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Introduction. Deformations of 1-convex spaces were considered in [B-K],
where the authors proved the existence of a semi-universal family of deforma-
tions of germs along its exceptional set and gave the following conjecture on
deformations of the whole 1-convex space.

Conjecture ([B-K], Bemerkungen (5.10)]). Let X be a strongly pseudo-
convex complex space such that T := Supp(T 1(X,OX)) is compact. Then there
exists a convergent formally semi-universal deformation X of the whole space X
with the following property : If K ⊂ X is any strongly pseudo-convex compact sub-
set (1) of X containing T , then the germ of X with respect to K is a semi-universal
(2) deformation of (X,K).

In this talk, I will approach this problem in the case where X is a strongly
pseudo-convex manifold of dimC X ≥ 4 by a different method, so called the Kuran-
ishi’s method, relying on T. Akahori’s harmonic analysis extablished in [Ak1,2].
Since he constructed there a versal family (in the sense of Kuranishi) of complex
structures on a strongly pseudo-convex level subset, we will start with this fam-
ily. Though the family of strongly pseudo-convex domains corresponding to this
family of complex structures is formally versal, no formal principle working in our
situation has been established. So the remaining problem is to show the versality.
See [M2] for details.
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(1) A compact subset in a 1-convex space X is called a strongly pseudo-convex compact

subset if it is the inverse image of a Stein compact subset in the Remmert quotient of X.
(2) Probably “versal” unless K contains the whole exceptional subset.
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1. Definitions of deformation theory. Let X be a complex manifold and
K a compact subset. We will consider deformations of X of the following two
types: (I) deformations as a germ along K, (II) deformations of the whole X.

Definition 1.1. A family of deformations of X is a smooth map π : X → T
with an isomorphism i : π−1(o) ' X(o ∈ T ), where (T, o) is a germ of a complex
space.

Definition 1.2. Let (S, o) be a germ of a complex space and o ∈ S′ ⊂ S
a subspace. A family π : X → T , with π−1(o) ' X(o ∈ T ), has the lifting
property for an extension S′ → S if, for any other family $ : Y → S with
j : $−1(o) ' X(o ∈ S), any holomorphic maps G′ and τ ′ in the commutative
diagram
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with τ ′(o) = o and i◦G′|$−1(o) = j can be lifted to the dotted holomorphic maps.

Definition 1.3. A family is versal (resp. formally versal) if it has the lifting
property for any extension S′ → S (resp. S′ → S with artinian OS).

For a family π : X → T , with π−1(o) ' X(o ∈ T ), we have the Kodaira–
Spencer map ρ : ToT → H1(X,ΘX) in the same way as in the case of deformations
of compact complex manifolds.

Definition 1.4. A family of deformations of X is effective if ρ is injective.

Definition 1.5. A family of deformations of X is semi-universal (resp. for-
mally semi-universal) if it is versal (resp. formally versal) and effective.

For deformations of X as a germ along K, or simply deformations of the germ
(X,K), we make the same definitions as above except that we have to consider
all X , π−1(o), Y, $−1(o) as germs along K. In particular, the Kodaira–Spencer
map is ρ : ToT → lim

→ U⊃KH
1(U,ΘU ).

2. Theorems. Let X be a complex manifold with n = dimC X ≥ 4 and
r : X → R a continuous exhaustion function which is C∞, dr 6= 0 and strictly
plurisubharmonic outside a compact subset K ⊂ X. Assume K =

⋂
ε>αΩε for

some α with Ωε = {x ∈ X | r(x) < ε}.
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Theorem 1 [(M2]). There exists a semi-universal family of deformations of
the germ (X,K).

The following is a special case of Theorem 1.

Corollary 2. There exists a semi-universal family of deformations of the
germ (X,E) where E denotes the exceptional subset.

For deformations of the whole X, [B-S-W] says that there does not always
exist a finite-dimensional semi-universal family.

Theorem 3 ([M2]). There exists a formally semi-universal convergent family
of deformations of the whole X, which is a versal family of deformations of (X,K)
for any strongly pseudo-convex compact subset K of X.

We will prove these theorems by means of the so-called Kuranishi method,
which gives information on the smoothness of the (formally) semi-universal family.

Corollary 4. If lim
→ U⊃KH

2(U,ΘU ) = 0 (resp. H2(X,ΘX) = 0) then the

semi-universal family in Theorem 1 (resp. the formally semi-universal convergent
family in Theorem 3) is non-singular.

Corollary 5. If the canonical bundle KU is negative for some neighbourhood
of K (resp. KX is negative) then the semi-universal family in Theorem 1 (resp.
the formally semi-universal convergent family in Theorem 3) is non-singular.

Theorem 6 ([M3]). If the canonical bundle KU is trivial for some neighbour-
hood of K (resp. KX is trivial) then the semi-universal family in Theorem 1 (resp.
the formally semi-universal convergent family in Theorem 3) is non-singular.

3. Outline of the proof of Theorem 1. The proof consists of two parts:
(I) construction of the canonical family and (II) proof of versality.

(I) Construction of the canonical family . Fix ε > α. In [Ak1, 2], T. Aka-
hori constructed a family φε(t) of complex structures on Ωε having the following
properties:

(1) φε(t) ∈ A0,1(Ωε, T ′X)[[t1, . . . , tq]] and is convergent in ‖ ‖′(0,k)-norm for
any k ≥ n+ 2 (refer to [Ak1] for ‖ ‖′(0,k)-norm),

(2) φε(t) is real-analytic on Ωε∗×D for some α < ε∗ < ε and a neighbourhood
D of 0 in Cq,

(3) φε(0) = 0 and ∂φε(t) − 1
2 [φε(t), φε(t)] ≡ 0 mod(h1(t), . . . , hl(t)) where

ρH2 [φε(t), φε(t)] =
∑l
ν=1 hν(t)βν with ρH2 : A0,2(Ωε, T ′X) → H2 := Ker � de-

noting the orthogonal projection and β1, . . . , βl a base of H2,
(4) φε(t) =

∑q
λ=1 αλtλ + o(t2), where ∂α1 = . . . = ∂αq = 0 and [α1], . . . , [αq]

is a base of H1(Ωε, T ′X).

By (1)–(3), we have a family of deformations of Ωε∗ , πε∗ : Xε∗ → Tε as
a realization of the family of complex structures φε(t) (t ∈ Tε), where Tε is a
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complex space defined by h1(t) = . . . = hl(t) = 0. Effectivity of this family
follows from (4).

(II) Proof of versality. The key step is to prove the following proposition.

Proposition 3.1. Let $ : Y → S be a family with Ωε ⊂ $−1(o) ⊂ X(o ∈ S).
Then for any subspace o ∈ S′ ⊂ S, any holomorphic map τ ′ : (S′, o)→ (T, o) and
any family of embeddings of Ak-class (cf. [Ak1]) g′ : Ωε × S′ → Y|S′ depending
complex analytically on S′ and satisfying

(1)′ $ ◦ g′ = prS′ ,
(2)′ (∂ − φε(τ ′(s)))g′ ≡ 0 mod IS′ ,

there exist liftings τ : (S, o)→ (T, o) and g : Ωε × S → Y satisfying

(1) $ ◦ g = prS ,
(2) (∂ − φε(τ(s)))g ≡ 0 mod IS ,

where

(∂ − φε(t))g =
∑
α,β

(
∂gα(s)
∂zβ

−
∑
γ

(φε)
γ

β̄
(t)
∂gα(s)
∂zγ

)
∂

∂zα
⊗ dzβ

for the local expressions φε(t) =
∑
α,β(φε)

γ

β̄
(t) ∂

∂zγ ⊗ dz
β and g : ζα = gα(z, s)

(α = 1, . . . , n) in local charts (z1, . . . , zn) of X and (ζ1, . . . , ζn, t1, . . . , tq) of X
respectively.

P r o o f. τ(s)−τ ′(s) and g(s)−g′(s) are constructed inductively on mod(IS +
mµ+1
S IS′) using (3) and (4). We can perform this process using the division the-

orem by a submodule (cf. [Ga]).
By the same argument of [M1, Proposition 2.5], we can show that Proposi-

tion 3.1 implies the following

Proposition 3.2. Any πε∗ : Xε∗ → Tε (α < ε) provides a formally semi-
universal family of deformations of (X,K).

Using K. Spallek’s theorem on complex-analyticity of Ck-functions on a re-
duced complex space (cf. [Sp1, 2]), we infer from Proposition 3.1 the following

Proposition 3.3. All πε∗ : Xε∗ → Tε (α < ε) have the lifting property for any
extension S′ → S with S being a germ of a reduced complex space.

Then the versality of πε∗ : Xε∗ → Tε follows from the following criterion of
versality, which is an easy consequence of an argument of [E, pp. 415–416] based
on [Fl, Satz (3.2)].

A Criterion for Versality ([M2]). Let p : F → C be a fibred groupoid
satisfying the Schlessinger’s conditions (S1′) and (S2), and w ∈ F a formally
versal element. Then w is versal if and only if w has the lifting property for any
extension S → S′ = S′red.
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Concerning the Schlessinger’s conditions: (S1′) holds since it holds for defor-
mations of complex manifolds, and (S2) follows from the coherence of
lim
→ ε>αR

1(πε∗)∗ΘXε∗/Tε , which is due to [Si].

4. Outline of the proof of Theorem 3. Here we consider the simplest
case where the exceptional subset E is connected and E⊂K. The general case
can be treated by a slight modification. Let r : X → [−∞,+∞) be a strictly
plurisubharmonic C∞ exhaustion function such that dr 6= 0 on X \ E and E =⋂
−∞<εΩε. Choose an increasing sequence α < ε1 < ε2 < . . .→ +∞. Since each

πεi∗ : Xεi∗ → Tεi is a semi-universal family of deformations as a germ along Ωε
for all ε < εi∗, we have a family π : X → T of deformations of X by patching
them together.

We see that π : X → T provides a semi-universal family of deformations of
(X,K) for any strongly pseudo-convex compact subset K of X. Suppose that
K =

⋂∞
i=1 U

(i) with U (i) the inverse images of Stein spaces in the Remmert
quotient. By Theorem 1, we have a sequence of strongly pseudo-convex domains
K ⊂ . . . ⊂ Ωε(i+1) ⊂ Ωε(i) ⊂ . . . with K =

⋂∞
i=1Ωε(i) and families π(i) : X (i) →

T (i) which a semi-universal family of deformations as a germ along Ωε(i) .
Since π : X → T and π(i) : X (i) → T (i) (i = 1, 2, . . .) are semi-universal

families of deformations of (X,E) and since π(i) : X (i) → T (i) is a semi-universal
family of deformations of (X,Ωε(i)), π(i) : X (i) → T (i) is an open part of π :
X → T . Hence the semi-universality of π : X → T as a family of deformations of
(X,K) follows from the semi-universality of each π(i) : X (i) → T (i) as a family of
deformations of (X,Ωε(i)).

Formal versality of π : X → T follows by comparing it with the formally versal
formal family obtained by M. Schlessinger’s formal existence theorem; indeed, the
functor of deformations of the whole X satisfies (H1)–(H3) of [Sch].

5. Smoothness of semi-universal families. First, I remark that the
smoothness of semi-universal families is a problem of formal deformation theory.
The proof of Corollary 4 is standard.

P r o o f o f C o r o l l a r y 5. Since there is an isomorphism T ′X'
∧n−1

T ′X∗⊗
K−1
X , we have H2(X,ΘX) ' H2(X,Ωn−1(K−1

X )). Hence, if KX < 0 then
H2(X,ΘX) = 0 by S. Nakano’s vanishing theorem on weakly 1-complete mani-
folds (cf. [N]).

P r o o f o f T h e o r e m 6. The key proposition is the following, which is proved
using T. Ohsawa’s reduction theorem for cohomology of strongly pseudo-convex
manifolds (cf. [O]).

Proposition 5.1 (∂∂-Lemma, [M3]). If p+ q ≥ n+ 1, then any d-closed and
∂-exact (p, q)-form is ∂∂-exact.

Since there exists a cohomology base of H1
∂
(X,Ωn−1

X ) consisting of d-closed
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(n−1, 1)-forms, we can carry out the Tian–Todorov argument (cf. [Ti], [To]) using
Proposition 5.1.
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