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A note on Catalan’s equation
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WOLFGANG SCHWARZ (Saarbriicken)

We give a small, but very useful modification of a criterion of Mignotte
([4]) for Catalan’s equation, replacing the class number of a certain abelian
field by the relative class number, which is much easier to compute. The
proof is the same, apart from the idea to consider the class group modulo
the ideals coming from the real subfield.

We use the following notation: K is a CM-field, I its group of fractional
ideals and i : K* — Ik the canonical map z — (x); j denotes complex
conjugation, K+ the maximal real subfield and h~(K) the relative class
number of K; Ok is the ring of integral elements of K.

LEMMA 1. Let K be a CM-field and Q a finite set of prime ideals of K.
There is a subgroup Iy of the ideal group Ix such that

(i) the prime ideals in Q do not appear in the factorization of any ideal
m Io;
(ii) I /(i(K*)1y) has cardinality h= (K) or 2h~ (K);
(iii) if € € K* with (¢) € Iy, then 177 is a root of unity.

Proof. Let Iy consist of those ideals which are in the image of the
canonical map I+ — Ik, and which do not contain any prime ideal in Q.
If (¢) € Iy, then (¢7) = (¢), so €77 is a unit, hence also a root of unity
because all its conjugates have absolute value 1 (cf. [6], Lemma 1.6). It
remains to show (ii). It is an easy consequence of the approximation theorem
that every ideal class contains an ideal without primes in Q (see e.g. [3], IV,
Corollary 1.4). Therefore Ix/(i(K*)Ip) = ideal class group of K modulo
image of the ideal class group of K. By [6], Theorem 10.3, at most 2 ideal
classes of K become principal in K, so the statement follows. m

THEOREM 1. Let p # q be odd prime numbers. Let ( be a primitive p-th
root of unity and K an imaginary subfield of L := Q((). Catalan’s equation
xP — y? =1 has no nontrivial integral solution if

gth™(K) and p? ' #1mod ¢*
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Proof. Assume for contradiction that there is a nontrivial solution.
According to [2], we have
x—C _at
1-¢

for an integral ideal a of L. We let A := Ny k(1 — ¢) and multiply  — ¢ by
—( ! to get

(N1 —2¢™h) = (AN xal.

Let Iy be as in Lemma 1, with Q consisting of all prime divisors of ¢. Since
the order of the group Ik /(i(K*)Iy) is not divisible by ¢, there exists an
a € K* such that Ny ka € (a)lo; defining € by the equation

Npx(l—x¢) =edal,

we see that (¢) € Iy, and hence « is g-integral for all prime divisors q of
q. Now &'77 is a root of unity, and so is A7/, since (1 — ¢)'~7 = —(. But
K contains at most the 2pth roots of unity, and 2p is coprime to ¢; thus
every root of unity is a gth power, and we can write (e a?)? = eA3?, where
6 € K*, like «, has a denominator prime to q. We consider

vi= (1= j)Npx(l —2¢"h) = eX(a? - 57).

If we show ¢|~, then a? = 7 mod g; since ¢ is unramified, Ok /(q) is a
direct product of fields, and the multiplicative group mod ¢ has order prime
to ¢; thus it follows that o =  mod ¢; writing o = § + tq (with t € Ok),
we see that a? = 37 mod ¢%. Thus ¢? | 7.

But we have

Nyg(l—a¢ ) = [ =2(¢")7) =1 -2 Try k(¢"") mod 22,

g

which yields
v =a(Trp k(¢ —¢1)) mod 22,

By [1], ¢|z (hence q|v) and x = —(p?~! — 1) mod ¢?, so by our assumption
¢*tx. Since q|~v implies ¢* |7, it would follow that ¢ |(Trr,/x(¢ — (1)),
which is not true, because K is imaginary, and ¢,...,(P"! is a Z-basis for
the integral elements of L. m
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