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1. Introduction. The object of this note is to point out two immediate
corollaries which can be obtained by the method of Ramachandra’s paper [2]
(mentioned in the title). Of course some explanation is necessary to point
out what is new in this addendum. In the main theorem of Ramachandra’s
paper there are two epsilons (one in the definition of ¢ and another in the
definition of ¢’). These epsilons will be refined (as much as possible) as
functions of x and X respectively. To do this we have to impose some
restrictions on b, in Fy(s) = Y 02 b,n~* which will be assumed to be
absolutely convergent in Res > 1/2. But this is not enough. We impose
in addition the conditions (1) and (7) stated respectively in Corollaries 1
and 2 below. It should be mentioned that Corollary 2 is more involved in the
sense that we need Theorem 2 of Section 2 below. We denote by C1, ..., Cig
certain positive constants independent of h, H, z and X.

COROLLARY 1. Let log L(s, x) be defined as in [2] for all L-series. Let Sy
denote a fized finite set of these logarithms and their derivatives of bounded
order. Let Py denote any power product (with bounded positive integers as
exponents) of functions in Sy. Let Fy(s) be as before but with the complex
numbers b,, subject to

(1) lbn| < (log(n +2))°*  (Cy is a constant).
Define a, by
(2) F(s) = Py(s)Fo(s) = Z apn~®  (Res>1).

n=1

(367]
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Let (with constants B > 2 and D > 0)
3) Ny(a,T) = O(TB0-9(10gT)P) (0 < < 1)

in the usual notation (explained in [2]). Also let

h
1 s—1
(4) Iw,h) = 5~ ( [ Fs)(w+a) ds) dv
0 Co
as in [2]. Put
1 Cyloglogx , 2 Csloglog X
N = ny =1=-=7 ) =1-—=
(z) n;ca v BT logz ? B log X

for suitable constants Cy and Cs. Then for h = h(z),1 < h <z, we have
(5) N(z +h) — N(z) = I(x,h) + O(hExp(—(log z)'/%) + 2¥)
and also for h =h(X),1 < h < X, we have

2X

J NG+ h) = N(@) = 1w, B)? da
X

©

= O(h? Exp(—(log X)"/%) + X%¢").

Remark. For reader’s convenience we recall that Cy is the contour
s=1+re? (—m <0 < 7 and r is a sufficiently small positive constant).

Proof of Corollary 1. The proof is essentially the same as in [2].
We have to take a = (logT)~!. The Borel-Carathéodory theorem and
Cauchy’s theorem give the estimates |F(s)| < (logT)“* on m(HH) in (23)
of [2]. The only other changes are (i) to take ¢ = 1 + (logz)~! in (17) and
consequently the O-term is O(z(log #)“3 /T') for 2 < T < x, and (ii) to select
T = z'/B(logx) =%, where Cs is a large constant. We are thus led to (5).
To prove (6) we take ¢ = 1+ (log X)~! and set T = X?/5(log X)~¢7, where
C7 is a large constant.

COROLLARY 2. Let Fy(s) be as in [2], but now with the restriction
(7) [b| < Exp(Cs(log(n + 2))(loglog(n + 20)) ")
where Cg > 0 is a constant. Let a,, (n=1,2,...) be defined (as in [2]) by

(8) F(s) = Py(s)Pa(s)Ps(s)Fo(s) = Y _ann".

Then subject to the condition (3) above and with N (x),h, I(x,h) as described
in Corollary 1, but with
1 Cy ' 2 Cho

—1_ — _q1_2, Yo
? BT loglogx’ 7 B loglog X’
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where Cqg and C1g are suitable constants, we have
(9) N(x+h)— N(z) =I(x,h) + O(hExp(—(log w)l/G) + x%)

and

(10) %f IN(z+h) — N(z) — I(z, h)|? da

= O(h? Exp(—(log X)'/%) + X2¢").

Remark. We briefly recall the notation for the convenience of the
reader (for details see [2]). Let Sy be the set of all Dirichlet L-functions, So
the set of all derivatives of all L-series in S7 and S3 the set of logarithms of all
L-series in S7. Py(s) is any finite power product (with complex exponents)
of functions in Sy. P(s) is any finite power product (with non-negative
integral exponents) of functions in Sy. Ps(s) is any finite power product
(with non-negative integral exponents) of functions in Ss.

Proof of Corollary 2. The proof is essentially the same as in
[2]. We have to take a = (loglogT)~!. The necessary estimate |F(s)| <
Exp(Cy1(log T')(loglog T)~1) in place of T¢ in (23) of that paper is provided
by some results of K. Ramachandra and A. Sankaranarayanan [4] which we
state at the end of Section 2. The only other changes are (i) to take ¢ = 1+
(logx)~! in (17) and consequently the O-term is O(T 'z Exp(Ci2(log x) x
(loglogx)™1)) for 2 < T < x (C12 > 0 is some constant), and (ii) to select
T = x'/B=Cusl where | = (loglogx)~! and C;3 is a large constant. These
lead to (9). To prove (10) we take ¢ = 1+ (log X)~ ' and set T = X?/B~Cualx
where [; = (loglog X)~! and C14 is a large constant. These lead to (10).

2. Some remarks. In (3) and hence in Corollaries 1 and 2 above we
can take B = 12/5 by a well-known result due to H. L. Montgomery and
M. N. Huxley (see [2] for reference). The following special case of Corollary 2
is worth noting. We state it as a theorem.

THEOREM 1. Let 1 < h < z,h = h(z) and 1 < H < X,H = H(X).
Then there exist positive constants C15 and Cig such that
(11) Y. uln)

rz<n<z+h
= O(hExp(—(log z)"/) + &"/** Exp(Ci5(log z) (loglog ) ™))
and
| 2X 9
12 & [| X wm|d
X z<n<z+H
=0O(H

2 Exp(—(log X)'/®) + X/3 Exp(C16(log X)(loglog X)~1)).
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Remark. We can state similar results for the coefficients of (((s))* (k
any non-zero complex constant; of course C15 and Cig will depend on k).
But then I(x, h) is negligible only when k& = —1,—-2,-3,...

We next mention the theorem of K. Ramachandra and A. Sankara-
narayanan (see [4]) used in the proof of Corollary 2. We nearly quote it
from [1] where their result is stated in full generality. (One can also see [3]
for some other uses of their result.) We adopt the notation of [1].

THEOREM 2 (K. Ramachandra and A. Sankaranarayanan). Let
o0
(13) D(s) = Zan)\gs,
n=1

where ap =\ =1, 1/A < Apy1 — A\ < A (A > 1 is any constant), {\,} is
any sequence of real numbers and {a,} is any sequence of complex numbers
with |a,| < n?. Let a > § (0 (> 0) a constant) and let R(H,«) denote the
rectangle (o0 > a, Ty—H <t <Ty1+H). Let D(s) be continuable analytically
in R(H,a—6) and there max |F(s)| < TA. Here AslogloglogT < H < T/2
and Ty can be any number lying between T and 2T. Let D(s) # 0 in R(H, ).
Then fort =Ty, s = o + it in R(H, ) we have uniformly in o > «, t =T
the two inequalities

log T’ Ag
14 —Al— 1,1
(14) 1loglongaX[ ’ Og((a—a)loglogT)}

logT
<log|D <A3————
<log|D(s)| < *loglog T
and
logT
D <A ——.
Jarg D(s)| < As loglog T
Here Ay, ..., As are positive constants depending only on § and A.

Note. It is enough to assume D(s) # 0in (0 > o, T1—H <t <T1+H).
Also the dependence of Ay, ..., A5 on « is continuous in any closed bounded
interval.
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