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1. Introduction. Let f(X) be a monic polynomial of degree v > 0 with
rational coefficients. Let dy,ds,l, m with [ < m and ged(l,m) = 1 be given
positive integers. In this paper, we consider the equation

(1) f@)f(@+di)... flx+(k=1)di) = f(y) f(y+d2)... f(y+(mk—1)d2)
in integers x,y and k > 2 such that
(2) flx+4di)#0 for0<j<Ilk—1.

We refer to [3] and [4] for an account of results on equation (1) with f(X) =
X. It was shown in [3] that for positive integers z,y and k > 2, equation (1)
with f(X) = X implies that max(z,y, k) < Cy where C is an effectively
computable number depending only on di, ds, m unless

(3) =1, m=k=2, dy =2d3, x=1y>+3day.

When f is a power of an irreducible polynomial, it was shown in [1] that
equation (1) with [ = dy = dy = 1 and (2) implies that max(|z|, |y|, k) < Cs
where C5 is an effectively computable number depending only on m and f.
In this paper, we extend these results as follows.

THEOREM. (a) Equation (1) with (2) implies that k is bounded by an
effectively computable number depending only on di,ds, m and f.

(b) Let f be a power of an irreducible polynomial. There exists an effec-
tively computable number Cs depending only on dy,ds,m and f such that
equation (1) with (2) implies that
(4) max(|x|, ’y|7 k) < CB
unless
=1, =k=2d =2d3,

(5) " L

f(X)=(X+r) withre€Z, x+r=(y+r)ly+r+3ds).

(67]
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It is clear that condition (2) is necessary. We observe that equation (1)
is, in fact, satisfied in the cases given by (5). For irreducible f, we apply
Theorem (b) to f? for deriving that if x,y and k > 2 are integers satisfying
(2) and

[f@)f(z+di) ... flo+ Ik =1D)di)| = [f(9)f(y+d2) ... fly+ (mk—1)ds)|
then max(|zl,|y|, k) is bounded by an effectively computable number de-
pending only on dy, d2, m and f unless (5) holds. In particular, we observe
that if x, y and k > 2 are integers satisfying x + jd; # 0 for 0 < j <lk —1
and

z(x+dy)...(x+ (lk—1)d1) = tyly+dz2)...(y + (mk — 1)ds)

then max(|z|, |y|, k) is bounded by an effectively computable number de-
pending only on di,ds and m, unless (3) holds.

2. Notation. Let {ay,as,...,a,} be the roots of f and we assume
without loss of generality that |a;| > |ae| > ... > |a,|. Let ag be the
absolute value of the product of the denominators of the coefficients of f. We
observe that agaq, ..., apqa, are algebraic integers. We define the coefficients
Ao,Al, ...and B(),Bl7 e by

lk—1 v lk—1 jd - 1/(vk) )
_ . v 1 — &g nyv—n
x Tl 0 =TT (1479 %) T = duarx
7=0 i=1 j=0 n=0
and

mk—1 v mk—1 o — ous 1/(vk)
v [ o +5danYe =T 1 ( L )

7=0 =1 5=0

oo
= BndgY .
n=0
We observe that for n > 1, A, and B, are rational numbers and that
Ay = By =1. We put
Xn = ((aovk)n)™ forn=20,1,2,...
Further, we write
FX)=X'+ Aid; X"+ .+ Ad,
GY)=Y"4 BidoY™ ' + ...+ B, dy
and
LX,)Y)=F(X)—-G(Y).

We notice that F'(X) and G(Y) are the polynomial parts of the vkth root
of left and right hand sides of equation (1), respectively, with x and y re-
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placed by X and Y. For a rational number 3, we write d(3) for the least
positive integer such that d((3)( is a rational integer. We denote by ¢1, ca, . ..
effectively computable positive numbers depending on dy, ds, m and f.

3. k is bounded. In this section, we shall show that equation (1) with
(2) implies that k& < ¢;. The proof is similar to that of Theorem 2 of [1].
Therefore, we mention only the main steps of the proof and the readers are
referred to [1] for details. We assume that equation (1) with (2) is satisfied.
Then we observe that

(6) 2" < ealyl + mkda)™,  |y|™ < ea(|x| + lkdr)".
For n > 0, A, and B, are polynomials in k of degrees not exceeding n
satisfying
|Ap | < 27 (lkdy + |aa])™, | Baldy < 2" (mkdy + o |)"
and
d(And?) | Xn,  d(Bndy) | Xn-

Further, we obtain
(7) log(|y| + 2) > cak.
For the proof of (7), we take prime p of Lemma 4 of [1] exceeding agd;ds in
place of ag.

We assume from now onward that |y| > c¢5 with ¢5 sufficiently large,
otherwise (4) follows from (7) and (6). By taking vkth root on both the
sides of equation (1), we have

Aid Asd? Bid Bsd?
:vl<1+ L 221+...>:ym<1+ =24 222+...>.

This implies that

(8) F(z) = G(y).
Further, we show that
(9) Al+1 =...= Agl_l =0 or Bm+1 =...= Bgm_l =0.

We prove (9) by contradiction. If not, there exist integers I and J with
1<I<land 1< J < msuch that

Alj1=...=A47-1=0, A7 #0
and
Bpt1=...=Bpntj-1=0, Bpts #0.
Then we derive that
AH_Idll—i-I Bm+Jd;n+J
71 4+...=— .

T y’
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which implies that mI = [J. This is not possible since ged(l,m) = 1 and
J < m. Further, we derive from (8) and (9) that

Aij1=...=4291=0, Bpy1=...=DByy_1=0
and
Bopmd2™ = Agd?.

Finally, we apply the proof of §4 of [1] for deriving from the above relations
that k& < ¢;. This completes the proof of Theorem (a).

4. Proof of Theorem (b). We assume that equation (1) with (2) is
satisfied. Then, by Theorem (a), we restrict ourselves to k < ¢;. Let k be
fixed. By (6), we may assume that |z| > ¢5 and |y| > ¢5 with ¢5 sufficiently
large. Then the relation (8) is valid. Let f = g%, where g; is irreducible
and b is a positive integer. Then g; has rational coefficients and its leading
coefficient is £1. By putting f = g% in (1), we have

(91(@)g1(x + d) ... g1z + (I — 1))’
= (1)1 (y+da) ... g1 (y + (mk — 1)dy))".
Taking the bth root on either side, we see that

g(z)g1(x+dy)...q1(x+ (k= 1)dy)
=+01(¥)g1(y + d2) ... g1(y + (mk — 1)da).

Now, we set g1(z) = g(x) if g1 is monic and ¢, (z) = —g(z) if g1 has leading
coefficient —1 so that g is a monic irreducible polynomial with rational
coefficients. Then the latter equation is valid with g; replaced by g. Thus
we assume that either f = g or f = ¢ in Theorem (b). Put § =1if f =g
and 6 = 2 if f = g% Let p be the degree of g. Thus = /8. Let B1,..., B,
be the roots of g, K = Q(f1,...,5,) and we write a for the coefficient of
X#=1in g(X). Further, let oy,...,0, be all the automorphisms of K and
we write o4(8) = B for f e K and 1 < g < p. We set

H(X,Y) = (9(X)...g(X + (lk = 1)d1))’ = (9(Y) ... g(Y + (mk — 1)dz))’,
T={f—-Jdi|1<i<p, 0<J<Ik}
and
Since g is irreducible, we observe that |T'| = lku and |U| = mkp. For t =
B; — Jdy € T, we write t = Jdy. Similarly, for u = 3; — Jdy € U, we write
u=Jds.
Let R(Y) be the resultant of H(X,Y) and L(X,Y) with respect to X.

Then we observe from equations (1) and (8) that R(y) = 0, which implies
that R(Y) = 0 if ¢5 is sufficiently large. By a result of Ehrenfeucht (see
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[2, p. 2]), L(X,Y) is irreducible over the field of complex numbers since
ged(l,m) = 1. Therefore, L(X,Y') divides H(X,Y'), which implies that

LIX,Y) | (9(X)...9(X 4+ (Ik—1)d1) £ g(Y) ... g(Y 4+ (mk — 1)dy)).
Thus

FX)-Gw)|g(X)...9(X +(lk—1)dy) foruelU
and

GY)-F(t)|gY)...9(Y + (mk —1)d2) forteT
over K.

Let v1,...,v., be the distinct values in {F(¢) |t € T} and v, ... v, be
the distinct values in {G(u) | u € U}. Each v} is assumed by F' at most [
times. Therefore, lky < Is’, which implies that ku < s’. Further, G(y) — v}
with 1 < ¢ < s’ are relatively coprime polynomials. Therefore, the product
of these polynomials divides g(Y)...g(Y + (mk — 1)dz2). Thus ms’ < mkp,
which implies that s’ < ku. Hence, we conclude that ' = ku and each v} is
assumed by F' exactly [ times in T'. By a similar argument, we have s” = ku
and each v/ is assumed by G exactly m times in U. Thus, s’ = s = ku =: s.
Further, we have

S

9(X) .. g(X + (k= 1)dr) = [ ] (F(X) =)

and
9(Y) - g(Y + (mk = 1)dz) = [ (G(Y) = v)).
We write -
| (F(X)—=v) = (F(X))* + A[(F(X)) +...+ A,
and

S

[ G() =) =(G)) + BI(GY))* " +...+ B..

i=1
As g(x)g(z+di)...glx+ (k—1)d1) = £g(y)g(y+dz) ... g(y+ (mk —1)d2),
by (8) we have either

(A} = B))(F(z))* ' +...+ (A, - B.)=0

or

2(F(z))* + (AL + BY)(F(x)* ' +...+ (AL + B)) = 0.
If ¢5 is sufficiently large, the latter possibility is excluded and the former
possibility implies that A} = Bj,..., AL = B.. Consequently, we conclude
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that
{vf, ..ol ={of, .. 0}

By rearrangement, if necessary, we may assume without loss of generality
that v, = v) =:v; for 1 <i < s and we write S = {v1,...,vs}. Then we
have

(10) F(X)—Ui:(X—ti’l)...(X—tu) fOI‘lSiSS

and

(11) GY)—vi=% —uj1)...(Y —uim) forl<i<s,

where t; , = vip — tip for 1 < p <l and u;p, = Bin — u;p for 1 < h < m.
Here v; , and §; 5 belong to {81,...,08,}.

We now fix ¢ with 1 <7 < s and let r be the number of automorphisms
of K which fix v;. By re-arranging o1,...,0,, there is no loss of generality
in assuming that og(v;) = vl@ = v; for 1 < g < r. The sets {o4(tip) |
1 <q<r}forl<p<1Iare either disjoint or identical. Consequently, by
considering the images under o, with 1 < g < r on both sides of (10), we
observe that the number of times ¢, , with 1 < p <l occursin {¢;1,...,%;}
is a multiple of r. Consequently, we derive that [ is a multiple of r. Similarly,
by considering (11) and arguing as above, we derive that m is also a multiple
of r. Since ged(l,m) = 1, we have r = 1. In other words, every element of
S has p distinct conjugates. Therefore, the maximal number of elements of
S such that no two of them are conjugates is precisely k. By re-arranging
elements of S, we may assume that vy, ..., v, are such that no two of them
are conjugates. Then we derive from (10) and (11) that ¢;, with 1 < i <
k,1 < p <[ are pairwise distinct elements of the set {Jd; | 0 < J < Ik}
and w; j, with 1 <14 <k,1 < h <m are pairwise distinct elements of the set
{Jd2 | 0 < J < mk}. By subtracting (10) with X = z from (11) with Y =y
and taking norms over K, we derive that

(12) g(l‘+¥i,1)...g($+fi,l) = g(y+ﬂi,1)...g(y+ﬂi,m) for 1 S 7 S k.

Let 1 <i4,j < k with ¢ # j. This is possible since k > 2. We derive from
(12) that

g@+tia)..gl@e+tiy) gy +Tia)-. gy + Tim)

gl@+t1) . g@+t) 9 +Ua) . 9y +Ujm)
Taking logarithms on both sides, we get

for certain numbers V., W,, satisfying max(|Ve|,|[W,|) < ¢§ for e > 1. In
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fact, we have

e—1

We = (_16) Z Z{ (u; b T (ﬂj,h - Bq)e}-

h=1q=1

Now, we shall derive that

(13) Viz=...=Vii1 =0, Wi=...=Wpn_s=0.
We prove (13) by contradiction like we proved (9). Suppose I and J are
integers with 1 < I < [,1 < J < m such that V; = ... =V;_1 =0,V; #
0, Wl, ey WJ_1 = 0, WJ 75 0. Then

Vi J
which implies that mI = [J. Since ged(l,m) = 1, this implies [ divides I

and m divides J, whence (13) follows.
Now, by induction on e, it follows from (13) that

(_1)6—1 m

We=-"— > (@in)* = (1))
h=1
satisfies W{ = ... =W/ _; = 0. This implies that

1 H;LnZI(]‘ + ﬂz,h/y) _ WTIn
0 = — =
[ (M +an/y)  y™

Thus
[T+ =] w+an)+ W, +01/y).
h=1 h=1

By taking y sufficiently large and writing E; ; for W), , we get the polynomial
relation

(14) [IREZDE HYH% + B for1<i,j<ki#j
h=1 h=1

for some number FE; ;. We observe that E; ; # 0 for 1 <4,j < k and 7 # j.
We put

92(Y) = H(Y +U1n).

h=1
By (14), we have

m
(15)  gaf HY—i—u]h +E; for2<j<kwith E; = Ey ;.

We observe from (15) and (14) that E; for 2 < j < k are pairwise distinct
non-zero numbers. Further, we see from (15) that every number 0 =: Ej,
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FEs, ..., Ey is assumed by the polynomial go at m distinct integers from
{—=Jd2 | 0 < J <mk—1}. Now, we may follow an argument of the proof of
Theorem 2 of [3] to conclude that

(16) max(|z|, |y|) <7  unless m = 2.

This argument depends on Rolle’s theorem. Here we give a proof of the
preceding assertion without using Rolle’s theorem.

As already observed, the elements of the sets U; = {u;1,...,Uim} for
1 <i <k are distinct and U; NU; = 0 for i # j, 1 <4, j < k. Then
mk—1
ZZUM = Z Jdy = mk(mk — 1)dy /2.
i=1 h=1

Further, by equating the coefﬁments of Y™=! on both sides of (14), we

obtain
m m
Y Uip =), forl1<ij<k
h=1 h=1

Consequently, we have
(17) Zuzh— (mk —1)dy/2 for1<i<k.

We assume Without loss of generality that

(18) Uil < Ui < ... <Upm for 1 <i<k
and
(19) Ozﬂl,l <ugg <...<Ug1-

We show by induction on ¢ that
(20) U1 = (Z — 1)d2 forl1 <i<k.
We observe that (20) with 7 = 1 is true by (19). We assume that (20) is
valid for 1 < i < ig with i9 < k — 1. If igdy € U;; with 1 < i3 < i, we
consider (14) with i =41, j =i + 1 and we put Y = —(i; — 1)da2, —iods to
get a contradiction. Then (20) with ¢ = iy + 1 follows from (18) and (19).
Next, we show by induction on h that
(21) Uk, = (k +h— 2)d2 for1<h<m.
If h =1, we observe that (21) is (20) with i = k. We suppose that uy , =
(k+h—2)dy for 1 < h < hg with hg < m—1.If (k+ ho — 1)dy € Uy,
with 1 < iy < k — 1, we consider (14) with ¢ = i3, j = k and we put
Y = —(ig — 1)d2, —(k + h() - 1)d2 to find that
(k - ZQ)(]C — 19 + 1) .. (k —id9 4+ hy — 1)(ﬂk,ho+1 — (ZQ — l)dg) R

.. (a]ﬁm — (’ig — 1)d2)
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= (=D)"hg(hog — 1) ... Tk pys1 — (k + ho — 1)dz) ...
(Ugm — (k+ ho — 1)d2).

This is not possible since (k —is2)...(k—i2+ho—1) > ho! and (18). Hence
(21) with h = hg + 1 follows. This completes the proof of (21). Then

- 1

Zﬂhh = <mk‘ + §m(m — 3))(12,

h=1

which, together with (17), implies that £ = 1 whenever m > 3. This com-
pletes the proof of (16) without using Rolle’s theorem.

Next we turn to the case m = 2. Then [l = 1. Let 1 < i < j < k. It
follows from (13) that the corresponding W; satisfies W7 = 0. Extending
the argument used for proving (13) we see that V; = Ws. By definition V; =
p(ti1 — tj1). Further, by Wi = 0, we have E; ; = W} = W,. Consequently,
E;,;= u(t 1 —t;,1). Hence and from (14), (20) and (17) we derive

(22) (Y4 (i—1)d2)(Y + (2k — i)d2)

= (Y + (= Dd2)(Y + (2k — j)da) + pu(tsn — tj1)-
Since z(2k — 1 — z) is an increasing function for 0 < z < k — 1, it follows
that ¢; 1 < ;1 for i < j. Thus
(23) Tii=(i—1)d; forl1<i<k.

Suppose first £ > 3. From (23) and (22) with ¢ = 1, j = 2 we obtain
(2k — 2)d% = pdy. Similarly, with i = 1,5 = 3, we get 2(2k — 3)d3 = 2ud;.
Hence 2k — 2 = 2k — 3, which is impossible.

It remains to consider m = k = 2. Then, from (23) and (22) with i =
1,7 = 2, we have

(24) 2d% = pd .

Note that (1 ) (20) 1mp1y that Ul 1 = O UQ 1 = dg,ul 2 = 3d2,U2 2 = 2d2
Hence, by (12) and (23),

(25)  g(x) = g9(y)g(y +3da), gz +di)=g(y+da)g(y + 2dz).

Write g(X) = X* +aX# ! +bX#~2 4+ O(X*~?). Then the first equation of
(25) implies * = y? + O(y) in obvious notation. By computing the higher
order terms we obtain

g(x+dy) —g(x) = pdyzt 4+ O(x’“‘*Q)

and

9y +da)gly +2d2) — g(y)gly + 3d2) = (z;ﬁ - 4(g>>dy Lo,
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Hence, on using (25) and substituting z = y? + O(y),

Together with (24) this implies ¢ = 1. Thus g(X) = X 4+ a with a € Q.
By (25) we find that a € Z and (5) follows. This completes the proof of
Theorem (b).

References

[1] R.Balasubramanian and T. N. Shorey, On the equation f(x+1)... f(x+k) =
fly+1)... f(y+mk), Indag. Math. N.S. 4 (1993), 257-267.

[2] J. W. S. Cassels, Factorization of polynomials in several variables, in: Proc. 15th
Scandinavian Congress, Oslo 1968, Lecture Notes in Math. 118, Springer, 1970, 1-17.

[3] N. Saradha, T. N. Shorey and R. Tijdeman, On arithmetic progressions with
equal products, Acta Arith. 68 (1994), 89-100.

[4] T.N. Shorey, On a conjecture that a product of k consecutive positive integers is
never equal to a product of mk consecutive positive integers except for 8 -9 -10 = 6!
and related questions, in: Number Theory, Séminaire de Théorie des Nombres, Paris
1992-3, S. David (ed.), London Math. Soc. Lecture Note Ser. 215, Cambridge Univ.
Press, 1995, 231-244.

SCHOOL OF MATHEMATICS MATHEMATICAL INSTITUTE
TATA INSTITUTE OF FUNDAMENTAL RESEARCH LEIDEN UNIVERSITY
HOMI BHABHA ROAD P.O. BOX 9512
BOMBAY 400005, INDIA 2300 RA LEIDEN, THE NETHERLANDS

Received on 27.6.1994
and in revised form on 14.3.1995 (2633)



