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1. Introduction. Let s = o + it be a complex variable, and ((s) the
Riemann zeta-function. For any o > 1/2 and any T > 0, put

V(T R, 0;¢) = m({t € [-T,T] [ log ((o +it) € R}),

where p; is the one-dimensional Lebesgue measure, and R is a closed rect-
angle in the complex plane C with the edges parallel to the axes. Bohr—
Jessen [1] proved the existence of the limit

W(R,0;() = CFligl>o(2T)*11/(z“, R, ().
Consider a special case
R=R{l)={z€C| ¢ <Rez<{ —¢<Imz</(},
where ¢ > 0, and put
W(t,0;¢) =1 - W(R(),0:C).
Ifo>1, W(B, 0;¢) = 0 for sufficiently large ¢, because the Euler product

expansion of ((s) is absolutely convergent. If 1/2 < o < 1, it is known that
for sufficiently large £,

(1.1) 205 exp{-C5(1 —0) ' (20 — 1)(C})~ /(=) /0=)
x(log £)7/1 =) (1 + o(1))}
<W(l,0:0)
<4dexp {—%(1 —0) (20 — 1)2*1/(1*0)
x (M=) (1og 0)7/(1=9) (1 + o(1)) },

where C}, C5, and C3 are positive constants given in Theorem 0 below. If
o = 1, for sufficiently large ¢,

(1.2)  2C;5 exp{—Cj expexp((C7) (1 + 0(1)))} < W (L, 1;¢)
< dexp{—2expexp(2714(1 + o(1)))}.

[79]
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The inequalities (1.1) are proved by Joyner [2, Chap. 5, p. 142, Theorem 4.3],
and (1.2) is due to the second-named author [6]. These results determine the
real magnitude of the quantity W(& 0;¢) with respect to £ up to constant
factors.

The present paper gives similar estimates for other zeta-functions (Theo-
rem 1), and improves the constants in the above inequalities for the Riemann
zeta-function (Theorem 2).

The basic tool of the proof of the above inequalities is Montgomery’s
theorem on the sums of independent random variables. Let N be the set of
positive integers, and let 7 = {r,, | n € N} be a sequence of non-negative
real numbers, with infinitely many non-zero terms, satisfying

o0
(1.3) Zri < 0.
n=1

Let 01,065,035, ... be independent random variables with identical distribution
on a probability space (2, P), where the law of 6, is a uniform distribution
on the interval [0, 1]. Put

(1.4) X, =cos(276,), neN, and X = Zran.
n=1

Note that (1.4) implies
(1.5) E[X,]=0, neN,

where E[-] denotes the expectation value. Kolmogorov’s theorem with (1.3)
and (1.5) implies that X converges almost surely.
For N € N, put

0o N
An(r) = Z r2 and By(r) = Zrn.
n=1

n=N+1
The condition (1.3) implies that Ay (r) is finite.

Montgomery proved the following upper and lower bounds for the prob-
abilities that X takes large values. His upper bound is that, for any positive
integer N,

(1.6) P(X >2By(r)) < exp{—3Bn(r)*An(r)"'}.
Also he showed

THEOREM 0 (Montgomery [8]). Let r = {r,} be as above, and assume

furthermore that {r,} decreases monotonically. Then there exist positive
constants CT, C5, and C3, for which

(1.7) P(X > CfBn(r)) > Cs exp{—C;Bn(r)?An(r) "1}
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—40

holds for every positive integer N. We can take C; =271, C3 =274 and

C3 = 100.

The monotonicity assumption on {r,} in Theorem 0 is harmless in the
application to the case of the Riemann zeta-function, but it is too restrictive
to prove the results of the forms (1.1) and (1.2) for general zeta-functions.
(Montgomery states both upper and lower bounds under the assumption of
monotonic decrease of {r,}, but the assumption is used only in the proof of
the lower bound.)

Consider the following form of lower bound estimate for the probability
that X takes large values:

(#) P(X > C1By (7)) > Cyexp{—C3Bn(r)*An(r) "'},

for sufficiently large N, with some positive constants Cy, Cs, and C5. (The
notations C}, C3, and C5 will be reserved for the monotonically decreasing
case as in Theorem 0, while C, C5, and C5 will be used for general cases.)
The main result of the present paper is Theorem 4, which gives a necessary
and sufficient condition for existence of an estimate of the form (#).

Theorem 4 allows one to handle the case where {r,} does not decrease
monotonically (Theorem 3). The second-named author [5] generalized Bohr
and Jessen’s theory to fairly general zeta-functions defined by certain Euler
products. Denote such a zeta-function by ¢(s), and put

V(T,R,0;¢) = ({t € [-T,T] | log ¢(c +it) € R}).
In [5], the existence of the limit
W(R,0;9) = lim (2T)"'V(T, R,0;¢)
is proved not only in the domain of absolute convergence, but also in the

critical strip under some moderate conditions. As is explained in [7], the
inequality (#) plays the vital role in the study of the lower bound of

W(t,o:¢) = 1= W(R(0),0:6)
in the critical strip.

Consider the case where ¢ = ¢, is the Dirichlet series attached to a
primitive form f of weight m (> 1) with respect to the full modular group
SL(2,Z). In this case W(R,o;¢y) exists for any o > m/2 (see [4]). In-
equalities of the forms (1.1) and (1.2), which cannot be deduced from Mont-
gomery’s Theorem 0 in this case, are obtained from Theorem 3 in this paper:

THEOREM 1. For any sufficiently large ¢,

a1 exp{—as(m, o, f)*/ "2 (Jog () FommAD/(MHI29) (1 4 o(1)))

<W(l,0;5¢5)

< dexp{—a(m, o)/ " 172 (log ) 20D/ (=2 (1 4 (1))}
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form/2 <o < (m+1)/2, and

o exp{—aa(f) expexp(asf(1 +o(1)))} < W (L, (m +1)/2;¢;)
< dexp{—2expexp(5(2+3v6)~1(1+0(1)))},

where aq and as are absolute positive constants, and o;, 1 = 2, 3,4, are pos-
itive constants depending only on the quantities written in the parentheses.

The values of the constants aq, . .., a5 are explicitly written in Section 3.
Another interesting application of Theorem 4 is that it gives an improve-
ment of constant factors, even in the monotonically decreasing case.

THEOREM 2. (i) For any positive C5, there exists No = No(C5) for which
(1.7) holds with this fized C5 and (Cf, C3) = (1/2,47) for any N > Ny.

(ii) In the case of the Riemann zeta-function, in (1.1) we can replace C§
and C3 by the improved values K (0)/2 and 47—6.31(K (o) —1), respectively,

where
2 — 1 (1—0)/0o 2% — 1 (1-20) /0
ko= (T20) 0+ (3)

Theorem 2(i) provides an improvement of the constants in (1.1), com-
pared with the constants given by Theorem 0. But it is essentially included
in Montgomery’s argument, because the only novelty is the new choice (5.8)
of the parameters. The argument which leads to Theorem 2(ii) is new. It
is easy to see that 1 < K (o) < 2 and K(2/3) = 2. Therefore Theorem 2(ii)
gives a further improvement of the constants.

Theorems 1 and 2 are proved in Sections 3 and 6, respectively. In the
following sections, € denotes an arbitrarily small positive number, and is not
necessarily the same at each occurrence.

The authors would like to thank Professor Akio Fujii for useful sugges-
tions.

2. The main theorem. The following Theorem 3, a special case of
the main Theorem 4, is in a form suitable for application to the proof of
Theorem 1.

THEOREM 3. Let v = {r,} be a sequence of non-negative real numbers
with infinitely many non-zero terms, and assume that it satisfies (1.3) and
the following (2.1) and (2.2) with some positive constants k (< 1), Cy, Cs,
and Ceg:

(2.1) rn < Cyp,", mneN,
where p,, denotes the n-th prime number, and

(2.2) #{n<z|r,>Csp,"} > Csr,
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for sufficiently large x, where the symbol #S signifies the cardinality of the
set S. Then, for any ¢ > 0 and any Cy > 0, there exists an Ny € N
for which (#) holds for any N > Ny, with C; = 1/2 and C3 = C + C?,
C = 6.31(C4,C5 1 Cy ™) (1 + ).

The proof of this theorem is given in Section 4.

Remarks. 1. In the proof it is shown that x > 1/2.

2. In [7], this theorem was quoted with a weaker value of C5, obtained
from Theorem 4 with ¢ = 1. Consequently, the constants in Theorem 5
of [7] are weaker than those in Theorem 1 of the present paper.

The assumptions (2.1) and (2.2) are not necessary for (#) to hold. This
can be seen in the following

ExXAMPLE 1. The sequence

{rn}=1,1/2,e73,1/3,e7%,e7 % e " 1/4,e7°,...,e7 % 1/5,

eV, e 3176733,

satisfies neither (2.1) nor (2.2), but satisfies (#) with C; = 1(1 — 1/e),
CQ = 1, and 03 =4T7.

The following theorem gives a necessary and sufficient condition for (#)
to hold.

Let {r,} be a sequence of non-negative real numbers, with infinitely
many non-zero terms, satisfying (1.3). The rearrangement {o,,} of {r,} into
a decreasing sequence is defined by a bijection A : Ng — N, where Ny =
{n € N|r, # 0}, such that 7, = o),y for any n € Ng, and g1 > 02 > ...

Note that (1.3) implies lim, o 7, = 0, hence the rearrangement into a
decreasing sequence is well-defined.

THEOREM 4. Let r = {r,} be a sequence of non-negative real numbers
with infinitely many non-zero terms, satisfying (1.3), and let p = {on} be a
rearrangement of {r,} into a decreasing sequence. Let
(23) Jr ,P<N17 Na; Q) - BNz (p)BNl (7‘)71 + qANz (p)ANl (,r)il?

Ni,N, €N, g> 0.
(i) A necessary and sufficient condition for the existence of an Ny €

N and of positive constants Cy, Co, and Cs3 such that (#) holds for any
N > Ny, is that there exist positive constants q, uq, and Ny such that

(2.4) fr . o(N1,Na2;q) > ug  for all Ny > Né and Ny > Né.

If (2.4) holds for some positive q, then it holds for any positive q.
(ii) When (2.4) holds for some q > 0, possible values of the constants
are:

Ci =uq/rn  and Cs=2qu/vi + (q1/2/1/1)2 — 2(q1/2/1/12)uq,
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and any positive Co, where vy and vo are constants satisfying (5.6) and (5.7),
for example, vy =2 (or 2(1—¢) for sufficiently small e > 0) and vo = 12.62.
The value of Ny depends on Cs.

The proof of this theorem is given in Section 5. The specific form (1.4)
of the distribution of X7 is not essential. The estimates needed in the proof
of Theorem 4 are given in Proposition 5, which holds (with suitable change
in the constants) for any independent random variables X;, Xo,... with
identical distribution, satisfying E[X;] = 0, E[X?] > 0, and X; < M for a
constant M almost surely.

A proof of the statement in Example 1 is as follows. Let r = {r,} be as
in Example 1. Then

{on} =1,1/2,1/3,...,1/20,e72,1/21,1/22, ...

Fix N; and define n; by 217! < N; < 2™, Put N20 =max{n € N| g, >
1/ny}. Tt follows that {r, | n > N1} C {on | n > N2}. Hence if Ny < N,
then An,(p) > An, (r), and if Ny > NY, then

. 1 1
B () < Bru(p) + 3¢ = B (p) + = < <1 * 61>BN2<P>‘
Therefore By, (p)Bn,(r)™" > 1 — 1/e, which implies f; (N7, No;1)
>1—1/e. Theorem 4 can be applied to obtain the assertion.

It may be worthwhile to note that not every sequence {r,} satisfies the
condition (2.4).

EXAMPLE 2. The sequence

{Tn} =T1,01,72,02,73,7T4,03,7T5,...,78,04,79, - .-
ceeyTok=1,0k, Tok=141y+++3 T2k, Ok41y---,

where 7, = 0, = 1/k, k € N, cannot have an estimate of the form (#). In
fact,

Jim f, (28 +k,2k%1) =0,

so that (2.4) does not hold. (We use 7, and oy, for single 1/k to guide the
eyes.)

3. Deduction of Theorem 1 from Theorem 3. The upper bound
part of Theorem 1 is proved in [6] and [7]. Therefore it is sufficient to prove
the lower bound part.

Let ¢; be the Dirichlet series attached to a primitive form f of weight
m with respect to SL(2,Z). Then ¢; has the Euler product expansion of
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the form
o0

o(s) = [ [ (1 = anp) (1 = Bap®) ™,
n=1
in the half-plane ¢ > (m + 1)/2, and o, + B, = ¢(pn), the p,th Fourier
coefficient of f.
Deligne’s proof of Ramanujan—Petersson’s conjecture asserts |c(p,)| <

2p7(1m_1)/ ? for any n € N. On the other hand, the inequality
le(pn)| > (V2 = e)p" 172,

for an arbitrarily small € > 0, is valid for a positive density of primes, as is
shown in Corollary 2 of Ram Murty [10]. Hence we see that (2.1) and (2.2)
are valid for 7, = |c(pn)|p, 7, m/2 <o < (m+1)/2, withk =0 —(m—1)/2,
Cy =2, C5 = v/2—¢, and some positive Cs = Cg(¢). Theorem 3 asserts that
(#) holds with Cy = 1/2, C3 = C + C? with C = 12.62C; 27T (1 + 3¢),
and any Cs.

We choose N = N(¢) € N by the condition

(3.1) iBy_1(r) <L+ A< $By(r),

where A is the positive constant, depending only on o and ¢, defined in
Section 3 of [6]. Then we can deduce

(3.2) W (03 ¢7) > fioo (X > LBy (r) or X < —L1Bn(r))
> 202 exp(—CgBN(r)QAN(r)_l),

from (4.11) of [6] and (#).
Put a(p,) = c(pn)p%1 ™72 Rankin [11] proved
(3-3) > lalpa)? = (1+0(1))
Pn<x
and
1
A4 — (1 n)
60 = 3
2+ 3\/6 T
< — .
- 10 logx(1 o))

Let = be a real number satisfying py < = < pnys1. By using partial
summation, we obtain

= > lalpy)[atm=1/2me

pn<x

+ <U_ Tn2_1> f Z ‘Cb(pn)|§(m_1)/2_a_ld§.

2 pn<€
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Hence, by using (3.4), it follows that

9 +3\/6 ‘,L.(erl)/Qfo
. B < .
(3:5) N(r) s 5(m+1—20) log x

(1+0(1))

ifm/2<o<(m+1)/2,
(3.6) Bu(r) < “fo*/é(loglogx)(l Fo(1)) ifo=(m+1)/2.

Also, from (3.3) it follows that

1 xm—ZU

AN(’I”‘) >

“20—m logz (14 o(1)).

Hence,
(3.7)  Bn(r)*Anx(r)!
(24 3v6)%(20 —m) oz
25(m+1—-20)2 logx
(3.8) Bn(r)*An(r)!
_ (2+3V6)°
- 100

Lower bounds for By (r) follow from arguments similar to those for (3.5)
and (3.6). These lower bounds with (3.1) imply upper bounds of z and
x/logx in terms of ¢. Substituting such upper bounds in (3.7) and (3.8)
and then substituting them in the right-hand side of (3.2), we obtain the
assertion of Theorem 1.

The above proof gives the explicit values of the constants: First, an
arbitrary positive number can be chosen as «y. Then, for any large ¢ >
ly = lo(a), we can choose

<

(I4+0(1) ifm/2<o<(m+1)/2,

rlogz(loglogz)*(1 +0(1)) if o= (m+1)/2.

2
2 20 —
az(m,a,f)=203< +M§) T 93/(mt1-20)

10 m-+1—20
(m. ) 3 20—m (2436 Y/mtl=20)
az(m,o) = — -
3\ 4 m+1-—20 5 ’

2
ay(f) = 03(2—’_1?)()\@) and a5 = 2V2,

where C3 = C' + C? with C' = 12.62C; > T™ (1 + ). (See also Theorem 5
of [7].)

The above proof of Theorem 1 is similar to that developed in Sections
4 and 5 of [6]. A general form of the argument is given in Lemma 3 of [7],
in which the roles of (#) and “prime-number-theorem type” results (such
as Rankin’s (3.3) and (3.4)) are clarified in a more general situation. (The
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notation pi is used instead of P in [6] and [7].) Roughly speaking, a “prime-
number-theorem type” estimate such as (3.4) gives estimate on By (r) such
as By(r) = O(N'7%), with 1/2 < k < 1. It should be noted, however, that
such an estimate is not sufficient for (#) to hold. This can be seen in the
following

EXAMPLE 3. The sequence

{Tn} =T1,01,72,02,73,7T4,03,7T5,---,78,04,79, -+
sy Tok=1,0k, Tok=141y.3 T2k, Of41,y.--,
where 7, = o, = k7%, k = 1,2,3,..., and 1/2 < k < 1, cannot have an

estimate of the form (#). The proof is similar to that of Example 2.

By using the notion of the rearrangement, Montgomery—Odlyzko [9] gives
another general lower-bound. Let X7, X5, ... be independent random vari-
ables such that E[X,] =0, |X,| <1, and E[X?2] > C for a constant C' > 0.
They state that if By(p) > 2V, then

(3.9) P(X >V) > ayexp(—aVZAy(p) ™)

with positive constants a; and as depending only on C'. This rearrangement
method is useful in the case of Dedekind zeta-functions; the lower-bound
part of the Theorem in [6] also uses the rearrangement method, which is
essentially the same as (3.9). However, in general, it is difficult to know
the arithmetic properties of Ay (p) and By (p), so (3.9) is not sufficient for
other arithmetic applications.

4. Deduction of Theorem 3 from Theorem 4. Define a subsequence
s = {sn} of r = {r,} by selecting all terms that satisfy

(41) Tn Z C5p7_zm'

Define a one-to-one increasing map f : N — N by writing n = f(m) if r,
is the mth element in {r,} that satisfies (4.1); we have s, = 7¢(m,). Then
(2.2) implies that there exists an M; € N for which

(4.2) m > Cef(m)

holds for any m > M;j. On the other hand, it is known (§57 of [3]) that for
any € > 0, there exists an My = Ms(e) € N for which

(4.3) (I —¢)nlogn < p, < (1+¢)nlogn

holds for any n > M,. Hence, if m > M3 = max (M, M), then from (4.2)
and (4.3) we have

(4.4) Prmy < (L+e)f(m)log f(m) < (1 +¢)Cq 'mlog(Cy 'm).

Next, let 0 = {0,} be a rearrangement of s = {s,} into a decreasing
sequence. Then we claim o, > C5p;("; ) for any n. In fact, let us assume



88 T. Hattori and K. Matsumoto

the contrary, and let ng be the smallest positive integer for which o,, <
C’g,p;(':m) holds. Then there are exactly ng — 1 elements in {0, } such that

On > Cg,p]?(’:l o) while the definition of {s,} implies that there are at least
no elements in {s, } satisfying s,, > C5p;(’:10)' This is a contradiction, hence
our claim follows. From this claim and (4.4), we have

(4.5) An(p) > An(0) > C3 Y pil
n>N
> (C5C5)*(1—¢) Y (nlogn)~>",
n>N

for sufficiently large N. Since (1.3) implies Ay (p) < An(r) < 00, the sum
on the right-hand side of (4.5) must converge, therefore it is required that
k> 1/2. From (2.1) and (4.3) we have

(4.6) ) < C? Z P2 < C3(14¢) Z (nlogn)~2~.
n>N n>N

From (4.5) and (4.6), it follows that for sufficiently large N we have

(4.7) An(r) < (€105 C5™)2(1 + £) Aw ().

If Ny < Ny, then from (4.7) we have
An, (p) 2 (CT'C5CE)* (1 — ) A, (r) 2 (Cr ' C5C8)* (1 — €) Ap, (7)
for sufficiently large N7 and No. If No > Ny, then we have
By, (p) = By, (p) = By, (7).

Hence, (2.4) is satisfied with ¢ = (C4C5'C5")?(1 +¢) and u, = 1. Theo-
rem 4 with v; = 2 therefore implies Theorem 3.

Remark. We can prove a result slightly weaker than Theorem 3 directly
without Theorem 4. From the inequalities

By(r) > Z Sm > C5CE(1 —¢) Z (mlogm)™",

m<CgN 2<m<CeN
and
By(p) < Ca(l+¢) > (nlogn)™",
2<n<N
we have
(4.8) Bn(r) > C;'C5Cs(1 — ) By (p).

The distribution of ) 0, X, is equal to that of " r, X, (see Lemma 3 of [6]).
Therefore, Theorem 0 together with (4.7) and (4.8) implies (#), with Cy =

Ci=v;'and C3 = C;CEC5_4C(5_2(1+K)(1 +¢) (see (6.1) for the value of C%).
These are the values quoted in [7]. The assumptions (2.1) and (2.2) imply
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Cs <1< CuCy 1, from which it follows that the above value C3 is weaker
(larger) than that in Theorem 3.

5. Proof of Theorem 4. Denote by Iy(t) the modified Bessel function
defined by

(5.1) W =3 (n1!)2 <;>2n

n=0

It is known that
1
(5.2) Io(t) = [ exp(tcos(2m0)) do.
0

(See, for example, Section 17.23 of [12].) Hence (1.4) implies

(5.3) Elexp(tX,)] = Ip(t), neN
PROPOSITION 5. (i) The following upper bounds hold for Iy(t):

(5.4) In(t) <et, t>0,

and

(5.5) Io(t) < exp(t?/4), t>0.
(ii) The following lower bounds hold:

(5.6) Iy(t) > (1 4+ vp)exp(t/v1), t>a,

and

(5.7) Io(t) > exp(t*/1a), 0<t<a,

with some positive constants «, vy, V1, and vo. For example, we can take
(5.8) (vo, 1,19, @) = (700722 or 2(1 — €),12.62,5).

Proof. The bound (5.4) is trivial. The bound (5.5) is proved in Mont-
gomery [8]. In the same paper, Montgomery gives a proof of (5.6) and (5.7)
with

(5.9) (vo,v1, 19, ) = (1,2,19,7).

The following is a slight modification of his argument. Since exp(t cos(276))
> exp(v/3t/2), for 0 < 6 < 1/12 and 11/12 < § < 1, from (5.2) we see
Io(t) > (1/6)exp(v/3t/2). To prove (5.6) with v; = 2 or 2(1 — ¢), it is
therefore sufficient to show

1

g &P <\g§t> > (14 vp)exp(t/(2(1 —¢))) fort>a.
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This is equivalent to

1 -1
(5.10) vy < g oXP <\/§2 « —5) — 1.

Next, (5.1) implies Ip(t) > 1+ t2/4, hence, to prove (5.7), it is sufficient to
show 1+ t2/4 > exp(t?/vy) for 0 < t < .. This is equivalent to

(5.11) vy > a?/log(1 + a?/4).

With any values of vy, 12, and « satisfying (5.10) and (5.11), the inequalities
(5.6) and (5.7) hold with 4, = 2 or 11 = 2(1 — €). We can check that the
choices (5.8) and (5.9) satisfy (5.10) and (5.11) for sufficiently small £ > 0.
This completes the proof of Proposition 5.

Proof of Theorem 4. First we prove that (2.4) implies (#). As-
sume that (2.4) holds for some positive constants ¢, ug, Nj, and for all
N; > N} and Ny > N{. By definitions and (1.3), Ay(r) decreases mono-
tonically to zero and By (r) increases monotonically as N increases. Hence
for any Cy > 0, there exists an Ng € N for which

(5.12)  #{n € N | qu; 'vor,By(r)An(r)"t > a} x log(1 + vp)
> log(1 4+ v/C2)
holds for every N > No. Put
M ={neN|q vor,By(r)An(r)™' >a} and No=N-N.
We then have
(5.13) > log{Iy(qv; ‘'varn By (r)An(r)™")}

n=1

> Y {log(1 + ) + (quy 'varn By (r)An(r) 1 1)}
neNy

+ Y (gvy 'vera By (r) An(r) 1) /v
neN,

> log(1 + \/C>2) + qu2V2BN(T)AN(T)71 Z T'n
neN

+ v By (r)? An(r) 2 >,
nENz

for N > Kro. Put

Ny = max{n € N| g, > ag 'vivy "Ax(r) By (r) 71},



Large deviations of Montgomery type 91

Since {o,} is a rearrangement of {r,}, we have
Bn,(p)= Y rn and  Apn(p)= Y 7.
neN neN,

Note that for sufficiently large N, we have N, > N{. Using (2.4) and (5.13)
we therefore obtain, for sufficiently large NV,

(5.14) > log{Io(Arn)} > log(1 + /C2) + ugvy 'ABn (r),

n=1
where A\ = qui'vyBy(r)An(r)™'. Put G = exp(AX) and g =
exp{ugvy 'ABn(r)}. Then, (5.3) and (5.14) imply
(5.15) E[G] = Elexp(AX)] H Io(Aryp) > (14 +/C3)g
n>1
On the other hand, by Schwarz’s inequality, we have
2
(5.16) ( [ GdP> < ( [ ¢ dP)( [ dP)
G>g G>g G>g
< B[GHP(G 2 g)
( H Iy 2/\rn)) (X > ugv; 'By(r)).
n>1
By definition, ¢ > 1 > 0. With (5.15) we have
[ GdP> [ (G-g)dP>E[G-g]=E[G]—g>/Cayg.
Gz2g Gz2g
Substituting this into (5.16) and using (5.4) and (5.5), we have
P(X 2 ugvy Bn(r))

> 0292{ ﬁ exp(fZ)\rn)}{ 10_0[ exp(f)\Qri)}

n=1 n=N+1
= Cog® exp{—(2quy v + vy 23) By (r)2 An (r) 1}
=y exp{—CgBN(r)2AN(T)*1},

where

2

(5.17) C3 = 2quy 've + Py ?vs — 2quy iauy,.

This implies (#) with the constants as claimed in Theorem 4(ii). If ¢’ > ¢
then fr o(N1, N23q') > fr p(N1,No2jq), and if ¢" < g then fr (N1, N2jq') >
¢ ' fr (N1, Na2; q), hence if (2.4) holds for some ¢ > 0, then it holds for
any g > 0.
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Next we prove that (#) implies (2.4) with ¢ = 1. Assume that (#) holds.
For any A > 0 and for any real number x we have

P(X > z) < exp(—Az)E[exp(AX)].

Therefore for any A > 0,
P(X > C1Bn, (7)) < exp(—AC1Bp, (7)) E[exp(AX)]
= exp(—AC1Bn, (1)) H Iy(Ary)

n>1
= exp(—AC1 By, (r)) [] To(Aen)
n>1
< exp{—AC1 By, (r) + ABn, (p) + 47 '\?An, (p)},
Ny € N, Ny € N, where the last inequality comes from (5.4) and (5.5).

Combining with (#), we see that there exists an integer Ny such that for
N1 > Ng and Ny > Ny,

(5.18)  — AC1Bn, (r) + ABn,(p) +4 ' A\2Ap, (p)
+ C3Bp, (r)*An, (7)1 —log Cy > 0.

Take arbitrary integers N; and N> satisfying N7 > Ny and Ny > Nj.
Consider first the case

(5.19) By, (p) < C1By, (7).
Put
(5.20) A =2An,(p) H(C1Bn,(r) = Bx,(p)) (> 0).

Substituting (5.20) into (5.18) and multiplying by Ay, (p) B, (1) ™2, we have
(5.21) 201 Bp,(p)Bn, (1) 4+ C3An, (p)An, (1)}

> C} + By, (p)?B, (1) > + An, (p) Bn, (r) " log Cy

> C? + An,(p)Buy, (1) 2 log Cs.

If Cy > 1 then An,(p)Bn,(r) 2logCy > 0. If 0 < Cy < 1 then from
(1.3) and the monotonicity of Ay (p) and By (), there exists an integer No,
depending only on {r,}, {on}, Ci, and Cs, such that if N3 > Ny and
Ny > ]VO, we have

271CF > —(log Cy)An, (p)Bn, ()72 > 0.
Therefore, for any positive Cy we have, from (5.21),
(5.22) 2C B, (p)Bn, (r) ™' + C3AN, (p)An, (r) ™' > 271C%,
if Ny > max{No, No} and N, > max{Ny, N}, hence
(5.23) fr o(N1, No; 1) > 27 CF max(2C;, C3) ™ (> 0).
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It remains to consider the case B, (p) > C1 By, (), for which we have
(524) fr 7P(N17N2; 1) > BN2(p)BN1 (r)il > Cl (> 0)

From (5.23) and (5.24) we have (2.4). This completes the proof of Theo-
rem 4.

6. Proof of Theorem 2. Let ¢ = 1. If {r,} is a monotonically de-
creasing sequence, then u = u, > 1, because By, (p) > Bn, (7) if N1 < Na,
and Apn,(p) > An, () if Ny > Ns. Hence Theorem 4 implies that we may
take Cf = v; ' =271 and
(6.1) Cy =2v7 vy + v 203 — 207 %0y = 46.12... < 4T,
which proves Theorem 2(i).

For a monotonically decreasing sequence in general, it is not easy to
go beyond the claim u > 1. However, in the case of the Riemann zeta-
function ((s), we can improve the value of C3. In this case, r, = o, =
p,° (pn denotes the mth prime number, 27! < o < 1), hence by using
partial summation, we have

An(r) = (20 — 1)"IN'""27(log N) 729 (1 4 o(1))
and
By(r) =1 —-0)"'N'""7(log N)~7 (1 + o(1)).
Hence
fr o(N1,Na;1) = (N2 /N1)' =7 (log N1/ log N2)? (1 + o(1))

+ (N2/N1)' 729 (log N1/ log N2)?? (1 + o(1)).
If N, > Ny, then
(6.2) fr o(N1, N2; 1) > (N2 /N1)(1 — ¢),
where ¢(x) = 2177 + 21729, If N; < N», then we put a = No/N; to obtain
(6.3) fr p(N1,Na;1) = a'~7(log Ny /(log N1 + log a))? (1 + o(1))

T 6172 (log Ny /(log Ny + log 0))?* (1 + o(1).
To consider the lower bound of f; (N1, No;1) for large N; and Na, it is
sufficient to restrict ourselves to the case loga < nlog N7 for any small
n > 0, because otherwise the first term on the right-hand side of (6.3)

tends to infinity as N1 — oco. Hence we may assume (6.2) also for the case
N7 < Nj. The function ¢(x) attains its minimum

(1-0)/c (1—-20)/0
20 — 1 20 — 1
K =
at  — (20:01)1/0

. Therefore Theorem 4 can be applied to obtain Theo-
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