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Zeros of Hecke L-functions associated with cusp forms
by

WENzHI Luo (Berkeley, Calif.)

1. Introduction. Let f(z) = >.°7 a,e(nz) be a holomorphic cusp

n=1
form of even integral weight k& > 0 with respect to the modular group I' =

SL(2,Z), and define (for Rs > (k+1)/2)

Lf(S) = Z ann—57
n=1
the associated Hecke L-function. We also assume that f(z) is a Hecke eigen-
form [11] with a; = 1. Recall that we have the bound for the coefficients
|an| < d(n)nk—1/2

by Deligne’s proof of the Ramanujan—Petersson conjecture [2], [3], and the
bound for the square mean [9], [18],

Z lan|? < N*.

n<N
It is well known [10] that Ly(s) admits analytic continuation to C as an
entire function and satisfies the functional equation

(27) " I(s)Ly(s) = (—1)*/2(2m)~ =1 (ks — )Ly (k — 5).
Moreover, L¢(s) has Euler product representation (Rs > (k +1)/2)
Ly(s) = [J(1 = app~* +p*'p~2) L.
P

The non-trivial zeros of L¢(s) lie within the strip (k—1)/2 < Rs < (k+1)/2,
symmetrically to the real axis and the critical line ¢ = k/2. The Riemann
Hypothesis for L(s) asserts that all the non-trivial zeros of L¢(s) lie on the
critical line Rs = k/2. Hafner [13], generalizing Selberg’s remarkable work
[19] on ((s), has shown that a positive proportion of all non-trivial zeros are
on the critical line.

The research of the author was supported by NSF Grant DMS 9304580, while he was
a member at the Institute for Advanced Study in Princeton during 1993-1994.
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In this work, we establish the analogue of Selberg’s density theorem [20]
for L(s). Define, for 0 > k/2 and T' > 1,

Ny(o,T)=[{B+iv: Ly(B+iy) =0, >0, 0<y < T}
It was proved by Lekkerkerker [15] that
Ny (T,T) ~ %TlogT.
We will show that
THEOREM 1.1. For some a > 0 we have
Ny(o,T) < T'=4o=k/2 g T,
uniformly for k/2 <o < (k+1)/2.

Our proof shows that one may take a = 1/72. However, we make no
effort to obtain an optimal a by our method.

Application of standard techniques of analytic number theory easily
yields results of the type

Ni(o,T) < T (log T)4,
where ¢(0) < 1for o0 > k/2 and some A > 0. The significance of Theorem 1.1
lies in that A can be taken to be 1. Selberg used the analogue of Theorem 1.1
for ((s) to prove his famous result on the moments of arg((1/2 + it). In

view of recent work of Bombieri and Hejhal [1], there is a similar application
to arg L¢(k/2 + it), which is the main motivation of the present paper.

COROLLARY 1.2. The functions
log |Ls(k/2+ it)] arg Ly(k/2 +it)
Vrloglogt vmloglogt

become distributed, in the limit of large t, like independent random variables,
each having Gaussian density exp(—mu?)du.

To prove Theorem 1.1 by Selberg’s method, one considers not Ly(s)
itself, but L(s)Mx(s), where the mollifier Mx (s) is a Dirichlet polynomial
of length X = T% 0 < 6 < 1/2, and is chosen such that Ly(s)Mx(s) is
very close to 1 in the region o > k/2, 0 < t < T, or more precisely such that
the mean value

27
[ |Ls(o +it)Mx (o +it) — 1] dt
T

1

T
is very small, i.e.
2T

f ‘Lf(O' + Zt)]w-X(O' + Zt) — 1‘2 dt < Tl—a(O'—k/2),
T
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uniformly for k/2 < o < (k+ 1)/2. It is then possible to deduce, by a
standard argument (see §3), that the zeros of L (s)Mx (s) and a fortiori of
L¢(s) in the region considered are comparatively few. The required mean
value estimate is obtained as follows. If we prove

2T
[ 1Ls(k/2 + it)Mx (k/2 + it) — 1] dt < T,
T

and
2T

[ 1Lp(k/2+ 1+ it)Mx (k/2 + 1 +it) — 1> dt < T'7°,
T

then by a convexity theorem (see §3) we have

2T
f |Lf(0' + Zt)MX(O' + ’lt) — ]_‘2 dt < Tl—a(a—k/2)7
T

uniformly for k/2 < o < k/2+1, which is all we need. The second inequality
is easy to prove since Ly(s) is an absolutely convergent Dirichlet series for
Rs > (k+1)/2 and Mx(s) is an approximate inverse to L¢(s) such that
Ly(s)Mx(s)—1 is given by a Dirichlet series of the type Zn>y b,n~%, with
y large. The first inequality represents the main difficulty, since it is not
obtainable by a routine extension of Selberg’s work in the ((s) case. We will
replace L¢(s) by a Dirichlet polynomial of length ~ T using the approximate
functional equation of Ly(s) in the form obtained by A. Good [7]. The
resulting expression then becomes

o1
f |Prx (o +it)|? dt,
T

where Prx is a Dirichlet polynomial of length T'X. However, in general
no method succeeds in handling the above mean value once P(s) has length
> T. Therefore we have to make careful use of the special feature of Mx (s).
In fact, the argument similar to Selberg [19] and Hafner [13], with some
modification, is suitable here. For some technical reason we will prove the
first inequality for ¢ = k/2 + 1/logT rather than k/2 and then apply a
convexity theorem to obtain Theorem 1.1.

We remark here that in our proof of Theorem 1.1 Deligne’s bound for
the Fourier coeflicients a,, is used but not crucial here. A weaker bound like
a, < nF=1/2+1/44¢ which follows from Weil’s bound for the Kloosterman
sums and the bound for the square mean mentioned before would suffice.
Thus, our method should be applicable when f(z) is a Maass form, though
the Ramanujan—Petersson conjecture remains unproved in this case.
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We would like to mention that D. Farmer [6], using Hafner’s method and
the spectral theory, establishes an asymptotic formula for the mean square
of L¢(s) weighted by a general mollifier of Levinson’s type. He mentions
that this mean value theorem can be combined with Jutila’s method [14] to
give a density result, but he does not give any details.

The author would like to express his gratitude to Professor E. Bombieri,
for suggesting this problem to him, and for constant encouragement through-
out this work.

The author is grateful for Professor A. Selberg’s helpful remarks, espe-
cially for suggesting to the author a much simpler choice of the mollifier and
the use of the convexity theorem, leading to substantial simplification of an
earlier version of this work.

The author would also like to thank Professor H. Iwaniec and Professor
P. Sarnak for some helpful comments.

2. Main lemma. Let ¢y (t) be a non-negative smooth function such

that
a0 ift<1-1/Uort=2+1/U,
¢U()_{1 if1+1/U<t<2-1/U;
and
v (8) < UP, p20,

where U is a positive parameter and in our discussion it will be chosen as
O(1) later. The object of this section is to prove the following lemma, which
is the analogue of Lemma 6 in [19].

LEMMA 2.1. If k/2 < 0 < k/2+ 1/40, ¢ > 0, and p,v are positive
coprime integers < T, then

]O Yu <;) Ly (o +it)|? (5)t dt

_ 1)0DW(20) f Yo (;) dt

(nv e
1 00 + ¢ 2k—4o0

+ g Dy (2k — 20) _i Yy (T> <%) dt
(MV)3U4T4/5

+ O( 20 — k ’

where

>N @0,
D“V(S) = Z uls :

=1
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Proof. The proof is very similar to the treatment in [8] and [13], and
so we give only a sketch. We have (denote o + it by s)

f ¢U< >|Lf(o+zt)| <’Ij>itdt

— 00

- f qu( )Lf(a+thfa—zt<

— 00

- ] (o ()
) ()

=) S
(G
S o (2) " ) )
+o<<\/f+\/2)1ogw>.

Here we use the approximate functional equation for L¢(o+it) (see [7], Satz),
and ¢(&), ¢* () are suitable smooth functions satisfying ¢*(£) = 1 —¢(1/€),
and ¢(§) = 1, [§] < 2/3; ¢(§) =0, [§] = 3/2.

Multiplying out the expression in the above integrand and using the

same argument and notation as in [8], §2 (see also [13], §3), we see that the
above expression equals

mZ;n(inﬂZ; Z " G) (%)“@(%n\f gﬂm\[>

- Cokids
+ Z (7_(%) 2

R I=

)

T3

R

— nm)k: o
v _j‘o t2k4U¢U<;> (:ﬁ/)lé (27m\/7 27Tm\/>>

ol (T ) s v

say, where &, @* are certain smooth functions with compact supports, and

P(0,0) = #(0), *(0,0) = ¢ (0)-
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For S1, the terms with mu = nv give
o Qi t 2m\/pvl
1 L = dt
o S el

For the terms with mu # nv, we let mu —nv = [. Without loss of generality
we may assume [ > 0. Then the non-diagonal terms with [ > 0 give

ana(nv+l)/u
(2) ZZ nll+l
1>0 n=1
" jo?pU t\ (nv+l it@ 2mn K}Q?T(nl/-l-l) it
T nv t " t\/uv

— 00

o AnQ(ny+l
Sy Y Y e
0<I<\/EvUTe n= 1

2m(ny +1/2)\ it
x f 1DU< >¢< i )etww dt

—00
) (uv)3U*log® T .
20 — k
For S5, the terms nu = mv give

(3) (27r)_2k+40i vl f ¢U< ) (W)t%_‘“’dt.

(uvi2)k

For the terms with nu # mv, we let myv — ny = [, and the non-diagonal
terms with [ > 0 give

— — o anG +1)/v
R D DI e - o
0<I</prUTe n=1 K

2k—4o 2m(np +1/2) itts (uv)3U* log® T
() () o )

Let

= fqb(:c)xs_l dr, G*(s)= fqb*(a:)xs—l dzx.
0 0

Then, by Mellin inversion,

27rz f G(s)z™%ds, ¢*(x) = — f G*(s)x ™% ds.
(2) (2)
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Note that G(s) and G*(s) are analytic except for a simple pole at s =0
with residue 1, and D, (s) has only a simple pole at s = k for s > k—1/2,

Dy (s) = P(p,s)P(v,5)D(s)  with D(s) = Y ajl™";
=1

Plas) = [T (S apsapr ) (a2
§j=0

plla =0
D(s) < ' Rs>k—1/2;
P(a,s) < a®*=D/2% R >k —1/2;

. 1
IG(s)] +|G*(s)] < ls(s+1)...(s+ )|

Thus (1) and (3) equal respectively

(5) LR ( ! >SG(5)DW(20+5) jo¢U<;>tsdt,

(uv)e  2mi o \2my/w J
1 1 1 -
(6) W'Tm@) <27T\/W> G*(8)Dpu(2(k — o) + 5)

00 " t 2k—4o0
— |5 — dt.
<L lz) ()
— 00
Next we shift the lines of integration in (5), (6) to s = —1/2 and Rs =
—1/2 — 2k + 40, respectively. The integrands have poles at k — 20,0 and
20 — k, 0, respectively. The residues at k — 20 and 20 — k cancel out and

the residues at 0 give the main terms.
By the estimate given above, we deduce that

(5)+(6) = - D(20) I oo (%) ar
+ (W;HDW(% - 20) j? Yu (;) (27;)%_% dt + O(TY/?+3).

—00

Define
Hi(s) = [ o(&)e*™/Vime et de,
0

This is an entire function and by the Mellin inversion formula,

) 1 1 —s
B(€)e2m UV = f Hy(s)€° ds.
(2)
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Thus the sum in (2) becomes
. AnO(nv+l) /e
(jav) Z Z (nv+41/2)2%

0<|l| < YEPUTE n=1
2 1/2 .
" f ¢U< ) ( m(nv +1/ ))eztl/(nv+l/2) dt
t\/ v

= () > QL i <\§?>8Hl(s)DW(s+20,l) 1l wU< )tSdt

™
o</ urUTe (2) —o0

Here

o0
U ny+1) /s
v(8,1)
Dy s, Z (nv+1/2)%

We move the line of integration to Rs = —1/5. We have, on Rs = —1/5,
[ o (7)o < e

N,
Hi(s) < ';L\s\,

n=1

and we also have Hafner’s result [12]
”S‘l—f—s
(v )k /2=7/4"

Thus the above expression is majorized by

D/,LV(QU + S,Z) <

(nv)” 44/5 3774q4/5

Similarly, we obtain the same bound for the sum occurring in (4). Thus the
proof is complete.

In Section 4 we will give an alternative, and more elementary, treatment
of Dy, (s,1) giving a slightly weaker analytic continuation result, which still
suffices for the proof.

3. Proof of Theorem. Let
oo

k+1
= T —_
Thus
1 if r =0,
m_ ) —ap, ifr=1,
Mf(p ) - pk:—l IfT: 2’

0 if r > 3.
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Set A\, = p1f(n)ge(n), where

1 if1<n<Eg,
log(¢2/n) .

seln) = 4 EEL) e <
0 if n > &2,

and £ =T?% 0 < 6 < 1/4 will be specified later.
We define the mollifier
Ay

)
/US
v

where k/2+A/logé < o < k/2+6, and A, 5! are sufficiently large positive
numbers.

Using the multiplicativity of the Hecke eigenvalues a,, [11] and the defi-
nition of P(n, s),

Me2(s) =

P(nas) = H P(pr78)7

pTlln
o0 o0 -1
P(p",s) = (Zapjwapjp_]s) (Za;p—]s) ,
=0 §=0

we easily have

_ ap 2\ p k—1
P(P»S)—mv P(p 33)—W—p .
We have, using Lemma 2.1,
~ t
f Yy <T> |Ls(o +it)|]*| Mgz (o + it)|* dt
Aos Ao . x t
- Z<§2 (U171)2)220 (1)1,'1)2) Dvl/(vl,vg),vg/(vl,vg)(20) f wU (T> dt
V1,02 —0o0
>‘U1 sz 2(k—o)
+ Z (v102)* (v1,v2) Dvl/(vl,vg),vg/(vl,vz)(2k - 20)
V1,02 <E?
o] " ¢ 2k—4o0
X f ¢U<T) (277> dt + O(TY5U3 e log® €)
=51+ S5+ 53,

say. Since we have

DUl/(”17U2)7U2/(U1,vz)(20-) = D(2U)P<(1}1)720)P((U2)>20>7

U1, V2 U1, V2
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where

D(s) = Dyy(s Z ‘ZL

it follows by Mdobius inversion that

Sy = D(20) jo wU(D dt

— o0

)\’U )\1)2 2 (%1 %]
E °Pl ——— 20 |P| —=—.2
XD Torngye 10) <<v1,v2>’ “) <<v1,vz>’ ”)

X 2 ) (e

V1,02 <E2 rlvy, rlve T

— D(20) f Yo (;) dt

20 2

r Ao v
X E g p()| = E —- P\ —,20 .

l v r/l

r<&2,rcubefree l|r r|v
Similarly

- t
Sy =D(2k—20) [ ¢U(

— o0

x>y ()

r<&2,rcubefree l|r

;>2(k—a) <z; i\ZP<7f)/l’2(k - 0)>>2~

We distinguish two cases: (a) r <&, and (b) € < r < &2
First consider the case (a) r < £. We deduce that, since

v, flsy w1,
27Ti(2) s2 0, 0<y<l1,

we have
> ﬂp(zfu 20)
- (rv)2e ’

_Z,uf ) ge (rv) P(iv, 20)

(rv)2e
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1 e 1) ) ds
= P(lv,2
27TZ (é{ 52 ; (TU)2U+S ( v, U) logg
= Z s (rv) P(lv,20)

(rv)?e
1 (&/r)® 55 -1) pp(r ds
+2m'1;[ Zv: (rv) Pl 20) log &’
where I' denotes the path {ix, |z| > 6} U {§e?, 7/2 < § < 37/2}, and 6 is

sufficiently small.
We observe that (p»(™) || r, p¢»® || 1)

3 f;;g;fg P(iv,20)
-] (

p

“];(f) P(p,20) + “;SL{Z)P(p?, 20)>

ep(r) ep(r)+1
/“Lf( )P(pep(l)’ 20) + Mf(p )P(pep(l)Jrl’ 20)

ep(r) 20 (pep(r)+1)20'
<11 s (p) 17 ()
plr L+ =5 —=P(p,20) + —- P(p?,20)
b b
- u(r,1,20)
- D(QO')U T? Y 0-7

say. Similarly

Zﬂf P ‘—Plv ,20)
:H<1+

ep(r) ep(r)+1
luf(p )P(pep(l),QO') + Mf<p ) P(pep(l)+1,20')

D) p(p 90) + ;{U(fzz P(p?, 20))

y H (pep(r))Qg (pep(r)+1)20ps
2
plr 1+ Z;J(']:Z P(p,20) + Zifc(fzz P(p?,20)

= G(s)v(r,l,20,s),
say.
It is easily verified that, for s > —1/2,

)
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We have, by Cauchy’s inequality,
A'I”’U
Z P(lv,20) << 'uf v,20)
- (rv)2e

Z ('uf(m)sP(lv, 20)

2
— (rv)*7v

2

£\°¢ -1
J1G)
Ff r 52

* |ds|

X .
log” &

For r cubefree, r = 7173, u(rire) # 0, we infer that

()| S 4 .20
lr
<1+ 3/4) (Z() )ri““‘”“‘”,

plr

> ()] (;) y 3 MP(ZU, 2)
lr v
2 -3
<TI0+ ) i e (X () )

plr tlry

From the zero-free region result for D(s) (see, for example, [17], Theo-
rem 5.1) and a standard argument (due to Landau, see [21], §3.9 and §3.11),
we have

2

2

D(s) # 0, 1/D(s) < log(|y| +3),
for s =x +iy, x > k —25/log(|y| + 3). Note that

2
Z r20 ( > o Z r2o |'LL3/4 o Z u’;jgllli)if Z :;Z

r<& plr r<& u|r u<g r<t/u

1 ; .
< Zu3/4+20< Z TGQU)(Z i?o‘)

(ryu)=1 r|u>®

2 U U k=142 r
< D(QU) Z u;i/i—l-ga' Z ( ) ,,«ZO'd ( )
u 7"|u°o

< D(20) Z 7/4

)-

rlus

Here we have used Deligne’s bound for the Hecke eigenvalues a,.,, but it
is clear that the weaker and more elementary bound a, < r(k—1)/2+1/4+e
suffices for the same purpose. Hence
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£t s S () (1) Tv)

rir2<g, p(rira)#0 t|r plt

<y 2011( ) 20 % M <o),

t<¢& plt

Thus,

< 1.

pen Y S oi(}) | 3 g P0:20)

r<& lr
(Note that 20 — k> 1/log¢.)
In case (b), £ <r < &2, we have

Zv:(/\) (19,20) = 212() (f)s(;(zv:mp(lv?%))lj;g.

The treatment is the same except that the above integrand has a double
pole at s = 0. Using > logp/p < loglogr, we can establish that

plr
r 20 /\ 2
D(20) ) Zm(m(l) (TJ)ZGP(ZU,QU) < 1.
E<r<€? Ifr

Hence S7 < T'. Similarly, So < T. If we choose 9y (t/T") to be the majorant
of the characteristic function of [T,2T] (here U <« 1), then we have, with
5 — T1/72

27

[ |Ls(o +it)P|Me (0 +it)]? dt < T.

T

In particular, we have
LEMMA 3.1. Let 0 = k/2+ A/logT. Then

2T
[ |Lg(o +it)Me (o + it) — 1] dt < T.

We also have

LEMMA 3.2.
2T

[ 1Lp(k/2+ 1+ it) M2 (k/2 + 1+ it) — 12 dt < T/,
T

Proof. Lemma 3.2 follows immediately from the equality (see [16])

T oo 00
f ‘ Zann“‘ 2dt = Z lan|*(T 4 O(n)).
0 n=1

n=1




152 W. Luo

From Lemma 3.1, Lemma 3.2 and an easy modification of the classical
convexity theorem (see [21], §7.8), we deduce that

THEOREM 3.3. We have
2T

[ Lo +it) Me2 (0 + it) — 12 dt < T' =72 (0F/2),
T

uniformly for k/2 4+ A/logT <o < k/2+ 1.
Now we are in a position to prove our main theorem.
THEOREM 3.4. We have
Ni(o,T) < T =7 0=F/2) Jog T,
uniformly for k/2 <o < (k+1)/2.
First, we show the following proposition.
PRrROPOSITION 3.5. We have

(k+1)/2
1
f Ny(o',T)do’ < T = 72(e=k/2),

uniformly for k/2 <o < (k+1)/2.
Proof. It suffices to prove that
(k+1)/2 )
f (Nf(al72T) _Nf(O/>T))dU/ < Tliﬁ(aik/gh
for k/2+ A/logé <o < (k+1)/2.

Let &(s) = 1 — (Ly(s)M2(s) — 1)?. The zeros of Ly(s) occur among
those of @(s), with at least the same multiplicities. By Littlewood’s lemma
concerning the number of zeros of an analytic function in a rectangle [22],
we have

(k+1)/2
[ (Ny(0',2T) = Ny(o', T)) do’

oo

2T
1 1 ' . !
2Tf og|¢a—|—2t\dt+2—farg@(a + 2iT) do

1 [e.¢]
~ 5 f arg ®(o’ +iT) do’
m
o

In the range ((k+1)/2 + 4,00), we see that
arg ®(c’ +it) = 0(277).
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Hence this part of the integral is O(1). In the range (k/2,(k+1)/2+4), it
follows from Jensen’s theorem [22] and a standard argument (see [19]) that
arg P(o’ +iT) = O(log T).

We deduce that

oo
f arg (o’ +iT) do’ < logT.

o

Finally, since log(1 + |z|) < ||,

2T 2T
[ log|d(o +it)|dt < [ |Ls(o+it)Mea(o +it) — 1] dt
T T

_ O(Tlf%(afk/Z)).
This proves the proposition.

Proof of Theorem 3.4. It suffices to assume that o—k/2 > 1/log T
Thus,

Ny(o,T) <logT f Ny(o',T)do’
oc—1/logT
(k+1)/2

<logT f Ny(o',T)do’
oc—1/logT

< T 72(0=k/2) logT.

Our proof is now complete.

4. Appendix. In this section, we will give a simple proof of Hafner’s
result which is used in Section 2 without appealing to the spectral theory
of the Laplacian acting on L?*(T¢(a,b)\H). Our approach is based upon
the delta-symbol method introduced by Duke-Friedlander-Iwaniec [5] and
does not require a discussion of exceptional eigenvalues for the congruence
subgroups. Instead we only need Weil’s bound for the Kloosterman sums.
Our result is quantitatively a little weaker than Hafner’s but is sufficient
for our application. Furthermore, our method can as well be applied to the
case when a, is the Fourier coefficient of a Maass form so it appears to be
of independent interest.

Let a,, be the nth Fourier coefficient of a (holomorphic) Hecke eigenform
of weight k. We consider the sum

(7) Z AnQm,  W,v,0 >0, 2> 10.

mpu—nv=Il, t<n<2z
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Let g(£) be a smooth function on R! with compact support such that
0<g(&) <1;g(&) =1if x <& < 2x;5upp(g(€)) C [z — 279,22 + 2179] for
some 0 < 6 < 1; and g (¢) <, (2'79)7P, p > 0. Then we have

(8) Z A G

mp—nv=Il,c<n<2zx

= Y anamgln) + O((”Wl:r l

mpu—nv=l|

(k—1)/2+e
) x(kl)/2+sx16)_

Let h(§) be another smooth function with compact support such that
0 < h() <15 h() = 1,if (Jav+1)/p < & < (Jav +1)/pssupp(h(€)) C
[(Fzv +1)/p, Gzp + l)/z/} and h(P)(¢) <, (zv/p)7P, p > 0. Clearly we
have

9) Z anamg(n) = Z an@mg(n)h(m).
mu—nv=I| mp—nv=l|

Next we will recall the delta-symbol method introduced in [5].
Define

w {4 a3

Let w(t) be an even function on R with w(0) = 0 and compactly supported
such that Y p- , w(k) = 1. Let

Ok(n) = w(k) — w(Z)
Then clearly 6(n) = 3_;,, 6x(n). Thus

sy =Sk Y e<h]:>(5k(n).

k hmod k
Put

n) = Z 7 e (n)

Writing r = (h, k), a = h/r, ¢ = k/r, we have

x (an
(11) Zc ;d ( ; )Ac(n).
We will apply the above identity to integers |n| < N/2, say, with w(t) sup-
ported on K/2 < |t| < K, and whose derivatives satisfy w()(t) < K—7~1
Now, dj(n) vanishes except for 1 < k < max(K, N/K) = K by choosing
K = N'Y2. Hence A.(n) vanishes except for 1 < ¢ < K and A.(n) <
K 'logK. Let Ay = av/p, Ay = 2179 A = min(A;, Ay). We infer that,
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by (10) and (11),
S = Z A amg(n)h(m)

mp—nv=l

= Z anamg(n)h(m)d(mu —nv —1) = Z c s,
where

(12) S. = Z* Zamang(n)h(m)e

a mod ¢ m,n

_ Z* €<—Cal>;bmbne<2(mu—nu)>F(m,n),

a mod ¢

(a(m,u —nw — 1)

Cc

>Ac(mu —nv —1)

with b, = a,,m~*=1/2 and
F(m,n) = (mn)*=Y/2h(m)g(n)A.(um — vn —1).
Define v = max(u,v), K? = N = 8zvl. It is easy to see that

d < 1/K|n| if |n| > K¢
13 — A, )
(13) dn (n) { =0 otherwise.
We have, for ¢ + j > 1,
14 o F
e

k—1)/2 —i—j+1
() e () ()
0 K g —vn—1 A

if |u& —vn—1| > Kc, and without the term (u+v)/|ué —vn—I| if otherwise.
We need the following Poisson-type formula [4]:

LEMMA 4.1. Let F be a smooth and compactly supported function on RY.
For any integers ¢ > 1 and (a,c) =1 we have

am —ar v
bme| — |F(m) =Y bel — |F(r),
; e( . > (m) ZT: e< p > (r)
where aa =1 (mod ¢) and F(r) is the Hankel-type transform
r- Eko—1 r 47
F(y) =2mi"c f F(z)Jg—1 ?w/:vy dx,
0

where J,(z) is the usual Bessel function.

Applying Lemma 4.1 in each variable m,n in (12), we deduce that

* al ap avy o
(15) S, = Z €<c> Z brlbme(Cllrl - C2r2> F(ry,m2),

a mod ¢ 71,72
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where
7 c v c

) Cc1 = ) v =
14 €) 9

M1=(

and
(16) F(m, 7“2)

(e ele ]

4
ffF1?17fC2 )k 1( \/3317’1>Jk—1<

C2

\/:1:27“2> dxq dxs.

0102

By the recurrence formula

d

(IR = 2T 2)
and the bound J,(2) < (1 + 2)~/2, we obtain, by partial integration twice
in each variable in (16) and using (14),

k—1)/2
x””)( " v

S by by [ (1, 72)| << K (1) ( "

71,72

The sum over a in (15) is a Kloosterman sum S(I, %, ¢) to which we apply
Weil’s bound. Thus, we infer that

(k=1)/2
Se < (1,e)Y2 27 (¢) (wly) V2 (yla? )24 <W+l> k=172
W

Hence

(k=1)/2
< ()t (L) gtk
1

I 1)/
< <J:VM+ > p(k=1)/2,3/4+90/4+e 313

We conclude that

av + 1\ D2 X ) ,
Zana(ny-‘,—l)/# < ( p ) P _1)/2(l3x3/4+9 /4+573 FIpR +)

n<x

k—1)/2
< (a:z/+l>( / p(k=1)/2,813,18/14.
1

on taking # = 1/13. Finally, since for s > k,

L > AnQ(ny4l)/ . -
Duw(e,l) = Z (nv + l/Q)Z - 1/2‘ (xv + l/2 <Z a”a(”"ﬂ)/“)

n=1
= sV jo anw Ot/ d
1/2 (wv +1/2)5+1 ’

we obtain
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THEOREM 4.2. D,, ,,(s,1) can be analytically continued to Rs > k—1/14,

and for s > k —1/14, s = o + it, we have

1]
2]
3]
[4]

[5]

7]

8]

[9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]

(19]

13|s| 1

Dw(s:1) < ¢ emnys (e v))* =
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