with v # 0),
h (r,s) = N2 go(r, s) " tu(r, —s) D (r, s)(1 + O(r*7))
= 7200 (r, 5) + O(r2),
Wl (r,s) = N g, (r,5) T Dl (r,5) + O(r?7)
= e*’r"/chﬁ(r, s)+ O(r??)  (with v # 0).
¥ is holomorphic at (0,s), and the ¢#(h;s) are the Taylor coefficients
at 0 of the holomorphic function r — ¥ (r,s). We find the first [ of them
in Proposition 5.6. This can be done for a dense set of points s in the

strip [/2 < Res < (I + 1)/2. We obtain an identity between meromorphic
functions that extends to the region on which both sides are defined:

)wﬂ(n s)

6.6. LEMMA. Let p,v € Z, and h € NU{0}. The meromorphic function
YE(h) is holomorphic for Res > (h +1)/2, and satisfies on this region

(6.1)  wl(hss) = ZZﬂpkuu, $)Ak(v,p, 1+ 25 +2p — k),

p=0k=0
with ﬂg’ i 0s in Proposition 5.6.

6.7. Singularities at half-integral points. Now we turn to the generaliza-
tion of Proposition 7.19 in [3]. It describes the behavior of the E# at points
(0,s) with Res > 1/2.

Singularities of such Poincaré families at points (0, s) with Res > 0 gen-
erally arise from two causes. The first cause are spectral features: if the
Laplacian on $) has square integrable eigenfunctions on G,4\$ with eigen-
value 1/4 — s with non-vanishing Fourier coefficient of order u, then E*



Dedekind sums for Hecke groups 37

may have a singularity at (0,s). In weight zero all such eigenvalues are
in [0,00); so for Res > 1/2 this possibility is of no concern. The other
main cause for singularities is more trivial. The families E* are determined
by a prescribed form of the Fourier coefficients with respect to a fized ba-
sis of the space of possible Fourier terms. If the functions used fail to be
a basis at some point, trouble is to be expected. In the present case this
occurs at points (0,1/2), I € N, due to the singularity of "0 (r, —s) at these
points. If we look at the restriction to the line » = 0 this is not visible,
as 1™ (0, —s;2) = y~5t1/2. To describe the resulting singularity one goes
over to another basis of the Fourier terms of order ng. Take a meromorphic
function w; such that p™(r,s) and ‘v(r,s) = p™(r, —s) + wy(r, s)u™ (r,s)
form a basis suitable for all points near (0,1/2). For all other Fourier terms
the old basis is all right. Define linear combinations 'E* of the E’s with a
simple Fourier expansion with respect to the new basis. These ‘E* behave
nicely at (0,1/2). In [3] I used

ol ) = <7r(q —~ 2)r>lF(—23)F(1/2 +s—71/2)
her = q r2s)I(1/2—s—r/2)

at present I prefer

1
-2 I'(—-2 1
q I'(2s) \2 2/,
Both can be used to get the following generalization of Proposition 7.19
in [3]:
Let p € Z, so € C, Resg > 1/2.
(1) If so & (1/2)N, then E* is holomorphic at (0,sq), with value given
by the Poincaré series p*(0, sp).
(ii) Let so =1/2,1 € N, 1 > 2. Put
wy (’I", 8)05(7", 8)
1 —w(r,s)CY(r, s)

Then 'E* is holomorphic at (0,5s0), with value given by p*(so).

'EF(r,s) = EM(r,s) + E%(r,s).

This is a special case of Propositions 12.4.2 and 12.4.3 in [9].

The fact that 'E# has value p*(1/2) at (0,1/2) is not stated explicitly
in [3]; it follows from the fact that E* and 'E# have the same restriction to
the line r = 0.

This implies that the C¥# are holomorphic at (0,s) for Res > 1/2, s ¢
(1/2)Z.

Near points (0,1/2), 1 > 2,1 € N, we have

'EF(Az) = ™ (r,s) + 1O (r,8) w(r,s) + ) IC (r )W (1, ),
v#£0
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wy (’I", 8)05 (’I", S)CB (T7 S)
1—w(r,s)CQ(r,s) ’
_ ’UJ[(T, 8) lO(?(h S) lCB(T, S)
1+ w(r,s)tCY(r,s)
The !C* are holomorphic at (0,1/2), with value c/(0,1/2).

6.8. LEMMA. Let h € NU{0}, and p,v € Z. All singularities of ¥t (h)
in the region Res > 1/2 occur at half-integral points.

(i) There exists a number og € (0,1/2) such that all 1*(0) are holo-
morphic on the region Res > og, with the exception of a first order pole at
s =1/2 in the case p = v = 0, with residue g\*>72(q —2)~1.

(ii) ¥# (1) is holomorphic on Res > 1/2.

(iii) If h is odd, h > 3, then ¥t (h) is holomorphic on Res > (h —1)/2.
(iv) Let h be even, h > 2. If the number

V2 (g — h

vanishes, then ¥ (h) is holomorphic at s = h/2, otherwise ! (h) has a first
order pole at s = h/2, with this number as the residue. There are no other
singularities of ! (h) in the region Res > (h —1)/2.

'CY(r,s) = Cli(r,s) +

(6.3) CH(r,s) = lC,’f (r,s)

The proof will take the remainder of this section. The case h = 0 is just
spectral theory of automorphic forms. The other cases are based on (6.3).
From the results stated above it follows that the only singularities in Re s >
1/2 occur at points 1/2 with [ € N, [ > 2.

6.9. Case h = 0. The ¥*(0) are, up to some explicit factors, the Fourier
coefficients of Eisenstein and Poincaré series in weight 0. See, e.g., [16],
Ch. VI, Theorems 11.6 and 11.8 on pp. 128-130, claim 9.2 on p. 71, claim 9.6
on p. 78, Theorem 11.11 on p. 140, and also Ch. VII, Theorem 5.3(i), (ii)
and Proposition 5.5(i), (ii) on p. 258. Choose the number oq in such a way
that there are no automorphic eigenvalues in the interval (0,1/4 — o2).

The holomorphy of p* at s = 1/2, for u # 0, is a consequence of Propo-
sition 11.3.9(iii) in [9].

6.10. Case h > 1. In the lemma we fix h, and consider the [ > 2,
[ € N, at which ¥ (h) is singular. In the proof it is more convenient to fix
[ € N, 1> 2, and to consider the h for which ¥ (h) is holomorphic at {/2.
This means that we have to prove that % (h) is holomorphic at s = 1/2 for
1 <h<I[—1, and also for h = [ if [ is odd. For even [ we have to determine
the value at s =1/2 of s — (s —1/2)yH(1).

We have W (r,s) = >.;2  t(h;s)r™ for r near 0, and s near /2, s #
1/2. The function C¥(r,s) = A~172%¢g, (r, s)¥#(r, s) has a similar expansion
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Cl(r,s) =332y B(h;s)r". As g, is holomorphic and non-zero at (0,1/2),
it suffices to prove for the Bf:

() BH(h) is holomorphic at s =1/2 for 1 < h <1 —1.
(B) s+— (s —1/2)BX(l) is holomorphic at s = 1/2, with value

)2 (7(g—2)\ o
s = { i (T2 0,026 0.2e50.172) i Lis even,
if [ is odd.

We treat three cases separately: p and v both zero, one of them zero,
and both non-zero. The first two cases have been considered in [5]. There
I tried to get information on the order of all poles at points between 1/2
and h/2; that made the treatment messy. I repeat the reasoning here, but
restrict myself to the right-most singularity.

6.11. Case p = v = 0. From the functional equation E°(r,s;—Zz) =
E°%(—r,s;2) it follows that C(—r,s) = C§(r,s). Hence the BJ(2k + 1
vanish, and we can restrict the discussion to even h.

There are meromorphic functions Ao, and holomorphic functions LA}, on
a neighborhood of s = [/2 such that

C’Ors ZA% 2, lCors ZAh

To see that 'C§(0,1/2) # 0, use the fact that it is equal to 3(0,1/2), and
that 9(0,1/2) > 0.
The r-expansion of w; starts with

(6.4) wi(rs) = (@) (% - S>ZFF<(‘2§§> Fo

I use the version of w; given in (6.2).

As CJ(r,s)™1 = 'CQ(r,s)~t + wy(r, s), we conclude that the Ay, with
2k < [ are holomorphic at s = [/2. If [ is even, the singular part of A,
at s = [/2 is given by the first term in the expansion of w;. This gives, for
even [,

1 (m(@=2)\ (=)' .
A = hol hic at [/2).
1(s) s—l/2< % > 5000, 1/2) 11 + (holomorphic at 1/2)

The relation between the A’s and the B{’s implies that BJ(2k) is holo-
morphic at s = [/2 for 2k < [, and that for even [, modulo holomorphic
functions at s = 1/2:
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Bi(l;8) = —B(0; 5)2A;(s)

—_DIH2 (g — !
= A 2250(0,1/2) %Y (0’1/2)29(0(3,)1/2)l! ( (q2q 2)> s —1l/2

- 0=

This gives («) and ().
6.12. Case pv =0, but ;n # 0 or v # 0. We consider the quotient
Q(T7 8) = C,’f(T‘, 8)/08(T7 8) = lOﬁ(T, 3)/l0((])(r7 3)'

As 'CQ(0,1/2) is non-zero, the function @ is holomorphic at (0,1/2), with
value

0.2 0012 eh0.1/2)
QOI2) = 80.12) ~ 200.0/2) " o30.1/2)°

With Ay as above this gives

[ee]

Q(r,s) = Zrh Z Ao (s)BE(h — 2k; s),
h=0  0<k<h/2
1
By (h; 5) = Bg(0; ) 5107 Q(r, 8) =0 — > BY(0;5)Agk(s) Bl (b — 2k; s).
’ 1<k<h/2
We already know that the function B¥(0) is holomorphic at s = /2
with value A™1!g,(0,1/2)"(0,1/2). Inductively we get the holomorphy of
BH(h) at s = 1/2 for h < [, and for h = [ if [ is odd. For even | we get,
modulo holomorphic functions at s =1/2,
B(l;s) = — By(0;5)Ai(s)BL(0; 5)
1
—1)A 1 g0(0,1/2)¢0(0,1/2
8—1/2( ) 90(07 / )SOO(()? / )
X A1, (0,1/2)1(0,1/2)

= fo(l)s_ill/?

()2 (g —2)\'
go(OJ/?)l!( 2q >

Use ¢4(0,5) = ¢%(0,5) (see 5.4) to conclude that @gel = @fey in the
case u = 0.

6.13. Case uv # 0. In (6.3) we have expressed C# in the !C". As !C# is
holomorphic at (0,1/2), we need look only at the correction term given by

'l (r,5) ' C(r, )

—_low (M —
R(r, s) CH(r,s) — CH(r,s) wy(r, s) T 5w (rs) 108(7“, st
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Now, R(r,s)/(w;(r,s)C(r,s)) = 'C{ (r,5)!Co(r,5)/'CY(r, s) is holomorphic
at (r,s) = (0,1/2) with value

9,0, 1/2) 2k (0,1/2)¢£0(0,1/2)
NS0,

The expansion of w; in (6.4) implies that the r-expansion of R(r,s)/C3(r, s)

starts with 7' f(s) + ..., where, modulo terms holomorphic at s = 1/2,
L (m(a=2)\ (D™ g,(0,1/2)¢5(0,1/2)5(0,1/2)
f(s) = o
if [ is even,
0 if [ is odd.

Hence the expansion of R(r,s) starts with r!f(s)BJ(0;s) + ... This means
that the B#(h) are holomorphic at s ={/2 for 0 < h <[, and that

51—1}11} (s —=1/2)B:(l;s)

= SE%(S = 1/2)f(s)Bg(0; 5)

—D)2 (7(g—2)\' , L
_ ] S (52 002 0.2)65(0.0/2) it s even,

0 if [ is odd.

7. Dirichlet series with Dedekind sums. The results in the previous
sections lead to information concerning the right-most singularity of the
Dirichlet series Ay (v, p, w) defined in (5.1). This will enable us to prove the
distribution results in Propositions 1.4 and 1.5.

7.1. PROPOSITION. Let p,v,he€ Z, h> 0. The function w +— Ay (v, p, w)
has a meromorphic extension to C.

(i) There exists €9 € (0,1) such that
(a) Ao(v, u, w) is holomorphic on Rew > 2 —¢g if (v,u) # (0,0),
(b) Ao(0,0,w) is holomorphic on Rew > 2 — €y, except for a first
order pole at w = 2 with residue 2X%q/(7%(q — 2)).
(ii) Ay (v, p, w) is holomorphic on Rew > 1.
(iii) Let h > 2 be even. Then Ay (v, pu,w) is holomorphic on Rew > 0,
except possibly at w =1, and
lim (w — 1) A (v, 1, w) = 2(q = 2)" A" 7164 (0, h/2)5 (0, 1/2).
(iv) If h > 3 is odd, then Ap(v,p,w) is holomorphic on Rew > 0.

Proof. Central are the relation between the ¢# and the Ag(p,v,-) in
Lemma 6.6, and the properties of the ¢4 given in Lemma 6.8.
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The meromorphic continuation is obtained by an induction procedure,
based on the following reformulation of (6.1) in Proposition 6.6:

(7.1)  Ap(v, p,w)

h
4q w—1+h
S A O 7 i
h
4q w—1+h
_h'<%> § § g,k<yvﬂaf>Ak(ymuvw+2p+h_k)v
p k

where 0 < k < h, and p > 1 if k = h, p > 0 otherwise. Suppose A (v, u, w)
has been meromorphically extended to Rew > 2 — m. All terms in the
right hand side of (7.1) are meromorphic on Rew > 1 — m, but there are
infinitely many of them. If Rew > 1—m, all but finitely many terms satisfy
Re(w + 2p + h — k) > 3. On this region Ay is a bounded holomorphic
function. The (-factors satisfy estimates ensuring that the corresponding
infinite sum converges, and defines a meromorphic function. This gives the
continuation to Rew > 1 —m.

Consider the case h = 0. Take ¢ = 20, with oy as in Lemma 6.8. The
term with ¥#(0) in (7.1) has the behavior described in (i)(a) and (b). For
Rew > 2 — g¢ the remaining terms satisfy Re(w + 2p) > 4 — ¢, and hence
define a holomorphic function.

For h =1 the term with (1) is holomorphic on Rew > 1. In the sum
the terms with p > 1 satisfy Re(w + 2p + 1 — k) > 3. In the corresponding
sum the Ay are bounded and the g-factors are holomorphic, hence the sum
is holomorphic on Rew > 1. The remaining term with p = k£ = 0 is also
holomorphic on Rew > 1. This gives (ii).

To get (iii) and (iv), suppose that they have been proved for smaller
values of h. It suffices to consider the various terms in (7.1) on the region
Rew > ¢, for an arbitrary € € (0,1). The subsum with p > 1 satisfies
Re(w + 2p + h — k) > 2+ ¢, hence it gives a holomorphic contribution.
The other terms in the sum have p = 0 and £ = 0,...,h — 1. For these
Re(w+2p+h—k) > 1+¢e. For 2 <k < h—1 use the induction hypothesis.
For k =1 use (ii). For k = 0 we have Re(w + 2p+ h — k) = Re(w + h) > 2,
hence (i) can be used. Finally, we consider 1# (h; w%m) Lemma 6.8 shows
that it is holomorphic on Rew > ¢, except if h is even. In that case there
may be a singularity at w = 1, with a residue that leads to the formula
in (iif).

7.2. Proof of the distribution results. We shall use Proposition 7.1 to
prove the distribution results for a suitable class of test functions. A density
arguments will give Propositions 1.4 and 1.5 for all continuous functions.
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7.3. Some functionals. For continuous functions f on (R mod A\Z)? x R
and X > 1 define

=% % (557D

(e,d)EB, c< X

% Y
u(f)ZWOfoff(f,n,O)dfdn;

wh=5 3 (T(C’d)>2f(§,§, Hed),

(¢, d)eB, c<X

—2)2 a; dy £(g—2
W= XS e 2 e e )

(c1,d1)EB (c2 ,d2)€B

(o)

We use the convention that for each (c,d) € B some (¢ b) € G4 has been
chosen.

The second distribution result amounts to (7.3) below for all continu-
ous f. We shall see in (7.6) that the first distribution result follows from (7.2)
for all continuous f.

(7.2) Jim px (f) = p(f),
(7.3) Jim vx (f) = v(f).

In 7.5 we prove (7.2) and (7.3) for the functions
h _ 2mi(p€tv Ac) _h
V,u(g?nag) =e€ (n m/( )U s /L,l/,hEZ, h > 0.
In 7.4 we extend these limit formulas to all continuous functions.

7.4. Extension. From (3.2) it follows that we can work in the space Y of

continuous functions on the compact set (R mod A\Z)?x [—f,, 3,]. Provide Y’
with the supremum norm. The functions f” v, Span a dense subspace Yy. To
extend the limit formulas from Yj to Y we need |jux]| = O(1) (X — o0).

This follows from [1ox (/)] < [|fllx (f9o), and limx oo pix (f0) = p(1).
Proceed similarly for vx.

7.5. Tauberian results. We use the Ikehara Tauberian theorem (see, e.g.,
[27], Ch. V, §17, or [17], Ch. XV, §2, 3). It allows us to conclude ) | _ y a(c)~
0X (X — o0) from the fact that the Dirichlet series ) .. a(c)/c” has a
meromorphic extension to Rew > 1—¢, with a first order pole at w = 1 with
residue p as the only exception to holomorphy. The case that the extension
is holomorphic at w = 1 corresponds to ¢ = 0. This can be applied directly if
the a(c) are non-negative. For complex a(c) it holds if there are non-negative
b(c) with a(c) = O(b(c)) such that the Dirichlet series ) . b(c)/c" satisfies

similar assumptions, with non-zero residue at w = 1.
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To get (7.2) for f,f’u apply this with
a(c) =c 17 Z T(c,d)he?rilratvd)/(Ae) — pe) = ¢ 4{d : (¢,d) € BY.
d, (c,d)eB

Together with Proposition 7.1 this gives

2, —2 —1
X oo pacl V’#) { 0 otherwise.

This turns out to be u( 5u)
To get (7.3) for fl, take

CL(C) — C*h72 Z T(C, d)h+2€27ri(p,a+l/d)/()\c)’

d, (c,d)eB
be)=cM"2 3" T(e,d)"*?,
d, (c,d)eB

with Ay = h if h is even, and hy = h — 1 if h is odd. The corresponding
Dirichlet series are Apyo(v, p,w) and Ap,4+2(0,0,w). We use the fact that
©8(0,1 4 hy/2) is positive. We get

Jm ()
_ { 2(q — 2)PT2Ah 30, h/2 + 1)l (0,h/2 + 1) if h is even,
0 if h is odd.

To see that this equals v( lf‘ #) for even h, use ) = gog, and insert the
Dirichlet series for the ¢’s.

7.6. Partial integration. Define a(X) = 3. 1cp cex c1f(aje,b/d,

T(c,d)/c)), with f continuous on (R mod AZ)? x [—f,, 3,]. We have found
A € C such that a(X) = AX + o(X) (X — 00), and want to show that

> 1
f zda(x) = §AX2 +0o(X?) (X — o0).
0

As
X X
f rda(z) = Xa(X) — f a(z) dz,
0 0
we have to show that
< 1
f a(z)dr = §AX2 + o(X?).

0

For € > 0 there exists X, > 1 such that |a(z) — Az| < ex for all x > X..
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For X > X, sufﬁciently large we have

:17——X2

< (constant) + ;(XQ — X?) < eX.

Thanks. I thank the copy editor of Acta Arithmetica for a number of

corrections in this paper.
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